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Abstract

Au cours des derniéres années, des changements importants dans le domaine des as-
surances et des finances attirent de plus en plus 'attention sur la nécessité d’élaborer
un cadre normalisé pour la mesure des risques. Récemment, il y a eu un intérét crois-
sant de la part des experts en assurance sur 1'utilisation de I'’espérance conditionnelle
des pertes (CTE) parce qu’elle partage des propriétés considérées comme souhaitables
et applicables dans diverses situations. En particulier, il répond aux exigences d’une
mesure de risque “cohérente”, selon Artzner |2].

Cette these représente des contributions a l'inférence statistique en développant
des outils, basés sur la convergence des intégrales fonctionnelles, pour I'estimation
de la CTE qui présentent un intérét considérable pour la science actuarielle. Tout
d’abord, nous développons un outil permettant I’estimation de la moyenne condition-
nelle E[X|X > z|, ensuite nous construisons des estimateurs de la CTE, développons
la théorie asymptotique nécessaire pour ces estimateurs, puis utilisons la théorie pour
construire des intervalles de confiance.

Pour la premiére fois, ’approche de bootstrap non paramétrique est explorée
dans cette thése en développant des nouveaux résultats applicables a la valeur a
risque (VaR) et a la CTE. Des études de simulation illustrent la performance de la

technique de bootstrap.
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Chapter 1

Introduction

1.1 Motivation

Trés différente de la théorie classique basée sur le théoréme central limite, la théorie
des valeurs extrémes (extreme value theory, EVT), aprés le travail pionnier de Fréchet
[22] et de Fisher et Tippett [21] sur les lois limites possibles du maximum, était quelque
chose de plutodt spécial. En effet, le besoin urgent de décrire et de résoudre certains
des problémes liés aux phénomeénes extrémes dans divers domaines d’applications a
eu un effet considérable sur le développement fondamental de la théorie des valeurs
extrémes. Depuis 1958, Gumbel et Weibull ont démontré de fagon impressionnante
I'importance des concepts mathématiques du comportement extréme dans plusieurs
applications. La théorie des valeurs extrémes se repose principalement sur des distri-
butions limites des extrémes et leurs domaines d’attraction. Cependant, on y retrouve
deux modeles : loi généralisée des extrémes et loi de Pareto généralisée. En 1943,
Gnedenko [23], Fisher et Tippett ont énoncé un théoréme fondamental avec la créa-
tion de trois domaines d’attraction: domaine d’attraction de Fréchet, Gumbel et
Weibull. Ce théoréme intéressant fait référence & un paramétre appelé l'indice de

queue, qui controdle la forme de la queue de distribution. Si l'indice de queue est
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positif nous sommes en présence du domaine d’attraction de Fréchet; si il est négatif,
domaine d’attraction de Weibull par contre si I'indice est nul alors domaine de Gum-
bel. Pour une lecture assez compléte sur les principaux résultats théoriques, 'ouvrage
de Embrechts et al., [17] est une bonne référence, quant a Reiss et Thomas [37] nous
proposent un certain nombre d’exemples pratiques, en finance, en assurance et en
sciences environnementales. En 1970, pour la premiére fois, des propriétés stochas-
tiques des valeurs extrémes ont été développées dans la thése écrite par Laurens De
Haan intituléea: “On regular variation and its applications to the weak convergence
of sample extremes" [15]. Cela semble étre le début du développement théorique de
la théorie des valeurs extrémes. On y montre que la classe des distributions & vari-
ations réguliéres est étroitement liée & la théorie des valeurs extrémes. En effet, une
distribution appartient au domaine d’attraction de Fréchet si et seulement si elle est a
variation réguliére [17]. Cette notion de variation réguliére fournit ainsi un lien entre
EVT et des outils probabilistes puissants tels que les processus ponctuels et leur con-
vergence faible. Quant a, l'aspect statistique a di attendre longtemps avant qu’il n’ait
regu 'attention nécessaire. Depuis quelques années, en raison de la richesse d’idées
mathématiques, la théorie des valeurs extrémes est devenue de plus en plus d’intérét
pour plusieurs chercheurs aussi bien sur le plan théorique que sur le plan pratique.
En particulier, on note une attention croissante pour l'application de cette théorie
pour la modélisation des événements dits rares dont la probabilité d’apparition est
trop faible, c’est-a-dire se trouve dans les queues des distributions. En général, ces
événements apparaissent dans de nombreux contextes physiques variés, en particulier
les catastrophes naturelles : la prévision des crues en hydrologie [12] et [29], I'étude
de la vitesse du vent en météorologie [10], les grands sinistres en assurance [32] et
[40], en biologie, en ingénierie, en gestion de l'environnement, en finance, sciences
sociales, etc. Von Mises [41] et Jenkinson [28] ont rassemblé les distributions des
trois domaines d’attraction en une seule écriture. C’est en ce moment que plusieurs

auteurs se sont focalisés aux estimations de l'indice des valeurs extrémes. Dans le



1. Introduction 3

cas ol l'indice est positif, on peut citer l'estimateur de Hill, [26] I'estimateur de t-
Hill [19] et la classe des estimateurs du moment harmonique [25]. Notre principale
motivation est inspirée par les travaux de Holger Rootzen [39] afin de prouver la con-
vergence faible du processus empirique de queue (tail empirical process, TEP) lié a
des distributions & queue a variation réguliére dans I'espace Z(0,00) pour des vari-
ables aléatoires indépendantes et identiquement distribuées. En fait, les processus
empiriques de queue sont les objets de choix si 'on veut étudier le comportement
extréme de la fonction de répartition. Outre que l'intérét théorique, la motivation

vient des méthodes semi-paramétriques appliquées aux extrémes.

1.2 Contributions and plan of thesis

Le théme principal de cette thése étant d’étudier la convergence en loi du processus
empirique de queue lié a des distributions a queue lourde et s’articule autour de
trois axes principaux: estimation fonctionnelle de I'indice des valeurs extrémes, étude
des mesures de risque actuariel pour des pertes extrémes, en particulier la valeur a
risque (Value-at-Risk, VaR) et 'espérance conditionnelle des pertes (Conditional Tail
Expectation, CTE) et application de la technique de sous-échantillonnage (bootstrap)
a 'approximation des distributions limites de quelques estimateurs. Passant a travers

I'introduction et la conclusion, nous commencons par le deuxiéme chapitre.

1.2.1 Chapter 2

In this chapter we present concepts and tools used throughout the thesis. Indeed,
almost all results are based on existing literature. There, we recall the notion of
univariate regular variation, second order regular variation and weak convergence.
We cite some important results that we will use later in this work (cf. [38], [20], [33],

(81, (91, [14], [3], [16], [30], [6], [27], [5] and [42]).
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However, Lemma 2.5.6 is new; it presents a mild extension of criteria for conver-

gence in distribution from [5].

1.2.2 Chapter 3

Here, we consider tail empirical processes G, (-) with deterministic levels and G, ()
with random levels defined in equations (3.1.5) and (3.1.24), respectively. We prove
the weak convergence for Gy (-) (Theorem 3.1.1) and G,(-) (Theorem 3.1.9). The
results in these theorems are not new, they are special cases of results in [39]; see
also [14]. For completeness, detailed proofs are provided and a comparison between
our results and those in [39] and [14] is included in Section 3.4. Furthermore, the
proof of Theorem 3.1.1 provides the basis for the new results on bootstrap procedures
presented in Chapter 6.

In Section 3.2 we present new results (Theorem 3.2.1 and Theorem 3.2.2) on
weak convergence of integral functionals of the TEP,

/ Gin(s) ds and / Gin(s) ds
1 1

sm sm

for integer values of m > 0. These theorems are keys to the subsequent results
on weak convergence of estimators of the tail index and various risk measures. In
particular, Theorem 3.2.2 is applied to recover existing results on weak convergence
of the Hill estimator of the tail index (cf. Corollary 3.3.1; see Theorem 3.2.5 in [14]),
Harmonic Mean estimators of the tail index (cf. Corollary 3.3.2; [19]) and to obtain a
new result on estimation of the conditional mean (Corollary 3.3.7). Again, a precise

comparison between our results and those in [14] can be found in Section 3.4.
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1.2.3 Chapter 4

La littérature sur le risque et les mesures de risque est vaste. Le quatriéme chapitre
se concentre sur le risque financier et sur quelques mesures de ce risque. La gestion
des risques s’est développée a travers les besoins des entreprises d'une part et grace
a la recherche scientifique d’autre part développant ainsi des méthodes modernes
de gestion. Ces méthodes de gestion s’appuient principalement sur l'utilisation de
modeéles mathématiques et statistiques. Aujourd’hui, la maitrise et la pratique de
ces méthodes sont nécessaires a la bonne gestion de ’entreprise. En commengant
par définir la mesure de risque et les propriétés actuelles que toute mesure de risque
acceptable devrait avoir [2], ce chapitre présente 1’aspect pratique de la thése. Nous y
montrons ’application des résultats trouvés dans le chapitre 3. En particulier, nous
y étudions la normalité asymptotique de la VaR et de la CTE et nous y développons

une nouvelle approche pour estimer la mesure de risque CTE (Théoréme 4.2.4).

1.2.4 Chapter 5

Dans ce chapitre, nous faisons appel a la méthode de bootstrap non paramétrique
(nonparametric bootstrap, Efron [18]). Les résultats développés dans ce chapitre
sont complétement nouveaux. Tout d’abord, & la section 5.1, nous établissons la
convergence en loi pour le schéma triangulaire des processus empiriques de queue.
Ensuite, a la section 5.2, aprés avoir introduit une bref description de la technique
de bootstrap, nous développons de nouveaux résultats en ce qui concerne la version
bootstrap de TEP a niveaux déterministes G%b)(-) et de celui avec des statistiques
d’ordre @S’)(-), définies dans (5.2.2) et (5.2.12), respectivement. La technique de
bootstrap est applicable si I’on souhaite évaluer la variance de certains estimateurs,
plus particuliérement I'estimateur de CTE. Cette application et des applications aux

estimateurs de Hill, de t-Hill et de la VaR sont montrées a la section 5.3.
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1.2.5 Chapter 6

En dehors de I’étude théorique qui sera menée dans cette thése, dans ce dernier
chapitre on s’attardera sur des simulations dont le but est d’apprécier la qualité de

la méthode de bootstrap appliquée aux estimateurs étudiés.

Enfin, certains théorémes et expressions de nature plutot technique sont relégués
aux annexes. Dans l'annexe A, nous avons regroupé quelques inégalités mathéma-
tiques utils dans nos démonstrations. L’annexe B présente le code source des simula-

tions effectuées dans le langage R.

Summary

e The results in Chapter 3 are not new. Proofs are provided for completeness in

order to:

— present a unified framework to deal with different estimators such as the
Hill estimator, the Harmonic Mean estimator or an estimator of the con-
ditional mean (see Section 3.3.3). As such we recover both classical and

newer results with one single technique, using integral functionals.

— provide the theoretical basis for the new results on bootstrap procedures.

e The results in Chapter 4 are applications of the delta method. Some results
on estimation of the Value-at-Risk can be found in [43] and [14]. The results
for the Conditional Tail Expectation are new (to the best of our knowledge).
The feature of our approach is that we can cover many risk measures with one

technique.

e The results in Chapter 5 are completely new and they are obtained with the

help of the tools developed in Chapter 3.

e The theoretical results are illustrated in Chapter 6.



Chapter 2

Preliminaries

2.1 Univariate regular variation

The notion of regular variation introduced by J. Karamata in 1930 proved fruitful in
many areas, and finds an ever increasing number of applications in probability theory
and statistics. In fact, this notion appears in a natural way in various fields of applied
probability, including queuing theory, extreme value theory and others. The theory
of regularly varying functions is an essential analytical tool for dealing with heavy
tails. Roughly speaking, regularly varying functions are those functions which behave
asymptotically like power functions (cf. [38]). This concept of regular variation is
used extensively in the theory of extreme values (EVT). This chapter presents the

main definitions and results that will be used later.

Definition 2.1.1 ([1//, Definition B.1.1) A Lebesque measurable function f : RT —
R that is eventually positive is regularly varying at infinity,written f € RV, if for

some a € R,

o fltx)
A O

We call the real number o the index of regular variation.

z>0. (2.1.1)
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If we put
flz) = a%(x), (2.1.2)

the ratio f(tx)/f(t) will approach z® if and only if

_A(tx)
Jim =1 (2.1.3)

for every x > 0. Functions with this property vary slowly, ¢(x) € RV, and the
transformation (2.1.2) reduces regular variation to slow variation. Formally, we use

this fact for a definition of regular variation. That is,

e A positive function ¢ defined on R, varies slowly at infinity if and only if (2.1.3)
holds.

e A function f varies regularly with index o € R if and only if it is the form

(2.1.2) with ¢ slowly varying.

This definition extends to regular variation at the origin. We say that f varies reg-
ularly at 0 if and only if f(z~!) varies regularly at infinity. The property of regular
variation depends only on the behavior at infinity and it is therefore not necessary

that ¢(z) be positive, or even defined, for all = > 0 [20].

Example 2.1.2 Typical examples of slowly varying functions are positive constants
or functions converging to a positive constant, logarithms and iterated logarithms.
For a, B € R the functions 2%, r%(logx)?, 2*(loglogx)? are RV,. The functions
2+sin(loglog x), exp((logx)®), with 0 < a <1, >, 1/k, (log x)sin(eslos ) are slowly
varying . The functions 2 + sinz, exp[logz|, 2 + sin(logz), x exp(sin(log x)) are not
regularly varying where [-] stands for integer part.

All powers of |log(z)| vary slowly at infinity. Similarly, any function f such that

lim f(x) = f(o0) exists, is positive and finite, is slowly varying.
T—00
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The function f(z) = (1+2?)P varies regularly at infinity with index 2p. The function
e” does not vary regularly at infinity, but it satisfies the conditions of Definition 2.1.1

with a = oo.

The next result gives a full characterization of regular variation.

Theorem 2.1.3 ([14], Theorem B.1.3) Suppose f : RT +— R is measurable, eventu-

ally positive, and

- f(tx)
Jim = 0 (2.1.4)

exists, and is finite and positive for all x in a set of positive Lebesque measure. Then

f € RV, for some o € R.

If we denote by A the limiting function of (2.1.4), then X satisfies A(zy) = A(z)\(y)

which implies that A is a power function.

We introduce some of the most important properties of regularly varying functions.

Theorem 2.1.4 (Representation Theorem)/35/

A positive measurable function { on [xq,00) is slowly varying if and only if it can be

l(z) = c(x)exp {/1 #dy} , (2.1.5)

where c(+) is a measurable non-negative function such that lim, .. c(x) = ¢y € (0, 00)

written in the form

and e(z) — 0 as © — oo.

We remark that it is clear that a regularly varying function f with index « has

f(z) = x%(x) exp {/I ?dy} : (2.1.6)

representation
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where ¢(-) and ¢(-) are as above. Also we may conclude that if a # 0, as * — oo,

oo if a>0,
flz) =
0 if a<O.

Moreover, if ¢ is slowly varying then for every € > 0, as © — oo

r~U(zx) — 0 and  z%(z) — 0.

An important result is the fact that convergence in (2.1.1) is uniform on each compact

subset of (0, c0).

Theorem 2.1.5 (Uniform Convergence Theorem for regular variation)/33/
If f wvaries regularly with index o (in the case a > 0, assuming f bounded on each

interval (0, x], x > 0), then for 0 <a <b < oo

f(t.l?) e

— T

(t — 00) uniformly in
(i.) on each [a,b] if a=0,
(i3.) on each [0,b] if o> 0,

(ii.) on each [a,00] if a <O0.

In what follows, for any positive functions f and g, f(z) ~ g(x) as & — x; means

/(=)

lim S = 1.
b )

The following result of Karamata is often applicable. It essentially says that integrals
of regularly varying functions are again regularly varying, or more precisely, one can

take the slowly varying function out of the integral.
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Theorem 2.1.6 (Karamata’s Theorem)/33/

Suppose { € RV and locally bounded in [xo, 00) for some x > xy. Then,

fora> —1, / s(s)ds ~ (a + 1) oz (z), T — 00, (2.1.7)

Zo

fora < —1, / s(s)ds ~ —(a + 1)1z (), r— 00. (2.1.8)

Conversely, if (2.1.7) holds with —1 < a < 00, then { € RV, if (2.1.8) holds with
—0 < a< —1, then { € RVy.

The result remains true for & = —1 in the sense that if f;o (¢(s)/s)ds € RV,

1 a4
—/ @ds—>oo, xr — 00,
lx) Jo 5

and if [(£(s)/s)ds < oo and [ (¢(s)/s)ds € RV.

1 o
—/ @dS—H)o, T — 00,
Uz) Jo s

The following result is crucial for the differentiation of regularly varying functions.

Theorem 2.1.7 (Monotone density theorem)/35/
Assume that V(z) = [ v(y)dy (or [ v(y)dy) where v is ultimately monotone. If

V(z) ~ cax®l(x), T — 00, (2.1.9)
with ¢ > 0, a € R and ¢ is slowly varying, then
v(x) ~ ca x* (), T — 00. (2.1.10)

For the case where ¢ = 0 (2.1.9) and (2.1.10) are interpreted as V(z) = o(z*l(x))
and v(z) = o(z*1(x)).
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The next result concerns global bounds for f(y)/f(z), extending Potter [36].

Theorem 2.1.8 (Potter’s Theorem)/§/

(1) If ¢ is slowly varying then for any chosen constants A > 1, 6 > 0 there exists
B = B(A,J) such that

U(y)/(x) < Amax{(y/2)’, (y/x)"°}, (v =B,y = B). (2.1.11)

(ii) If, further, { is bounded away from 0 and oo on every compact subset of [0,00),

then for every 6 > 0 there exists A’ = A'(§) > 1 such that
Uy)/l(z) < A'max{(y/x)’, (y/x)°}, (x> 0,y >0). (2.1.12)

(iii) If f € RV, then for any chosen A > 1, § > 0 there exists B = B(A,J) such
that

f)/f(2) < Amax{(y/2)"*°, (y/2)""}, (¢ = B,y > B). (2.1.13)

The following Corollary is a useful property of regularly varying functions.

Corollary 2.1.9 (Potter bounds)/55/
Suppose U € RV, p € R. Take € > 0. Then there exists ty such that for x > 1 and
t > tO;

(1—ez < % < (1+e)xrte. (2.1.14)
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2.1.1 Regularly varying sequences

The following results were developed in [9].
Definition 2.1.10 A sequence {c,}5°, of positive terms is regularly varying if,

Ean]

. — Y(A) € (0,00), asn — 00, VA >0. (2.1.15)

Theorem 2.1.11 If {c,} is a regularly varying sequence, the above limit function

W(A) has the form (X)) = A* for some finite o € R and all .

We call « the index of {¢,}, and write ¢, € RV,. When a = 0, a regularly varying

sequence is called a slowly varying. The following results are useful in applications.

Corollary 2.1.12 Let {ﬁ(n)} be a slowly varying sequence. A sequence of positive

numbers ¢, 1s a reqularly varying sequence of index « if and only if, forn > 1,
¢ =n%L(n). (2.1.16)

Theorem 2.1.13 If {c,} is a regularly varying sequence with index «, the function

f(x) = ¢ defined on [0, 00) is regularly varying with index o.

Thus every regularly varying sequence is embeddable as the integer values of a regu-
larly varying function and since we may apply all the properties possessed by regularly
varying functions to f, it is easy to deduce the analogous properties for the sequence

Cn.-
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2.2 Properties of inverse functions

Suppose f : R — (a,b) is a nondecreasing function on R with range (a,b), where
—o0 < a < b < oo. With the convention that the infimum of an empty set is oo, we

define the left-continuous inverse f : (a,b) — R of f as

< y) = inf{a - f(2) >y} (2.2.1)

When f is strictly increasing the inverse is defined unambiguously. In case the func-

tion f is right continuous, we have the following desirable properties [38]:
i. A(y) ={x: f(z) >y} is closed,

i f(f7 () =y,

iii. f<(y) < tif and only if y < f(¢).

A useful technique is to translate convergence of a family of monotone functions

to a corresponding family of inverses using the following simple result.

Lemma 2.2.1 [1/] Suppose f, is a sequence of nondecreasing functions and g is a
nondecreasing function. Suppose that for each x in some open interval (a,b) that is

a continuity point of g,

lim f,(z) =g(x). (2.2.2)

Let £, g= be the left-continuous inverses of f, and g. Then, for each x in the

interval (g(a), g(b)) that is a continuity point of g~ we have

lim fi(x) =g (2). (2.2.3)

n—oo
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Theorem 2.2.2 (/8], Theorem 1.5.12) Let o > 0. Let f € RV, at infinity be

ultimately monotone. Then there exist a function g € RV, such that

(fog)z)~(go f)(x) ~z. (2.2.4)

Moreover g can be chosen as the left-continuous or the right-continuous inverse of f

and satisfying that g(z) ~ x/0* (xl/a), where £* is a slowly varying function.

Corollary 2.2.3 (De Bruyn conjugate)/3/
If U(x) is slowly varying, then there exists a slowly varying function ¢*(z), the de

Bruyn conjugate of £, such that

U(z)0* (zl(z)) — 1, as T — 00 . (2.2.5)
The de Bruyn conjugate is asymptotically unique in the sense that if also lis slowly
varying and £(z)0 (z0(z)) —> 1, then £* ~ ‘.

Example 2.2.4 Let a, 3 be real numbers such that a3 > 0. Let f(x) = x%/(*(2P).

Then if f is ultimately monotone and g is its left or right continuous inverse, then

1

g(x) ~ 75 ()7 (aw).

2.3 Regularly varying random variables

As we have already said, the notion of regular variation appears in many fields of
applied probability. In those areas, random variables (or random vectors) with regu-
larly varying tails have plenty of applications. Let F'(z) be the distribution function
of any random variable X and F(z) = 1 — F(x) its right tail.
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Definition 2.3.1 A non-negative random variable X and its distribution are said
to be regularly varying with index o > 0 if the right tail distribution F is reqularly

varying with index —c.
Example 2.3.2

1. Standard Pareto distribution : 1 — F(z) =2~ « > 1, a > 0.

2. Extreme-value distribution : ®,(z) = exp (—z7*),z > 0, where ®,(z) has the

«

property : 1 — ®,(x) ~ =% as x — 0.
3. A stable law with index «, 0 < o < 2, has the property, 1 — G(z) ~ cx~®, when

r — 00, c> 0.

The concept of the tail quantile function is important to deal with extremes.
Let X be a random variable with distribution function F'. By z; = inf{z : F(z) > 0}
we denote the left-end boundary of F' and similarly 2z = sup{z : F(z) < 1}. We
define the tail quantile function @ on [1,00) by

Q(t) = inf{z : F(z)>1—1/t}. (2.3.1)

We note that the tail quantile function () and the inverse function F'< are linked via
the relation Q(t) = F* (1 — 1/t). The quantity Q(¢) is just a large quantile; it is the
high level such that there is only probability 1/t that X exceeds the level.

From (2.3.1), we get the following inequalities:
i. fy <Q(t), then 1 — F(y) > 1/t ;
i. forallt >0, 1— F(Q(t)) < 1/t;
iii. for all x <z, Q(1/(1 — F(x))) < x.

Note that Q(1) = z;, while Q(c0) = xg.
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We can easily prove that if F' is continuous, then 1 — F(Q(t)) = 1/t and if @ is
continuous, then Q(1/(1 — F(z))) = = . In any case, @ will be left-continuous while
F is right-continuous. The easy transition from F' to () and back is the main reason
for always assuming that F' and ) are continuous. Here we cite an important relation

between regular variation of F and Q. If F € RV_,, is continuous, then

Q(t) == F<(1—1/t) € RVyq . (2.3.2)

Lemma 2.3.3 Let X be a nonnegative random variable with continuous distribution
function F' which has a reqularly varying right tail with index —a, o > 0. Let Q)
be the tail quantile function of F. Assume that x,,y, are nonnegative sequences

converging to co. If there exist a,b, (0 < a < b < 00), such that a < liminf(z,/y,) <

% N (%)Ua, (2.3.3)

limsup(z,/y,) < b, then

Proof:  Recall that Q(z) € RVy/,. Then, by uniform convergence Theorem 2.1.5

o 20 %) N ()/

Q)  Qun) Un

Lemma 2.3.4 Let X be a nonnegative random variable such that X € RV, with

a>1. Then

X
lim E [—

T—00 X

X > x} =2 (2.3.4)

a—1
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Proof: X € RV, means that F(z) = 27 {(x), where { is slowly varying at
infinity. Using Karamata Theorem 2.1.6 and since lim,_, sF(s) =0, for « > 1 and

x > 1, and using integration by parts, we get

] (o)
A

2.4 Second order regular variation

Let X be a nonnegative random variable with continuous distribution function F

such that F € RV_,, with o > 0. This means that, for ¢t > 0,

— 17 as r — 00. (2.4.1)

In many applications, in particular statistical applications, it is necessary to know

the rate of convergence in (2.4.1). One can write F as

F(x) =cy 2 %exp {/j %dy} : (2.4.2)

where n(z) — 0 as © — oo and ¢y € (0, 00).
We strengthen (2.4.2) by assuming that F is second order regularly varying, as defined
in [16].



2. Preliminaries 19

Definition 2.4.1 If (2.4.2) holds and if there exists a function n* bounded, non in-
creasing on [0,00) and reqularly varying at infinity with index —p, p > 0, such that

limy_, 7*(t) = 0 and there exists A > 0 such that for all s > 0,
In(s)l < A n(s) | (2.4.3)
then the function F is said to be of second-order reqular variation with index —o and

rate function n*, written F € 2RV (—a, —p).

With the help of second order variation, the rate of convergence in (2.4.1) can be

controlled.

Lemma 2.4.2 (/30], Lemma 4.1)
If (2.4.2) and (2.4.8) hold and if n* is reqularly varying at infinity with index —p, for
some p > 0, then for any e > 0, there exists a constant C such that

C\TY e

<O nf(x)t PV . (2.4.4)

The following example illustrates the meaning of second order regular variation.

Example 2.4.3 Let n*(s) = s~V for some (8 — 1) > 0. Assume that 7 is

continuous. Then, for some constant ¢y > 0
F(x) = cpz ™ (1 + O(I‘a(ﬁ_l))> as T — 00 , (2.4.5)

Indeed, let ¢ € RV at infinity, defined on [0, 00), such that F(z) = 27 {(z).
By (2.4.2), we can write

o) = e<1)exp{ /1 tn(s)ﬁ} | (2.4.6)
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This implies that the function ¢ is the solution of the equation

! ds
0(t) = £(1) +/ n(s)l(s) — (2.4.7)
1
Then, by (2.4.3) and for C' > 0, we get
Il —« —« ! ds
Fla) =o-t(1)+ 2 [ (s)e(s)
1
<z 1)+ C xo‘/ n*(s)l(s) %
1
=z Y1)+ C x_a/ s7B=D=1y(5) ds
1
=cor <1 + 0O (x_a(5_1)>) as & — 00 . (2.4.8)

2.5 Weak convergence

2.5.1 'Weak convergence in metric spaces

We recall some classical definitions.

Let (S, d) be a complete, separable metric space, endowed with its Borel o-algebra, 2,
of subsets generated by the open sets. Let {u,,n > 0} be a sequence of probability
measures on S. The sequence {u,} is said to be tight if for every e > 0 there exists a

compact set K such that u,(K) > 1 —¢, for all n.

Definition 2.5.1 (Weak convergence)
We say that the sequence {y,} of probability measures converges weakly to the non-
negative measure p, written fi, 7, i if for every continuous bounded function f :

S — R, one has p,(f) — u(f).

In this case, i is automatically a probability measure since (1) = 1, and the definition

still makes sense if we suppose that u,, 1 are just finite non-negative measures on S.
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Definition 2.5.2 (Convergence in distribution)

If (X,,,n > 0) is a sequence of random variables with values in a metric space (S, d),
and defined on possibly different probability spaces (Q, F,,, Py), we say that X, con-
verges in distribution to a random variable X on (2, %, P) if the law of X,, converges
weakly to that of X. FEquivalently, X,, converges in distribution to X, X, Z, X, if
for every continuous bounded function f, E[f(X,)] converges to E[f(X)].

The following theorem is a good way to think about weak convergence since, it
allows one to replace convergence in distribution with almost sure convergence. In a
theory that relies heavily on the concept of continuity, this is a big advantage. Almost

sure convergence, being pointwise, is very well suited to continuity arguments.

Theorem 2.5.3 (Skorokhod representation theorem)
Let £,&,&,... be random elements in a separable metric space (S,d) such that
&n Z, &, Then on a suitable probability space, there exist some random elements

nééandnnégn,neN, wz’thnn&n.

2.5.2 Weak convergence in space (0, 1], Z[ty,o0) and Z(0, )

Let %[0, 1] be the space of continuous functions on [0, 1] endowed with the topology
of uniform convergence. Consider Z[0, 1] the space of functions = on [0, 1] that are

right-continuous and have left-hand limits. That is
i. For0 <t <1, z(t+) = liglat(s) exists and z(t+) = z(t) ;

ii. For0<t<1,z(t—) = ligl x(s) exists.
210,1] is endowed with the Skorohod Jj-topology and both #[0,1] and 20, 1] are

metrizable. Weak convergence on both spaces is discussed in [5] and [6].

In what follows, for 0 < § <1, z € 2[0,1] and A C [0, 1], we use the following moduli
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of continuity :

we(A) = Ssgil‘:n(s) —xz(t)| , (2.5.1)
wr(8) = sup min {|$(t) —x(t1)| , |z(t2) — x(t)‘} , (2.5.2)

where the supremum extends over ¢y, ¢, and ¢, satisfying
t1 <t <t to—11 < 0.

The following theorem is a special case of Theorem 15.4 of [5]. We shall write w” (X, 0)
in place of W% (), where w’(+) is defined in (2.5.2).

Theorem 2.5.4 (c¢f. [5], Theorem 15.4) A sequence {X,} of random elements in
210, 1] converges weakly to X in €[0,1] if

(Xn(t1), -, Xult)) 2 (X (t1), .., X(8)) (2.5.3)

whenever ti, ...t all lie in [0,1], and for each positive ¢ and n, there exist a §,

0 <9 <1, and an integer ng such that
P(W'"(X,,0)>e)<n, n>ng. (2.5.4)

Theorem 2.5.5 ([5], Theorem 15.6)
Let X, be random elements of 2[0,1] and let X € €0, 1]. Suppose that (2.5.3) holds
and that

P {|X,(t2) — Xn()] = A, | Xn(t) — Xn(t1)] = A} < % [F(t2) — F(tl)f"‘, (2.5.5)

fort;y <t <ty and n > 1, where v > 0, « > 1/2, and F is a nondecreasing,

continuous function on [0,1] . Then X, Zs X in 210,1].
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There is a more restrictive version of (2.5.5) involving moments,
E {|Xn(t2> - Xn(t)rf |Xn(t> - Xn(tl)P} < [F(t2> - F(h)} o : (256>

In subsequent chapters, we will be consider weak convergence on the spaces Z[tq, 00)
and 2(0, 00) of functions on [ty, 00), respectively on (0, c0), that are right continuous
and have left-hand limits. Our discussion of 2]0,1] adapts readily to Z|ty, T for
0 <ty < T < oo. Theorem 16.8 of [6] ensures that if X, 2y X in Dlty, T) for
all T < oo, then X,, - X in D[ty,0). Similarly, if X, 25 X in Dty, T for all
0<ty<T < oo, then X, 2, X in 2(0,00).

Theorem 2.5.5 can be extended to Z[ty, o) and condition (2.5.5) can be weakened
to (2.5.9) below, where the functions F,, are all monotone increasing or all monotone
decreasing, and the sequence (F,,) converges (uniformly on compact intervals) to a

monotone continuous function F. Likewise, F' can be replaced by F,, on the right

hand side of (2.5.6). That is,
E {|Xn(t2) — X (8)|7 | X0 (t) — Xy (81)["} < [Fulta) — Fn(tl)f“ . (2.5.7)

Lemma 2.5.6 (Extension of Theorem 2.5.5) Suppose that

(X (t1), - Xu(tn)) -2 (X (t1), oy X () (2.5.8)

holds whenever ty, ... tx > 0 and that

P {|Xn(t2) = Xn(t)] > X, [ X0 (t) — Xp(t1)] > A} < % [Fults) — Fu(t)] ™, (2.5.9)

fortg <ty <t<ty <ooandn > 1, wherey >0, o > 1/2, and F, is a sequence of
monotone (all increasing or decreasing) functions converging to a continuous function

F on (0,00) . Then, X, 25 X in 2(0,00).
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Comment: If F,, is increasing (respectively, decreasing) for every n and the sequence
(F},) converges pointwise to a continuous function F' (which must be increasing or de-

creasing, respectively), then the convergence is uniform on compact sets.

Proof: By the discussion preceding Lemma 2.5.6 and the comment above, it is
enough to restrict our attention to 20, 1].
Without loss of generality, by Theorem 15.4 in [6], it suffices to show that for each

positive € and 7 there exists §, 0 < § < 1 and ng such that
P(W"(Xn,0) >€) <n, n>ng. (2.5.10)

Follow exactly the proof in [5] pp. 129-130, replacing F' with F), in (15.24), (15.26),
(15.29) and (15.30). The equation (15.30) of [5] now becomes

PL"(X0,8) > €} < 2 [|Eu(1) — Fo(0)]] [wr, (20)]27

€27

where K depends on € and «, but not on n (see [5], Theorem 12.5). Note that for any
tl, t2 < [0, 1], |Fn(t2) — Fn(t1)| S ‘F(tz) — F(t1>’ +2 supte[o’l} ’Fn(t) — F(t)' Therefore,
letting p, = 2sup;epo 1) [F(t) — F(t)], we have

wr, (0) < wp(d) + pn, (2.5.11)

and

P{w"(Xy,6) = e} <

}20471

o [F() = FO)] + pa] [wr(20) + pu

Since p, — 0 as n — oo (by the aforementioned uniform convergence) and wg(d) — 0
as § — 0 (by continuity of F'), given n > 0 we can choose ng and ¢ so that the right
hand side of (2.5.11) is less than » for all n > ny. This proves (2.5.10) under the
assumption (2.5.9). i
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2.5.3 Inverses and composition

Lemma 2.5.7 ([14], Lemma A.0.2)(Vervaat lemma - convergence of inverses)
Suppose y is a continuous function and xi1,xs,... are nondecreasing functions on
some interval [a,b]. Further, let g be a function on |a,b] with a positive derivative g'.

Let 6, be a sequence of positive numbers such that 6, — 0, n — 0o, and

nlgg(} M =y(s), (2.5.12)

uniformly on [a,b]. Then
i =T () o)), (2.5.13)
uniformly on [g(a), g(b)], where g, xi, 25 ,... are the inverse functions (right- or

left-continuous or defined in any way consistent with monotonicity).

Lemma 2.5.8 ([5], Theorem 4.4)
X, 2 X and X! 25 a", then (X, X)) 25 (X', d").

Let T be a subinterval of the real line. Let S be a complete separable metric space
with metric m. Let 2 = 2(T) = 2(T,S) be the set of all right-continuous S-
valued functions on 7" with limits from the left. Let ¢ = %(T,S) be the subset
of continuous functions in . Now, let 17,75, T3 be subintervals of R and suppose
Ty CTs. Let 2y = Po(T1,T») be the subset of nondecreasing Tp-valued functions in
P; let €y = 6o(11,T3) be the subset of strictly-increasing Tr-valued functions in €.

Theorem 2.5.9 ([/2], Theorem 3.1)
The composition mapping on P(Ts,5) x Do(11,Ts) is continuous at each (z,y) €
(€ x Zp) U(Z x ).

The following Lemma is a version of Theorem 2.5.9 for nonincreasing functions.
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Lemma 2.5.10 (Continuity of composition map)

Let 2,(0,00) be the set of non-increasing functions in 2(0,00) and €1(0,00) be the
set of continuous non-increasing and positive functions in €(0,00). Then the compo-
sition map from (2(0,00) x 2,(0,00)) is continuous at (€ (0,00) x €1(0,00)), where

% (0,00) 1s endowed with the topology of uniform convergence on compact sets.

Proof:  Suppose that v € €(0,00) and ¢ € %1(0,00). Then v o ¢ lies in €(0, 00).
Also, suppose that

Y —> Y and On —> @

uniformly on compact sets. Now, for any compact set [a,b], 0 < a < b < 00, since
¢n — @ uniformly in [a, b] and by continuity of ¢, there exists a compact set [c, d]
in (0,00) such that for any ¢ € [a,b], p,(t) and (t) lie in [c,d], for all n sufficiently
large. We have

sup [y (o () — Y((1))] < sup (o (8)) — Y(en(t))| + sup. 7 (en(t) = (2(t))] -

Fix € > 0, then since v is uniformly continuous on [c, d], there exists J. > 0 such that
for u,v € [e,d], |u —v| < & implies that |y(u) — v(v)| < €/2.

Choose n, large enough that for all n > n.,
e ©,(t),¢(t) lie in [c,d] for all ¢ € [a, b],
® SUp,<i<y |S0n<t) - %0(75)| < O,
o ‘y(u) — v(v)’ < €/2, for all u,v € [¢,d], |u —v| <,
® SUD.<icq |Tn(s) —(s)] < €/2.
Hence, for n > n,,

€

Sup [ n(pn (1)) = Y(pa(®))| < sup |7n(s) = 7(s)] < 3
a<t<b c<s<d
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Furthermore,

€
sup [(en(t)) = 2(e®)| < sup |y(u) —y(v)] < 3.
a<t<b u,v€|c,d]
|lu—v|<de

Therefore, 7, o @, — 7 o @, uniformly on [a, b]. Since [a, b] is arbitrary,

Yn ©Pn —> 7O P,
in 2(0,00). i
Lemma 2.5.10 implies the following corollary.

Corollary 2.5.11 For eachn, let T, be random elements of 2(0,00) and ®,, random
elements of 2,(0,00). Suppose that

(T, ) 25 (T, D),

and that
P{T" € C(0,00)} =P{® € C1(0,00)} = 1.
Then
T,o®, ZsTod,
in 2(0,00).



Chapter 3

Weak Convergence of the Tail

Empirical Process

Based on the results of Rootzén [39], this chapter represents the cornerstone of the
thesis, detailing the theoretical properties and applications of the tail empirical pro-
cess (TEP). In Section 3.1, we prove the convergence in distribution of the TEP with
deterministic levels, G, () (Theorem 3.1.1), and the TEP with random levels, C/J\n()
(Theorem 3.1.9). These theorems are particular cases of results in [39].

These theorems are used in Section 3.2 to show convergence in distribution of the
integral functionals [*(G,(s)/s™)ds (Theorem 3.2.1) and floo(@n(s)/sm) ds (The-
orem 3.2.2). These results are new and are key to all the applications presented

in Section 3.3; in particular, the Hill estimator, the harmonic mean estimators and

estimators of the conditional mean.

28
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3.1 Tail empirical process

3.1.1 Tail Empirical Process with deterministic levels

Assume that {X;,j € Z} is an iid sequence of random variables with continuous
marginal distribution F' which has a regularly varying right tail with index a > 0,
that is, for ¢t > 0, -

F(tx)

m — T(t) =11, as r — 00. (3.1.1)

Let u,, > 0 be a non decreasing sequence such that

Uy — OO, nk(u,) — oo. (3.1.2)

Define the tail empirical distribution function by
T () ! in t>0 (3.1.3)
n = =, < {X;>unt}> . il
nkF(uy,) =

We note that the dependence of Tn on the sequence u,, is suppressed in the notation.

Then, as n — 0o, we have

T () = BT (£)] = 1;( t)) NS (3.1.4)
Define the tail empirical process by
Go(t) = \/nF (u,) {Tn(t) - Tn(t)} . t>0. (3.1.5)

Our first goal is to obtain a weak convergence theorem for the process G,,.



3. Weak Convergence of the Tail Empirical Process 30

Theorem 3.1.1 Assume that {X;,j € Z} is an iid regularly varying sequence of
random variables with continuous marginal distribution function F. Suppose the con-

ditions (3.1.1) and (3.1.2) hold. Then, as n — o0
Gal-) = G(). (3.16)
in 2(0,00), where G(-) is a centered Gaussian process with covariance function
Cov (G(t1),G(t2)) = (1 V t2) ™ .

Note that Theorem 3.1.1 is a special case of Theorem 2.1 in [39].
In order to prove the above theorem, we verify finite dimensional convergence
and tightness. The first task is achieved by Lemmas 3.1.2 and 3.1.3, while tightness

is proven in Lemma 3.1.4.

Lemma 3.1.2 Under the conditions of Theorem 3.1.1, for each t > 0,
2
Gn(t) — G(1).

Proof: We check the central limit theorem by using Lindeberg’s conditions. Let

Z;n(+) be a random process defined by

1
Zin(t) = ———= (H{Xpunt} - F(unt)) , t>0, (3.1.7)

so that

Gu(t) = Zjn(t). (3.1.8)
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Since {Z; ,(t),j € Z} are centred and independent, we write

Cov (Gu(t1), Gu(ts)) = Cov Z Z;n(t), Z Z; n(ts)

=3 Cov (Za(th). Zynt2))

1 — _
= F(U,n)cov { <]1{Xj>unt1} - F(U,ntl)> ) <]1{Xj>unt2} - F(unt2)>}
1
= = (E[]l{xj>unt1}ﬂ{xj>unt2}] — B[l x;5unt)] E[H{Xpum}])
Flu,(t; Vi F(upt))—
_ Bl V) Fud) e v ) asn— 0o, (3.19)
Therefore,
Var|G,(t)] — t, as n — 00. (3.1.10)

Now, we evaluate the second Lindeberg condition. By the Cauchy-Schwartz inequal-
ity,

iE {Zin(t)ﬂ{‘zj’n(t)|>e}} <y (E[zj;n(t)}f (Mzm(t)\ > e))5 . (3111

Jj=1

-
-

On the other hand, we have

_ nﬁzun) Flunt) — A(F (unt))® + 6(F(unt))? — 4(F(unt))* + (F(w))‘*)é
< nfzun) 16F(unt)) ’

—4 __ ?2 ) (3.1.12)



3. Weak Convergence of the Tail Empirical Process 32

Using Markov’s inequality, we obtain

(tasor=)'s (52) s 15505

Then, by (3.1.1) and (3.1.2), we get

(NI

n

i]ﬁ:{zin(t)n{,zjm(t)be}} < Z(E[Z;{n(t)]);(]P’(|Z]-,n(t)|>e)>%

Jj=1

16 F(u,t) 1

Lemma 3.1.3 Under the conditions of Theorem 3.1.1, for fized ty,... tx

(Gu(tr), .., Gultr)) = (G(t), ..., G(ty)) -

Proof: For clarity, we prove the theorem for £ = 2. Assume that t5 > t;. We
will use the Cramer-Wold device, that is for a,b € R, we need to verify Lindeberg’s
conditions for a G, (t1) + b G, (t2).

First, we compute the limiting variance. Using (3.1.9)

Var [aG,(t1) + G, (t2)] = a*Var [G,(t)] + b*Var [G,(ts)]
+ 2ab Cov (Gn(tl), Gn(tz))

— a7+ b 4 2ab(ty Vb)Y, as n — 00.
Second, let Z;,(-,-) be a random process defined by

ij(tl, tg) = G,ij(tl) + ijm(tQ), t1,t9 > 0. (3113)
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Then,
aGult) +bGn(ts) = Y Ziulti,ts) .
j=1
Note that,
Z ()| <16a*|Z;, (1) + 160" | Z],(t2)] -

By the Cauchy-Schwartz inequality we get

n

Z]E[ W(t1,t2) {‘Zj,n(m),x}]gZ(E[z tm) ( (Zn(t t2)| >

Jj=1

Now, since t5 > t; and using (3.1.12) and (3.1.15), we write

Jun
[

(B1Z:, (0. 02)) < 4 (B2, 00)) " + 202 (B1ZL,02])

<16 a2—<i(ﬁ7€;>>l> 2 1617 —@%’(ﬁ? 2
e (F(unt1)> : |
- nF (uy,)

Also, by Markov’s inequality and (3.1.16)

1

€ €

(P (1Zinttr, 2] >e)>§ - (W) _a M

Therefore, by (3.1.1) and (3.1.2), one can conclude that as n — oo,

F(untl) 1
ZE[ GNP, |>€}} =C F(uy) nF(uy) v

(3.1.14)

(3.1.15)

=

9)

(3.1.16)
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Lemma 3.1.4 Under the conditions of Theorem 3.1.1, the tail empirical process

G, (-) defined in (3.1.5) is tight.

Proof:  Since convergence in (0, 00) is implied by convergence in Z[a, b] for any

0 <a<b< oo, it suffices to show that for a < t; < s <ty <D,
E[[Go(t) — Guls) [Gu(s) — Gult)?] < Cléulte) ~ &t . (3117)

where C' is constant and &, is a sequence of deterministic functions that converge

uniformly on [a, b] to a monotone continuous function &, cf. Lemma 2.5.6 . We have

2
n

1 _ _
Gn(t)) — Gu(s))? = —= Lixsunty — Lix,sunst — {F (unty) — F(u,
Galt2) = a5} =~ ;({W} () — {Flunt) = F(u,9)})
2
1 & — —
= = 1. 1 i<ups} T Fupty) — F(u,

T ;({nmxﬁ = (Fluaty) = Fuas)))
Put Ui = Dunti<x;<uns} — {F(Unt1) — F(uns)}, (3.1.18)

Vi = Lupscx;<unts} — {F (Uns) — F(unts)} . (3.1.19)

Let p1 = Fupty) — F(uys), p2 = F(uns) — F(unts) and p = F(uat1) — F(uat2), then

p1 < pand p; < p. Hence,

E[|Gn(t1) — Gn<s)|2 |Gn(s) — Gn(t2)|2]

E[UZE[V?].

1

n

7/7]
i#£]
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We have that E[U?] = p; — p? < p, E[V?] = py — p3 < p and

(U:Vi)? = ]l{unt1<xj<uns}{ﬁ(un5) — Fugta) }* + ]l{uns<Xj<unt2}{F(untl) — F(ups)}?
H{F (unty) — F(un8)}{F (uns) — F(unts)}?
=2 Lty <y <unst U (Uns) = Flunt2)} - {F(unt1) — F(uns)}
9 ey ey Fttnts) — F())? - {F 1) — Flutnts))
= Lfuntr<x;<uns)P2 + Lunscx; <unta} P + P03

—2- ]l{unt1<Xj<uns}p1pg -2 ]]‘{U7LS<Xj<Unt2}p2p% :

So,

E[(U;Vi)?] = pip3 + papt + pips — 20105 — 2pip; < 3p° < 3p°.

Therefore,

E[|Gn(t1) = Ga(s)* |Gu(s) — Ga(t2)["]

= e BV + s S BV
=1 n 1;37&:]1
< Snp” | n(n—Lp”

_ 3 F(untl_)— F(upts) n?—n F(untl_)— F(upty)
n F(Un) n2 F(“n)
<4 F(Untl) - F(unb) _ 4|Tn(t2) B Tn(tl)|2

Since the T,,’s are monotone and 7' is continuous, Lemma 2.5.6 implies tightness of
Proof of Theorem 3.1.1. Lemma 3.1.3 yields finite-dimensional convergence.

Lemma 3.1.4 yields tightness. This conclude the proof. i
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3.1.2 Tail Empirical Process with random levels

The tail empirical process considered in (3.1.5) uses deterministic levels u,, that need
to fulfill the condition nF(u,) — oo. In other words, we need to know F in order
to choose the appropriate level. Secondly, the centering T),(¢) depends on n and we
would like to replace it with its limit 7'(¢). Throughout the sequel, we assume that
F' is continuous.

To address the first issue, let X,,., > X,,.,._1 > --- > X,,.1 be the order statistics
from the sample Xy, ..., X,,. Choose a sequence of integers k = k, — oo such that
k = o(n), that is k/n — 0 as n — oo and choose u,, so that k = nF(u,).

Define
~ 1 <&

To deal with the second issue, we will require the following condition that can be

expressed in terms of u, or k : for all € > 0,

nlgg(} stl>1p \/nE (un) | Ta(t) = T(t)| = 0. (3.1.21)

Although (3.1.21) appears to be an ad hoc condition, it is implied by second order

regular variation (see Section 2.4). To see this, we use the following lemma.

Lemma 3.1.5 ([30], Proposition 2.8)
If F € 2RV (—a, —p), then for e >0

F(uy,t) B

—Q

=0 (7" (ua)) - (3.1.22)

t>e

Corollary 3.1.6 If F € 2RV (—a, —p) and \/nF(u,) n*(u,) — 0, then condition
(3.1.21) holds.

This motivates the introduction of the following condition, that will be referred to as
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the no-bias condition

nF (u,) 0 (un) = VE 0% (uy) = o(1), as n — 00. (3.1.23)

Example 3.1.7 This is a continuation of Example 2.4.3. One can deduce that if
we put k = nF(u,) and F<(z) = (1 — 2)~Y*, we have u, = (k/n)~"/*. Then if
n*(s) = s~*¥=1 the right hand side of (3.1.22) becomes O((k/n)®~V), and hence
the no-bias condition (3.1.23) is satisfied if k is chosen such that k/2+(5=1) /pf=1 0,

Example 3.1.8 If F(z) = 27 %log(z) and n*(z) = 1/log(x) then F € 2RV (—a,0)
and the right hand side of (3.1.22) becomes O(—log *(k/n)). Hence, the no-bias
condition (3.1.23) is satisfied if k is chosen such that k = log’(n) with § < 2.

Now, we consider the following process
Go(t) = \/E{:Fn(t) - T(t)} . 1>0. (3.1.24)

Our goal is to prove weak convergence of CAJn. In order to prove it, we need the
assumptions of Theorem 3.1.1 to be fulfilled, together with the additional assumptions
(3.1.23) and the following technical condition:

/

T.(t) — T (t) = —at™71, (3.1.25)

n

uniformly in a neighborhood of 1.

Theorem 3.1.9 Assume that {X;,j € Z} is an iid regularly varying sequence of
random variables with continuous marginal distribution F. Suppose the conditions
(3.1.1), (3.1.2), (3.1.23) and (3.1.25) hold. Then, in Z(0,00) and as n — 0o, we
have

Go() 2L G() =G T() . (3.1.26)
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Note that the proof of Theorem 3.1.9 is given after we introduce some technical

tools needed in the proof.

Definition 3.1.10 (Inverse functions)

Let if be the right continuous inverse of the tail empirical distribution T, defined by

T (y) = sup{a : Tp(x) >y} (3.1.27)

n

Let T be the right continuous inverse of T,, defined by,

Ty (y) = sup{x : T,(z) > y}. (3.1.28)

n

Note that discontinuities of T, become converted into flat stretches of T, and flat

stretches of T, into discontinuities of T, .

Convergence of order statistics: We obtain the following result on conver-
gence of order statistics. For this, we require that the conditions of Theorem 3.1.1 are
satisfied, together with the differentiability condition (3.1.25). The no-bias condition
(3.1.23) is not needed.

Lemma 3.1.11 Assume that {X;,j € Z} is an iid regularly varying sequence of
random variables with continuous marginal distribution F. Suppose the conditions

(5.1.1), (3.1.2) and (3.1.25) hold. Then

Xooe\ o
(Gn, nin ’“) 25 (G, 1), (3.1.29)

in 2(0,00) x R, and

\/E{X":""f - 1} 2,260 1 G(1). (3.1.30)
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Proof: ~ We use the notation introduced in Section 2.5.3. Note that G,, € Z(0, c0),
T € 21(0,00), G € €(0,00), T € 61(0,00). Since T,,” — T pointwise and
hence uniformly on compact sets (by monotonicity of 77 and continuity of 7) and

using Corollary 2.5.11, we have
(Guo TN 5 (GoT)(), (3.1.31)

in 2(0,00). Recall that

Then,
(Guo T (1) = VE{(T, o TN (1) ~ t} .

Hence,

VE{(To T = ()} 5 (GoT)(). (3.1.32)
Applying Lemma 2.5.3, one can argue that on some probability space,

VE{(T o T)() = ()} 225 (GoT)(), (3.1.33)

uniformly on compact subsets of (0, 00).

Note that (7}, o T:7)(t) is a sequence of nondecreasing functions. We apply Vervaat’s
Lemma 2.5.7 with Vk = 1/6,, (T,oT)(t) = 2a(t), g(t) =t,and y(t) = (GoT*)(t),

0 (3.1.33), and we conclude that as n — oo,
VE{(T, o T) = (5) =t} 22 —(GoT)(1), (3.1.34)

uniformly on compact sets.



3. Weak Convergence of the Tail Empirical Process 40

Since (T, o T)(t) = (T, 0 T)(t), we argue that as n —» 0o
VE{(T, o T)(t) — t] 225 ~(G o T)(1), (3.1.35)

uniformly on compact sets.

By (3.1.25) we can apply Taylor’s expansion to the left hand side of (3.1.35) to obtain

T (T () =1 =1, (T (1) = T (T3 (1))

=T (T(1)) {T;u) _T;u)} (1+0(1)) . (3.1.36)

Since T (1) = Xpin—i/tn and T (1) = 1, we have

@{Tn (M) - 1} = VE{T (7)) -7 (1)}

n

= Vi T, (T W) { T () - T )} (14 0()
_VET(1) {Xk - 1} (1+0(1)) .

Unp,

Then, as n — o0, using (3.1.35) we get

Vk {Tn (XZ""“> - 1} =Vk T)(1) {X’;”"“ - 1} (14+0(1)) = —G(1).
' ' (3.1.37)
(3.1.37) implies that X,,.,_x/u, converges to 1 in probability. Going back to the orig-
inal probability space, Theorem 3.1.1 and Lemma 2.5.8 yield (3.1.29). Furthermore,
by (3.1.37) and since T"'(t) = —at~(®*Y we can conclude that

Hence, (3.1.30) has been proven. i
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Proof of Theorem 3.1.9: Recall that, for ¢ > 0,

n

~ 1 R 1 n
(t) nF(u”); (X, > unt} (t) kz (Xy> Xt}

Then, G, (tXn:nk> =k {fn(t) - T, (tXn:nk) } , and so

Unp Unp,

-l ) e () (52

Up, Unp, Un

- \/E{T <tX’”“”"“> - T(t)} =L+ 1 +1s.

Unp

By (3.1.29), G,, and X,,.,_x/u, converge jointly and hence the first term [; converges
weakly in Z(0, 00) to G(+), by Theorem 3.1.1. Now, by the no-bias condition (3.1.23),

Vk {Tn <tXZ:_k> —-T (tX’Z:_k) } L0, (3.1.38)

uniformly in ¢ > €. Hence, the second term 5 is negligible.

Finally, on account of (3.1.30) and the delta method and since T'(t) = —at~(@+1),

Vi {T (t X"Z"’“) - T(t)} Z, ia(n T'(t) = —G(1)T(t). (3.1.39)

We conclude that

in 2(0,00). i
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3.2 Convergence of integral functionals

In this section we are interested in weak convergence of integral functionals

/ Gn(s) ds
1 sm

for integer values of m > 0. Note that the convergence z,, — = in 2(0,00) does not

imply convergence of integrals [, 2,,(t) dt — [~ z(t) dt. However, if z is continuous,
we have flM x,(t)dt — flM x(t)dt for all M < oco. In order to conclude convergence
of integrals over (1,00), we need to deal with the tail [, 2, (¢) dt. These functionals

provide a unified approach to all the weak convergence results that follow.

Theorem 3.2.1 Assume that {X;,j € Z} is an iid regularly varying sequence of
random variables with continuous marginal distribution F'. Under the assumptions of

Theorem 3.1.1 and if « > 2(1 —m), then as n — oo

[WG:“St) at = /Iw%dt NW<O’(a+m—1)?a+2m—2)) '

Proof: First, we argue that the limiting integral is finite. We have

vor [ [T ]~ | ([T ) (/f%ds)]

— o[ [(elowaw] 22

t

R dt d
o [z
1 t=s tm sm

2
T tm-—Datam—2 =% (3.2.1)

whenever o > 2(1—m). Since any linear functional of a Gaussian process is Gaussian,
the limiting distribution is normal. Let 1 < M < oo. By Theorem 3.1.1 and the

continuous mapping theorem, as n — oo we have
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/M Cult) g 2, | Ty (3.2.2)

tm
This is true because the convergence of G, is in the topology of uniform convergence

on compact sets. Moveover, by (3.2.1),

i ver [ [~ S0 a] 2o,

M—o0 M

Hence, letting M — oo, we get

/M G) 4 2, /OO % dt . (3.2.3)

tm

To finish the proof, it is enough to show that for ¢ > 0, (cf. [7], Theorem 25.5)

1"
M

> e] < Llya _/OO Gnls) ds]

l%[n limsup P

’ > e] =0. (3.2.4)

/ Gn(s) ds
Mo s

Mo s"

n

1 > 1 F(u, d
W BV S g P L) )

M k ‘= F(u,) | s™

n

1 * ds
= @VCLT JZ_;/ ]I{Xj>'llm5}8_m

M

g / 1 ds "
kﬁz M {X1>uns} sm
dt ds
= ]{j62 / / X1 > un e
B / / ) dt ds
o s tm Sm '

IN
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If m > 1, the above expression is bounded above by

/ / dt ds
t=s un '

By Potter’s bounds (Corollary 2.1.9), since F' € RV_,, for any § > 0, there exists C

such that for alln > 1 and t > 1,

Then for a > 6, we get
00 oo t
P’/G()ds gz/ Ii(“"t)/ﬁﬁ
Mo ST € Ju Fluy) Ju s t
2C [
< —2/ In(t) o=~ 1dt
& Jm

If m = 0, use Potter’s bounds with 0 < § < a — 2. Then

[e%s) e <Inl t
IP”/ G > < 3/ M/dsdt
M 2 e Ju Flup) Ju

e Ju
20 M67a+2
= 6—2 <m) — O as M — 0

whenever a > § + 2.

Thus, (3.2.4) holds, and the proof is complete. |
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Theorem 3.2.2 Assume that {X;,j € Z} is an iid regularly varying sequence of
random variables with continuous marginal distribution F'. Under the assumptions of

Theorem 3.1.9 and if a > 2(1 —m), then as n — o0

/100 é;r(f) at 2 /100 Glt) = TMG) dt (3.2.5)

~ W(O, (a+m_1)2oza+2m—2)) ‘

Proof: First, we compute the variance of the limiting normal distribution. Since
o -GHT 2 o
vor| [T EO=COTO o) _ /L/ Ldeds [
1 tm tmsm  a+m—1); tm
(a +m—1)2
B 2 1 1
 at+tm-1la+2m—2 (a+m—1)?
o

(a+m—1)2(a+2m—2)

It is finite whenever o > 2(1 — m).

Now, for any M > 1, we can write

~

/100 G (t) dt:/lM%dH/w%dt' (32.6)

tm tm vt

By Theorem 3.1.9 and the continuous mapping theorem, as n — oo we have

/M@ﬁuhg/MG®—GmT®&

2.
i i (3.2.7)

This is true because the convergence of én is in the topology of uniform convergence

on compact sets.
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Moreover, whenever a > 2(1 — m)

o[ [T SO0 )

M tm

Vm[/w%gLﬂ—Gﬂ{/wf”mdﬂ

M M

a+m-—1

= Var /00 G(t) dt — G{) MamH]

Mm U

= Var / —G(t) dt] + Var

St

G(1) M—oe—mtl
a+m—1

o () e ()

2 M—a—2m+2

M—Za—2m+2

2 M—a—2m+2

(Oz—l—m—1)(04—1—2772—2)jL

(a+m—12 a+m-—1 Jy

M—Qa—2m+2 2 M—2a—2m+2

2 M—a—2m+2

(Oz—l—m—1)(@—1—2771—2)jL

(a+m—1(a+2m—2)

— 0, as M — .

Letting M — o0, we get

(a+m—1)2 (a+m—1)2
M—Za—2m+2
(atm 1)

dt —

/MG@—GmT@

tm

tm

Then to prove (3.2.5), we show that (cf. [7], Theorem 25.5)

lﬂn lim sup P

n

>e|l =0,

‘/WD@”@>dt

Mot

for positive €. To do this, we follow the steps below.

e

P /wmo—mnﬂo&'

(3.2.8)

(3.2.9)
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a7
Let &, = X,:n_k/u, and recall that B
Gu(t) = Vk {Tn@s) - Tn(t)} where T, (t) = %Zi; Tix,oug and Th(t) = ;(Z;j)) .
Then T,,(t) = T,(&qt). Thus, we get "
Go(t) = VE {fn(t) - T(t)} _

VE{T (&) = Tu(&at) } + VE{Tu(&at) - T(0)}
= Gu(&at) + VE{Tu(&t) - T(1)}

and then, in order to prove (3.2.9), it suffices to show that for all € > 0,

/wmdt >e_ =0
YR A B ’

(3.2.10)
and that

lim hmnsupIP’ [\/E ' /M > Tn(é“ntt)m— T(t) dt| > e] =0.

Let s = &,t, then the expression (3.2.10) becomes

’/OO Gin(&nt) dt‘ > e]
Mot -

< lij\r4nlimsupIP’ [57’;"_1/ Gnls)

n M sm

lim li P
im 1mnsup

(3.2.11)

15\1/[11 lim sup P

n

= lﬁ\l/fn lim sup P

n

> €

&t /;O Gals) ds

m
WM S

EnM
+ limlimsup P ||~ / Gn(s)

M sm

=RHS1+ RHS?2 .

Since &, - 1, by (3.2.4), the first term (RHS1) converges to 0.
Now, it remains to show that (RHS2) is negligible.
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In fact, fixing M, and for any § > 0 we have

Gn(9)

Sm

> < limsupP

n

&t / " Gals) g

lim sup P

M(149)
Cm,5 /
M(1-6)

+limsup P [|¢, — 1] > 4] .

€
ds > —
5_2]

NN e

where Cp, 5 = (1+0)™ 1V (1 —6)™ L

Since &, L, 1, then as n — oo the second term converges to 0. Furthermore, by
continuity of the limit in distribution, we have uniform convergence on the compact
set [M(1 —4), M(1+ 4)]. Therefore, by Theorem 3.1.1 and since G(t) is centered
Gaussian with variance t~¢ and applying Markov’s inequality, for € > 0, we get that

for a > 2(1 —m)

M(1+5)
lim sup P Cm,(;/ Gn(s) ds > ¢
n M(1-6) sm 2
M(1+5) d
=P Cm,(;/ G(s)| = > <
M(1-9) s 2
2 M(1+49) d
<ZE cm,(;/ G(s)| =
€ M(1-5) s
M(1+5)
— & Crn.s g—/2 %
eV/m M(1-6) s
2\/5 2C(m ) —a/2—m+1 —a/2—m+1
- ’ 1 6)M [+ oM }
€ 7r04+2m—2{[< ) ] [( +4) }
4\/§Cm,5

(1= 8)M]2mH

~em(a+2m —2)

—0 as M — .

Therefore, (3.2.10) has been proven.
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Now, in order to prove (3.2.11), since T'(t) = t~%, one can write that

\/E/MOOT”@”? D gy = \/_/ ; (1) dt+\/_/ —5” ®) g
_\/_/ ; (5”)dt+\/E(§;a—1 —Mamﬂ

)a+m—1

= Ln,m,M + Rn,m,M .

By (3.1.30) and the delta method, one can argue that \/E(f,;"‘ — 1) converges in
distribution to a normal law and then R, ., P40 as first n — oo and then
M — oc.

Now, let s = &,t, then by Lemma 2.4.2 and the second order condition (3.1.23), for

any € > 0 there exists a constant C' such that

an gm 1\/_ Tn(‘S) — T(S) ds = 577171—1\/E F;(UHS) —g @ %
€M s gart | F'(un) s
< CEe"WE 7 (uy) /gnM {3_0‘+p_m (sV 3_1)6} ds
= 0,(1) /5:4 {S_O‘J’p_m (sV 3_1)6} ds. (3.2.12)

Recall that p < 0. The integral in (3.2.12) can be written as follows:

j {/ g atp—mte ds} 1(&, > 1/M)
€nM
1 o0
[ v [ s
€nM !

n

(gnM)fonrpfereJrl
_ 1(¢, > 1/M
o i1 e > 1/M)

T { (Guar)y7 e ! T ! } 16, < 1/M)

a—p+m+e—1 a—p+m+e—1 a—p+m—e—1

:R1+R2.
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Since &, - 1 as n — oo, for all M > 1, 1(&, < 1/M) L5 0 and so Ry — 0 as

n — 00. On the other hand, 1(¢, > 1/M) L5 1 asn — oo and so

M—a—l—p—m—i—e—l P
Ry = 0,(1) — 0, as M — oo.
a—p+m—e+1

Thus, Ly, . L5 0 as first n — 0o and then M — oo,

This completes the proof. i

Remark 3.2.3 We note that the limiting variance in Theorem 3.2.2 is always smaller
than the one in Theorem 3.2.1. This is the result of replacing the unknown quantile

u, with the empirical quantile.

3.3 Estimation of tail index and conditional mean

Suppose that Xi,..., X, are non-negative i.i.d. random variables with distribution

function F'(x) that has a regularly varying right tail with index —c, that is
P(X > z) =2"%(z), x>0, (3.3.1)

where () is slowly varying at infinity.

Equivalently, for ¢t > 0, -
F(t
T G ey (3.3.2)

The problem of how to estimate « is crucial in many applications. There have been
many tail index estimators proposed since the early work of Hill [26] and Pickands
[35]. Here we will consider estimators of 1/a: the Hill estimator that will be denoted
by @;' and the harmonic moment estimators that will be denoted by a_! for m # 1.

These estimators are also used to estimate the risk measures discussed in Chapter 4.
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Several ad-hoc methods have been proposed to deal specifically with the asymp-
totic normality of these estimators. We will use a unified approach which is based
on weak convergence of integral functionals of the tail empirical process with random

levels.

3.3.1 The Hill estimator

Among the statistical estimators for the parameter a of a regularly varying tail
F(z) = 2=%(x), the Hill estimator defined below has become particularly popular.
Let X, > Xpne1 > -+ > X, be the order statistics. The Hill estimator of a~! is
defined by

k

We give a heuristic, nonrigorous explanation of the definition. Note that (3.3.2) can

be interpreted as, for t > 0
P(X/x>t| X >2) —t %, asz—>00. (3.3.4)
Let N, = Z?:l Lix,/esty- Define j; = inf{i : X; /2 > t}, ji = inf{i > j_1 : X;/2x > t}

for il =2,...,Nyand Y; = Xj,, for @« = 1,..., N;. Then the limiting log-likelihood

function based on conditional excesses (Y1,...,Yy,) is

Ny
log L(Y3,...,Yy,) = Nyloga — (a+1) > "log; .

7j=1
d (R R
Hence, we get ﬁ[logL(Yl,...,YNt)] :O@azﬁt;loglfj :

If we choose x = X,,.,,_; for 1 < k < n where kK — oo and put N; = k, we obtain

the Hill estimator of o~ .
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Although the Hill estimator is motivated by likelihood methods, it is not a true
MLE, so a different approach is needed to study its asymptotic behaviour.
The asymptotic normality of the Hill estimator can be obtained from weak conver-
gence of the tail empirical process with random levels; see [30]. Indeed, recall that

for t > 0,
~ ~ ~ ] — Y
Go(t) = VE& {Tn(t) - T(t)}  where T,(t) = - ; Lix,ox,., oy and T() =t

Then,

1 /w n 1 00
- Lix;> X sty At — / et de
k . ]Z:; {X;>X,. kt}t )

1 en [ 1 1
EZ /1 L Xmoty 7 A =

|
(1%
|
|

I
=

I
=

Then the following corollary is an immediate consequence of Theorem 3.2.2 with

m = 1.

Corollary 3.3.1 Assume that {X;, j € Z} is an #id reqularly varying sequence of ran-
dom variables with continuous marginal distribution F'. Then under the assumptions

of Theorem 3.1.9,

Vi@t -ao ) 2L /Oo o) - f(l) T 4y (0,a7?) . (3.3.5)
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3.3.2 The harmonic moment estimators (HME,,)

Let m > 0. If moreover m > 1 — «, we have that

Cm = /100 T(t) td—,: S (3.3.6)

a+m—1"

Hence, we can estimate the right hand side of (3.3.6) by floo(fn(t)/tm) dt.
For m # 1, one can write that

~

(1) 1 [ 1

zmz/fT

k Xnin—j+1
1 / Xnin—k ].
S O
k=), t
1-m
k 1 _ Xn:n—j+1
1 ( Xn:n—k >
Tk ]Z:; m—1

m—1
_ 1 _ 1 i Xn:nfk .
m—1 (m—1)k ‘= Xnin—j+1

This leads to the following harmonic moment estimator of 1/« considered in [25] and

defined by

. 1 1
a,l = -1 . (3.3.7)

m—1 1 Zk Xnin—k m—1
k Jj=1 Xn:n7j+l

Note that for m = 1, the harmonic moment estimator is interpreted as a limit for

m — 1, that is
1 Xnn_j
~—1 __ 71: ~1 _ - n:n—j+1
“ _T}Tlgllam B kzlog( Xn:nfk > ’

which coincides with the Hill estimator.
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Corollary 3.3.2 Let m >1— /2 and m # 1. Assume that {X;,j € Z} is an iid
reqularly varying sequence of random variables with continuous marginal distribution

F. Then under the assumptions of Theorem 3.1.9,

vk {Z‘m . gm} 2, /IOO Gt) - GTE) 4 (3.3.8)

tm

~</V<0, (a+m_1);za+2m—2)) .

Proof: Since

Vi{G -} = [0,

tm

the proof is a direct consequence of Theorem 3.2.2. |

Applying the delta method to (3.3.8) we obtain the following result.

Corollary 3.3.3 Under the assumptions of Corollary 3.3.1, and if m > 1 — /2 and
m # 1, then

B o q +m — 1)2

Fla —a 1y 2y (0,2 . 3.3.9

\/_{am “ } "ad(a+2m —2) ( )

Proof:  Let g(z) = ° then ¢'(z) = ! Therefore, we get
' A e ———— 7 (T—ma+2)? e s

VE{a! - a1} = Vi {g(Ga) - 9(Gn) }

= " (a+m—1)20204+2m_2) [g’ (ﬁ)]

==/V<O’ (a+m—1)202a+2m—2) (&+Z_1)4>

_ (a+m—1)
_JV<O’ a3(a+2m—2)> '
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Remark 3.3.4 The condition m > 1 — «/2 imposes some restrictions on m and a.

If a > 2, then Corollaries 3.3.2 and 3.3.3 are applicable to all values of m > 0.

Remark 3.3.5 It is clear from Theorem 3.2.2 that the variance of the limiting ran-
dom variable [(G(t)/t™)dt decreases with m. For m = 1 we obtain directly the Hill
estimator. However, the Harmonic Mean Estimators are obtained by transforming
the integral functionals resulting in the Hill estimator having the smallest limiting

variance among all HMEs.

Remark 3.3.6 For m = 2, we obtain the t-Hill estimator introduced in [19],

-1

1 Xpin—
~—1 nin—k

= | - e —-1. 3.3.10
- p gt (3.3.10)

As a result,

Vi{a' —ay Loy (0 M) . (3.3.11)

Tad(a+2)
As indicated above, the Hill estimator has a smaller limiting variance than any HME.
However, the HME can be asymptotically more efficient than the Hill estimator if
the no-bias condition is not satisfied. Indeed, if MSE,, denotes the Mean Squared
Error of the HME,, estimator, then it was calculated in [4] that it is possible that
MSE,; < MSE;. Even though in this thesis we work only under the no-bias condition,
the theoretical result of [4] indicates that e.g. the t-Hill estimator may perform better

in finite samples, where a bias is always present - see Section 6.1.5.
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3.3.3 Application to conditional mean

Our goal is to approximate E[X|X > z] when z is large. The results in this section

will be applied to the risk measures to be discussed in Section 4.2. To do this, let

X 1 1
X >up| = = —E[XTxour], 3.3.12
| - F X o 3:3.12)

where u,, — oo and nF(u,) — oo.
Regular variation implies that for a > 1, 9,, — ¥ = /(o — 1), (see Lemma 2.3.4).

By replacing u,, with X,,.,_x and nF(u,) with k, we can approximate 4, by

~ 1

n,0 —
kX

)

) = kz Knin—ji1 (3.3.13)

nnk

Recall the notation from (3.3.6). Since a) — (o = {9\TL,0 — 1, the following corollary is
equivalent to Corollary 3.3.2 with m = 0.

Corollary 3.3.7 Under the assumptions of Corollary 3.53.1 and if o > 2, then
VDo — ) 2 / (G(t) — G(1) T(t)) dt (3.3.14)
1

- (0 o=

We note that 1/9\n,0 can be viewed as the plug-in estimator of ¥ = o/(a — 1), where «

is estimated using HME,. We can consider the family @Lm of plug-in estimators of

¥, where 1 is estimated using HME,,

. 1
ﬁnm - = y 3.3.15
"= Tog 3:315)

where a;! is defined in (3.3.7).
The following corollary is obvious using Corollary 3.3.3 and the delta method.
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Corollary 3.3.8 Under the assumptions of Corollary 3.3.1 and if m > 1 — «/2, then

V(D —9) L5 N (0, " f‘ao):a”i;;@)_ 2)> . (3.3.16)

3.3.4 Summary

In Sections 3.3.1, 3.3.2 and 3.3.3, we were able to apply Theorem 3.2.2 in order to
obtain the asymptotic behaviour of the class of the harmonic moment estimators
in a unified manner. This includes the Hill estimator, the HMEs of all orders and

estimators of the conditional mean.
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3.4 Discussion and Examples

As indicated at the beginning of the chapter, the results of Section 3.1 are special
cases of those in [39]. Since our results are stated for i.i.d. random variables, we

compare our result to the existing literature in this case, in particular to [14].

3.4.1 No-bias condition

Consider the function
Ut)=(1/F)“(t). (3.4.1)

If F is regularly varying with index —a, then U is regularly varying with index 1/a.
This can be obviously seen if F(t) = t~%, since then U(t) = t'/*. Moreover, this is
easy to see that if F'(F*(t)) = F(F(t)) = t, then the functions U and @ defined by
(cf. (2.3.1) and (4.1.3))

coincide.
The no-bias condition in this chapter (see (3.1.23)) is linked to the second order
regular variation for the tail function. The second order regular variation used here

is in the spirit of [16] and essentially says that

Fla) = cp 22 exp { /1 ' ”T(y)dy} |

with n*(x) being regularly varying with index —p and ¢y € (0, 00). Under this condi-
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tion we can control speed of convergence via Lemma 2.4.2:

F(xt)

——
F(x)

Vi>0, VYo>1, <O n(x) PV e,

Hence, via Corollary 3.1.6, the no-bias condition is expressed as

nF(u,) " (un) = VE 0" (Q(n/k)) — 0. (3.4.2)

In [14] the approach to the bias control is different. First, one assumes existence of

function a(t) defined through

lim = =:D,(x). (3.4.3)

The function a is regularly varying with index v = 1/a and in fact for F(t) = ¢t~ we
have a(t) = v t7. Next, the second order condition (Definition 2.3.1 in [14]) is defined
as follows: there exists a function A such that lim; ,., A(t) = 0 and the limit

lim

t—o0 A(t)

1 {U(ta:) —U®)

O Dy(x)} = H(z) (3.4.4)

exists for some function H. Theorem 2.3.3 in [14] implies that A has to be regularly
varying with index —p, p > 0. Theorem 2.3.9 in [14] states that

[{f((tx)) — zP—1
. x — v
tlgglo AT x my (3.4.5)
and
Ulte) s
= 1 )
e e Ca {2’ v 270}
A(t) —p

for arbitrary C, 0 and t, tz sufficiently large.
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The no-bias condition in [14] becomes

lim VEA(n/k) =0 . (3.4.6)

k—o0

The link between (3.4.2) and (3.4.6) is established through Remark 2.3.10 in [14].
Indeed, (3.4.5) is equivalent to

F(tz) — -
oy PO T
m-————=Tr ——=
oo A(t) —pla

with A(t) = A(1/F(t)) = A(U(t)), where the latter equality holds if F is contin-
uous. In other words, the function A(n/k) plays the same role for quantile-based
no-bias condition as the function n*(Q(n/k)) for the tail function-based no-bias con-

dition. As a consequence, (3.4.2) and (3.4.6) are essentially equivalent.

3.4.2 Comparison with [14]

The function F' fulfills the Von-Mises condition (Eq. (1.1.29) in [14]) if

’

lim (%) () =7 € (0,00) .

t—o00

If the Von-Mises condition holds then (Theorem 2.2.1 in [14])

Xpmk —U(n/k) o
VEZmnk s ¥ (0,1) . 3.4.7
Instead of imposing the differentiability assumption that appears implicitly in the

Von-Mises condition, we can consider the second order condition (Definition 2.3.1 in

[14]). As a consequence (Theorem 2.4.1 in [14]) we have

N
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as long as (3.4.6) holds. Furthermore, the result is strengthened to the functional
convergence of the quantile process X,.,_ns], 5 € [S0,1) for some 5o > 0.

In their proofs in [14], the authors work directly with the quantile processes and
order statistics. This is the main difference between the approach in [14] (as well
as in [13] in case of dependent random variables) and our approach here: we work
with the empirical processes and relevant results for quantiles and quantile-based
statistics are obtained via inverse functionals and integral transformations. This way
we avoid some technical problems that arise while working with quantile processes in
a neighbourhood of 0 and 1.

As such, the result in (3.4.7) corresponds to our Lemma 3.1.11, with the Von-
Mises differentiability condition replaced with (3.1.25) and normalization expressed
in terms of quantile function U instead of u,,. Likewise, the no-bias condition (3.1.23),
expressed in terms of the tail distribution function, corresponds to (3.4.6), expressed
in terms of the quantile function.

As for the Hill estimator, Theorem 3.2.5 in [14] states that under second order
regular variation and the no-bias condition (3.4.6), the appropriately centered and

scaled Hill estimator is approximately normal with mean zero.

3.4.3 Examples

Recall that the function n* is regularly varying with index —p, p > 0. On the other
hand, the function A is regularly varying with index —p, p > 0. We also noticed that
A(t) plays the same role as n* (Q(t)) as t — oo. Since Q(t) is regularly varying with

index 1/a, we conclude that

p=pla. (3.4.8)

In what follows we discuss the no-bias assumption for two commonly used classes of

distributions.
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Example 3.4.1 (Burr distribution) (cf. [27, Example 2|) The Burr distribution
with parameters a and b has the survival function F(z) = (1 4+ 2°)7%, z,a,b > 0.

Clearly,
F(r) =2 {1 —ax ™+ o(x_b)} , as T — 00 .

This implies that the tail index is e = ab, while the second order indices are, respec-
tively, p = b and p = pa = ab®. The no bias conditions (3.4.2) and (3.4.6) are fulfilled

whenever

VE(k/n)> =0 .

Of course, one has to point out that even if we know the tail index (or we estimate

it), we do not know b unless we estimate the parameter a.

Example 3.4.2 (Student ¢-distribution) Assume that a random variable X has

a Student-t density with v degrees of freedom, that is the density is given by

x2 —(v+1)/2
flz)=c, |14+ — , TER,
v

for some explicit constant ¢,. Then (cf. [14, Exercise 2.15])
F(z) =" ?e {1+ da? +oz™)} , as 2 — o0,

where d,, is another explicit constant. This implies that the tail index is @ = v, while
the second order indices are, respectively, p = 2 and p = pa = 2v. The no bias

conditions (3.4.2) and (3.4.6) are fulfilled whenever
VE(k/n)? — 0.

That is, k”?/n? — 0. For example, we can take k = y/n. See also [27, Example 3].
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This is one of the very few examples where the second order parameter can be explic-

itly specified. Another example is the Inverse Gamma distribution, see [27, Example 4].

Example 3.4.3 (Mixture distribution) Consider the tail distribution function
il 1 —a —af
F(a:)zé{x +a27 %} x>1, f>1.

Then

— 1
F(x) = §x*°‘{1 S

That is, p = a(f8 — 1) and p = f — 1. Cf. Example 2.4.3.



Chapter 4

The risk measures

The literature on financial risk and risk measures is vast. This chapter concentrates on
financial risks and on financial risk measures. We start by defining the risk measure,
present properties that any acceptable risk measure should have, investigate some
risk measures used in the financial literature, in particular, the Value-at-Risk (VaR)
and the conditional tail expectation (CTE), and we establish some estimates of these
risk measures.

The word “risk" is closely connected with phenomena generated by uncertainty. In
modern risk management, a central question is the measurement of risk. For example,
a financial institution needs to quantify risk to determine the amount of capital that
the institution has to hold as a buffer against unexpected losses.

Consider a given financial portfolio. For a given time horizon, 4A;, the performance
of the portfolio (like gain or loss) is often evaluated by a real-valued random variable
X. For our purposes, X will denote the negative return (i.e. if X > 0, there is a loss
of X;if X < 0, there is a gain of —X ). Measuring risk is equivalent to establishing
a correspondence p between the space of random variables X and a non-negative
real number R. In particular, in this sense, variance or standard deviation could be

measures of risk.

64
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The definition of a risk measure is very general since any positive real function
of a random variable can be regarded as being a measure of risk. In practice, such
measures should have certain mathematical properties.

Artzner et al. [2] go back to “first principles" and ask what basic features a risk
measure should have. They wrote down a list of properties that a good risk measure
should have. Measures satisfying these axioms are called coherent.

Consider a random variable X viewed as an element of a linear space £ of
measurable functions, defined on an appropriate probability space. A functional
0: 2 — R, U{+00} is said to be a coherent risk measure for .Z in the sense of |2]

if it satisfies the following properties for X, Y € £ :
1. Normalized : 0(0) = 0. The risk of holding no assets is zero.

2. Positive homogeneity : o(aX) = ao(X), for all positive a € R. An increase in

the size of a portfolio leads to an increase in the risk of this portfolio.

3. Subadditivity : o(X +Y) < o(X) + o(Y). The aggregate portfolio risk must be
less than or equal to the sum of the individual risks of the assets that compose

this portfolio.

4. Monotonicity : X <Y = p(X) < p(Y). The lower the potential loss of a

portfolio, the lower the risk.

5. Transitional invariance : o(X —b) = o(X) — b, for all o(X) > b > 0. This can

be interpreted as adding cash b to the portfolio X.

Once a risk has been defined mathematically, we must be able to measure it in
relation to a real financial environment.

The standard deviation and variance were the first risk measures to be used.
However, variance does not satisfy properties 2 — 5 and standard deviation does not

satisfy 3 — 5.
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Value-at-Risk (VaR) is probably the most widely used risk measure by financial
institutions. This concept, which originated in the insurance sector, was imported
in the late 1980s in the financial markets in the United States. This risk measure is
based on a simple concept and easily explainable : VaR is the value of the amount
that will cover the loss X with a probability 1 — p. However, VaR in general turns
out not to be a coherent risk measure, since it violates the property of sub-additivity
that reasonable risk measures should have. An immediate consequence is that value
at risk might discourage diversification.

A coherent alternative risk measure is the Conditional Tail Expectation (CTE),
also known as Tail-Value-at-Risk, Tail Conditional Expectation or Expected Shortfall
in case of a continuous loss distribution. It can be shown that for continuous F
(losses), CTE is the average of VaR over all confidence levels greater than p, focusing
more than VaR does on extremal losses. Thus, CTE is more conservative than VaR
at the same level of confidence (i.e., CTE > VaR) and provides an effective tool for
analyzing tail risks.

Nevertheless, VaR is still being used extensively in the financial industry. There-
fore, we analyse an estimator of VaR. Furthermore, we will repeat the exercise for
CTE. To the best of our knowledge, Theorem 4.2.4 on the asymptotic behaviour of
the estimator of the CTE is new.
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4.1 Value-at-Risk (VaR)

Let X = —Y1y<q), where Y is the return on an investment. Hence X > 0 if there is
a loss and X = 0, if there is a gain. The VaR (or more precisely, p-VaR) represents
the maximum loss that, with probability 1 — p, will not be exceeded. More precisely,

assuming that X is continuous, VaR,(X) is defined by
P(X < VaR,(X))=1-p. (4.1.1)

Thus VaR,(X) = F{ (1—p) |, (4.1.2)

where F'y is the distribution function of X. Define

1
Qx(t) = Fy (1 — ;) , t>1. (4.1.3)
Then Qx(1/p) = VaR,(X) . (4.1.4)
Let {X,, 7 =1,...,n} be a random sample from X. We are interested in the case

when p is very small, that is the expected number of observations above Qx(1/p),
np, is also very small. Since we are dealing with asymptotic analysis, we are obliged
to assume that p depends on n, p = p,, and that lim,,_,, p, = 0. That is, suppressing
dependence of p on n in the notation, we want to estimate Qx(1/p) with p — 0, as
n — 00. We shall assume that the random variable X is regularly varying with the

tail index «. In other words,
Fx(r)=1- Fx(x) =2 %(z), (4.1.5)

where /(x) is a slowly varying function at infinity. For the moment, we assume that
¢(x) = 1. A natural nonparametric method to estimate the distribution function

is the empirical distribution F,(z) = (1/n)3 7 , 1(X; < x). Then, the empirical
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estimate of Qx(1/p) is given by

However, for a very small value of p, this procedure is not very reliable since for p; # ps
such that [npi] = [nps], the values Qx(1/p1) and Qx(1/p2) may differ significantly,
but both values will be estimated by the same X,,.;,_jnp,]. In particular, for all p < 1/n,
Qx(1/p) will be always estimated by X,,.,.

Weissman [43] proposed an alternative approach by combining the semi-parametric
form of Qx with a nonparametric estimator. Indeed, let £ be an intermediate se-
quence, that is k = k,, — oo and k/n — 0. From (4.1.5) and keeping in mind that

{(z) = 1, it is easy to see that Fi (1 —p) = p~"*. Then we have

Qx(1/p)=p ", (4.1.7)
and
K\
Qx(n/k) = (E) : (4.1.8)
Thus we get

Qx(n/k) [ k\
QX<1/p>‘<np> | 1)

In general, when F € RV_,, in view of Lemma 2.3.3, we have

1np —1/a
Qx(n/k) _ QX(p1k> N (ﬁ) (4.1.10)
oxi/p) ~ ax() "\
as long as (np/k) is bounded away from 0 and oco.  Henceforth, we make this

assumption. By (4.1.6), Qx(n/k) can be estimated by X,.,_r. This suggests the
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following estimator of Qx(1/p),

_ 7
1/p) = Xpmn [ — ’ 4.1.11
Qx(1/p) = %o () (11.11)
if the parameter « is known, otherwise
AN
Ox(1/p) = Xomi | — 4.1.12
s/ = Xowi (1) (1112

1 1

where @~ is an estimate of a™".
This procedure will now be shown to be valid for general regularly varying random
variables X. In what follows, we will prove several asymptotic results, which will

follow from weak convergence of the tail empirical process:
1. Lemma 4.1.1 deals with consistency of the estimator Q x (1/p) defined in (4.1.11).
2. We extend the consistency to asymptotic normality in Lemma 4.1.2.

The first result deals with consistency of the Value-at-Risk estimator Qx (1/p).

Lemma 4.1.1 Assume that {X;,j € Z} is an iid regularly varying sequence of ran-
dom variables with strictly increasing marginal distribution Fx continuous on (0,00).
Suppose that np/k is bounded away from zero and oo and that the conditions (3.1.1),
(3.1.2) and (3.1.25) hold. Then as n — oo,

-1-50. (4.1.13)

Proof:  Recall that k = nFx(u,), then u, = F{ (1 — k/n) and by (4.1.3) we get
Qx(n/k) = wn. So. by (4.1.11)

- . (4.1.14)
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By (4.1.10), the second ratio on the right hand side converges to 1. Furthermore,
Lemma 3.1.11 implies that X,,.,_/u, converges in probability to 1. This completes
the proof. |

To prove asymptotic normality of the Value-at-Risk estimator Q x(1/p), we need the

following no-bias condition:

(ﬁ)_% Qx(1/p)

lim su \/E np
B Qx(n/k)

—1/=0. (4.1.15)

Note that if ¢(z) = 1, then the no-bias condition (4.1.15) is always valid. In general,

the condition is valid for some sequences {k, }, see the discussion in Section 4.3.

Lemma 4.1.2 Assume that {X;,j € Z} is an iid regularly varying sequence of ran-
dom variables with strictly increasing marginal distribution Fx continuous on (0, 00).
Suppose that np/k is bounded away from zero and oo and that the conditions (3.1.1),
(3.1.2), (3.1.25) and (4.1.15) hold. Then, as n — oo,

afgip) oo

where G(+) is the centered Gaussian process that is defined in Theorem 3.1.1.

Proof: By (4.1.14), we can write
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_ \/E{X’"“”—’“ - 1} . <n—p)l/a Qx(n/k) Xt <nﬁp> o Qx(1/p)

Gp) Qxlnfk)

Lemma 3.1.11, (4.1.10) and the condition (4.1.15) finish the proof of (4.1.16). |
We continue with the case when « is unknown.

Lemma 4.1.3 Assume that {X;,j € Z} is an iid regularly varying sequence of ran-
dom variables with strictly increasing marginal distribution Fx continuous on (0,00).
Suppose that k/np is bounded away from zero and oo and that the conditions (3.1.1),
(5.1.2) and (3.1.25) hold. Assume moreover that & is a consistent estimator of c.

Then, as n — oo

Qx(1/p) P
Qx(1/p) 1—0. (4.1.17)
Proof: Write
Qx(/p) | _fex(/p) Qx(1/p) — Qx(1/p)
QX(l/p) b= {Qx(l/p) 1} t Qx(l/p) : (4.1.18)

Lemma 4.1.1 implies that the first term on the right hand side converges in probability
to zero. To deal with the second term, we apply the Taylor expansion of the function

v — (k/(np))” around 1/« to get

AN AN 1\ (kN (&
(L) = (&) +(@-2)(2) ws(n)+hn. @)
np np o np np
o 2
a3 (5 e () (7))
2 \ np np «Q
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The Taylor expansion in (4.1.19) yields

&_1 1/04 l/oc
1
Xn:n—k (£> - Xn:n—k (ﬁ) + Xn:n—k <a_1 - _) (ﬁ) IOg (£>
np np o np np

+Xn:n—k Rn )

so that

Qx(1/p) = Qx(1/p) + Xpni (a—l - l) (ﬁ)l/a log <ﬁ) + Xy R .

o np

Thus, bearing in mind u,, = Q@x(n/k) and by (4.1.10) we write

Qx(1/p) = Qx(1/p) _ Xun-s (a—l 1) <£>1/°‘ Qx(n/k) log ( k )

Q@x(1/p) o o) \mp)  Qx(1/p) np
Xn:n—k

oy ™

a GO HISLD

Xn:n—k
+ —Qx(l/p) R, .

(4.1.20)

Consistency of @~!, Lemma 3.1.11 and boundedness of the log imply that the first
term on the right hand side converges in probability to zero. Also, we show that the
second term on the right hand side converges in probability to 0. Indeed, by (4.1.10)

we have
S - 2 () e ()
_ %Xr;:—k(l + o(1)) log? (nﬁp) o, <(a1 - é>2> S (41.21)

Consistency of 1/a and Lemma 3.1.11 finish the proof. |
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Theorem 4.1.4 Assume that {X;,j € Z} is an iid regularly varying sequence of ran-
dom variables with strictly increasing marginal distribution Fx continuous on (0, 00).
Suppose that k/np is bounded away from zero and oo and that the conditions (3.1.1),
(3.1.2), (3.1.25) and (4.1.15) hold. Assume that

Vo (a—l - 1) Zy A, (4.1.22)
(0]

where A is a normal random wvariable, 9, is a sequence such that 6, — oo with

o, = o(n) as n — oo and that

lim ﬂ1og (ﬁ) —r € (—00,00) . (4.1.23)

Then

@{%—1} iéG(l)wA. (4.1.24)

where G(-) is the centered Gaussian process defined in Theorem 3.1.1.

Proof: By (4.1.18) and (4.1.20), one can argue that

@X(l/p) o _ @X(l/]?) -
“E{ 1} - ﬁ{czxu/p) 1}

(- 5) e () e

Xn:n—k
+ \/EmRn. (4.1.25)

By Lemma 4.1.2, the first term on the right hand side converges in distribution to
(1/a) G(1). Lemma 3.1.11 and assumptions (4.1.22), (4.1.23) imply that the second
term converges in distribution to rA. It remains to show that the third term converges

in probability to 0.
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Indeed, by (4.1.21) we have

i 1 n—
NG Xpin—k R, — éXn.nk\/g<&—l_é) ﬂlog(ﬁ)log(k>

np

Qx(1/p) Un Ve, 7 \np
— 1
X Op <Oé - a) .
Lemma 3.1.11, assumptions (4.1.22) and (4.1.23) complete the proof. |

Corollary 4.1.5 Under the assumptions of Theorem 4.1.4, if 6, = k, for all n,

/\_1 A~

a~''=a;! (Hill estimator), and k/(np) is bounded away from zero and oo then

A} o L [ SOOI i

Proof:
By Corollary 3.3.1, the limiting distribution of &7 " is [[*{G(t) — G(1) T'(t)}/t dt with

2

limiting variance a2 and the variance (1 + 7?)/a? is an immediate consequence of

the fact that E[G(1){G(t) — G(1)T'(t)}] = 0. |

Remark 4.1.6 The Hill estimator could be replaced by any HME, &,,, in the pre-

ceding Corollary. The limiting variance is easily found by observing that G(1) and
[T{G(t) — G(1) T'(t)}/t™ dt are uncorrelated.
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4.2 Conditional Tail Expectation (CTE)

The CTE is an important risk measure and useful tool in financial risk assessment. In
risk analysis, the CTE describes the expected amount of risk that can be experienced
given that a potential risk exceeds a threshold value. Assume that X = — Rl r<qy is
the loss random variable defined in Section 4.1, with regularly varying tail distribution

function F x continuous on (0, 00). Our goal is to estimate the CTE defined as follows:

0(p) =E [X]X > Qx(1/p)] . (4.2.1)

when p is small.

If X is the Pareto distribution with parameter v > 1, then we can easily check that
O(p) =E [X|X >p el =yp Ve (4.2.2)

where ¥ = a/(a — 1).
More generally, if Fx € RV _,, then, when p — 0 and as long as np = O(k), Lemma
2.3.4 and (4.1.10) lead to

0(p) = 9 Qx(1/p) (1+o0(1)) (4.2.3)
= 9 Qx(n/k) <£>1/a (1+0(1)) (4.2.4)
- X np . L.

Since Qx(n/k) can be estimated by X,.,—x and by (4.1.11), if « is known, we can
estimate 0(p) by

0(p) = 9 Xum-i (ﬁ)% (4.2.5)

~ np
= ¥ Qx(1/p) . (4.2.6)
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If v is unknown, we estimate 6(p) by

0p) = Vn Xnos (—)a (4.2.7)

= 9, Qx(1/p), (4.2.8)

1

where @~! is an estimator of a~! and 1/9\71 is an estimator of ¥¥. We will use the Hill

estimator (3.3.3) for a=!. The estimator for ¥ will be chosen as either

k
) 1 Xn:n—j—H
Ono = ;:1: Snnitl (of (3.3.13))

Xn:n—k
or
~ 1
1 = 75
Define
0o(p) == Uno Qx(1/p) , 01(p) == Un1 Qx(1/p) . (4.2.9)

We note that since Qx(n/k) = u, and from (4.2.3) and (4.2.6) we get

o) _ Qx(/p) () )y (4.2.10)

0(p) Qx(1/p)

Hence, consistency of the estimator Qx(1/p) in Lemma 4.1.1 allows us to state the

following obvious corollary.

Corollary 4.2.1 Under the conditions of Lemma 4.1.1 and if « > 1, then as n — oo

= _150. (4.2.11)
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To prove the asymptotic normality of 6(p), we need the following no-bias condition :

lim sup Vk —19 Qx(1/p)

m s TR 1‘ =0. (4.2.12)

We note that when X is Pareto with parameter o > 1, then the no-bias condition

holds for any k, cf. (4.2.2).

Corollary 4.2.2 Assume that the conditions of Lemma 4.1.2 and the no-bias condi-
tion (4.2.12) hold. If o > 1 then as n — oo

@{@—1} ﬁéG(l), (4.2.13)

where G(-) is the centered Gaussian process defined in Theorem 3.1.1.

Proof: By (4.2.6), we have

\/E{@— } _ \/E{él@x(l/m_l}

0(p) 0(p)
Qx(1/p) 9 Qx(1/p) | Qx(1/p)
\/E{qu/p) 1} G - S

By Lemma 4.1.1 and (4.2.12) the second term on the right hand side converges in
probability to zero. By Lemma 4.1.2, the first term on the right hand side converges
in distribution to (1/a) G(1). This completes the proof. |

Now, we prove consistency and asymptotic normality of the estimators é\o(p) and 6, (p)
when the parameter « is unknown.

By (4.2.3) and (4.2.8) one can argue that, for i =0, 1,

6;(p) Ui gX(l/p) (1+0(1)). (4.2.14)
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This allows us to state the following corollary.

Corollary 4.2.3 Under the conditions of Lemma 4.1.3 and Corollary 3.5.8, we have

fori=20,1,

0i(p) | P
—-1—0, asn — oo . 4.2.15
o) (4.2.15)

Proof:  From (4.2.14) we get

ZOT D CFSN U GV BN G
0(p) b= {19 1}+{Qx(1/p) 1} J (1+o0(1)) . (4.2.16)

Corollary 3.3.8 implies that both 1@1’0 and 1/9\71,1 are consistent estimators of 9. So

the first term on the right hand side converges in probability to 0 and Lemma 4.1.3
finishes the proof. 1

The next result is the main theorem for the estimation of CTE. For this, we need the

conditions of Corollary 3.3.8 and Theorem 4.1.4 to hold.

Theorem 4.2.4 Assume that {X;,j € Z} is an iid reqularly varying sequence of ran-
dom variables with strictly increasing marginal distribution Fx continuous on (0,00).
Assume that Fx € 2RV (—a, —p) and (3.1.23) holds.

Suppose that the conditions (3.1.25), (4.1.15) and (4.2.12) hold. Assume that k/np

1s bounded away from zero and oo and that

k
lim log <—> =7 € (—00,00) .

Then, as n — 0o, we have the following:
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1. If a > 2,

50(]9)
\/E{ op) 1}

G(1) +r/100 (o) - f(l)T@) dt+%/1°° (G(t) — GO TW) dt (42.17)

s 1
H_
(0%

N (r? +2r 4+ 2)a? — (3r? + 4r + 4)a + 2(1 + r?)
N (0, o D=7 ) . (4.2.18)
2. If a > 1,
0i(p)
@{ o) 1}
26+ () [ SO (4219)
o (0’ (r? + 2r + 2)a? ;22<g2_+1;2+ Do+ (1 + r2)> | (£2.20)
Proof: By (4.2.9), we have for i =0, 1,
bip) | _ Uni Qx(1/p)
\/E{%?) 1} N \/E{ 0(p) 1}
_ i Qx(1/p) .\ D
_ \/E{ o1 +\/E{QX(1/p) 1} 0 (4221)
9 Qx(1/p)  \ Uni @x(1/p)
PVR{TGSE 1 Te B e

From Corollary 3.3.7 we have, for a > 2,

VE (% - 1) 2, %/100 (Gt) — GO T()) dt
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On the other hand, if & > 1, by Corollary 3.3.1,

(E ) - rr-oi,

2, [TEO-GOTW)
) ¢

Consistency of 1/9\,” implies that the ratio 1/9\,” /¥ converges in probability to 1 for
i =0, 1, hence by Corollary 4.1.5, the second term in (4.2.21) converges in distribution

a G(1)+r/1 : dt .

to

Consistency of ﬁn,i, Lemma 4.1.3 and the no-bias condition (4.2.12) imply that the
term in (4.2.22) converges in probability to zero. Putting this together yields the
asymptotic representations in (4.2.17) and (4.2.19).

It remains to calculate the asymptotic variances in (4.2.18) and (4.2.20), which

are justified in Lemma 4.2.5. |

Lemma 4.2.5 The limiting variances in (4.2.18) and (4.2.20) are respectively

(r? +2r +2)a? — (3r? + 4r + 4)a + 2(1 + r?)
a?(a—1)(a—2) ’

(r*+2r+2)a* =2(r* +r+ Da+ (1 +r?)
a?(a—1)2 '

Proof: VarlG(1)] =1,

We note that G(1) and [{G(t) — G(1)T(t)}/t™dt are uncorrelated for m > 0.

Hence, it remains to calculate the covariance between the two integrals.
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Recall that T'(t) =t~ and E[G(t)G(s)] = (t V s)~*.

Since

we have

([ 60060 ([0
_E[/ dt/ G(s } a_l/ws_a%_é/lwt_amﬁ
A A el A

:[mt‘“ e 1)de+ / e —_—

= / o dt — / t=o bt + / o dt— ————
1 1 a—1J a(a—1)

E

Therefore, the limiting variances are

1+ Lo 1 1 L 27’a+ o?
— - - = ,
a? "Ta—1) @ a? a—1 (a—1)2

o? =20+ 1+ 1r2a? = 2r2a +r? 4+ 2ra? — 2ra + o?
a?(a—1)2

(r?+2r+2)o = 2(r* + r + Do+ (1 4+ 7?)
a?(a—1)2 '
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and

1+7‘2+ a—1)° o) +2a—1 1
—+ = r
a?  a? e (o — 1) (x—2) a (a—1)2
_1+7“2+ 1 . 2r
a2 ala—2)  ala—1)

(1+7r%)(a® = 3a+2)+ala—1) + 2ra(a —2)
B a?(a—1)(a—2)

_@®=3a+24+ 0% —3ar? +2r + o —a + 2ra® — dra
B a?(a—1)(a—2)

(P 2r+2)0f — 3P4 dr +4)a+2(1+1?)
B a?(a—1)(a—2) ’

Comment 4.2.6 It is tedious but straightforward to show that the variance in
(4.2.18) is greater than that in (4.2.20); for all r, the difference is [a(a —1)*(a—2)] 7 .
For o > 2, this difference is insignificant, but we see that as o — 27, the estimator

61 (p) is much more stable.
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4.3 Discussion

4.3.1 No-bias condition

In this chapter we consider two no-bias conditions: (4.1.15) and (4.2.12). The former

(ﬁ)_% Qx(1/p)

lim su \/E np
nonal Qx(n/k)

18

—1/=0. (4.3.1)

The latter one is used for the CTE. The results on CTE seem to be new and as such
we cannot compare the no-bias condition (4.2.12) to an existing one. As for (4.3.1),
we recall that in case of continuous F' we have U(x) = Q(x) and hence (4.3.1) is
implied by (3.4.5) and (3.4.6). Bearing in mind again (cf. Section 3.4) that (3.4.2)
and (3.4.6) are essentially equivalent, we conclude that the no-bias condition (4.3.1)
used in this chapter is essentially the same as the no-bias condition used in Chapter
3. We do not claim, however, that these conditions are equivalent for all distribution

functions F'.

4.3.2 Comparison with existing results
Estimation of the value-at-risk, using a slightly different approach, is tackled in The-
orem 4.3.8 in [14]. There, the Value-At-Risk is defined via

VaR,(X)=U(1/p) , (4.3.2)

where U is defined in (3.4.1). In [14] the following approximation is used:

(%) -1
U(1/p) ~ Uln/k) + a(n/k) " —
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where a is defined in (3.4.3). Noting that a(t) ~ tU'(t) ~ yU(t) and that U(n/k)
can be approximated by X,,.,_x, we obtain (4.1.12). We do not claim any novelty of
Theorem 4.1.4, but it should be pointed out that in [14]| only the case of r = oo was
considered with a different normalization, see Theorem 4.3.8 of [14]. We also note
that the authors used the assumptions (3.4.5) and (3.4.6).

Estimation of CTE is certainly connected to the behaviour of Z?zl Xpm—jt1. In

[11] the authors studied the sums

k
Qp E Xn:n—j+1 —Cpn
j=1

with a, = (nk=')"/2=Y/2n=1/2 and a centering sequence ¢, and obtained asymptotic

normality.



Chapter 5

Functional Central Limit Theorem for

the Bootstrapped TEP

The asymptotic results of Chapter 3 all involve functionals of the Gaussian process
G(-) of Theorem 3.1.1, which in turn depends on the unknown tail index a. Fur-
thermore, the first limiting variance for the CTE in Lemma 4.2.5 is finite only when
a > 2, while the second variance gets large for small values of @ > 1. Because the es-
timators of the tail index « tend to be very unstable, the theoretical formulas for the
limiting variance may be of limited use. Therefore, we turn to bootstrap techniques
in order to approximate the limiting distributions of the various estimators that are
functionals of the tail empirical process.

In this chapter, we shall see that Efron’s non parametric bootstrap (cf. [18]) can
be applied in a straightforward way to approximate the limiting Gaussian distribution
of Theorem 3.2.2. To the best of our knowledge this is the first result of this nature
for the integral of the TEP with random levels.

85
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5.1 TEP with deterministic levels for arrays

We begin by extending Theorem 3.1.1 to one for arrays of random variables. Recall

that Theorem 3.1.1 states that the tail empirical process

F

where F,,(z) = (1/n) > j—1 Lix;54}, converges in distribution to the Gaussian process

G(+) on 2(0,00) if the following conditions hold : F(unt)/F (u,) — t=%, u, — 00

and nF(u,) — 0o as n — oo, where I is a continuous marginal distribution.

Now, let {X1,, ..., Xun, n=1,2,...} be an array of random variables such that

(X1n, ..., Xnn) are ii.d. with distribution function F™ such that for a > 0 and

t >0,

67

T (unt) )
— — ", asn— 00,

where u,, is a non decreasing sequence such that
()
Up —> 00, nF (u,) — 00.

Let

=) 1 ¢
Fn (ZE) = E Z 1{Xjn>m}
j=1

denote the tail empirical distribution generated by (Xi,,...

the tail empirical process for arrays

Z(n) Z(n)
G;n) (t) — 4 /TLF(”) (un) Fn (unt) —F (unt) 7

(5.1.1)

(5.1.2)

, Xnn) and consider

t>0. (5.1.3)
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Theorem 3.1.1 holds if we replace G,, by G,(ln), since the proofs of Lemmas 3.1.2,
3.1.3 and 3.1.4 remain identical with F replaced by F™. This allows us to state the

following corollary to Theorem 3.1.1 without proof.

Corollary 5.1.1 Assume that {X1,,..., Xun, n=1,2,...} is an array of random
variables such that (Xin, ..., Xpn) are i.i.d. with distribution function F™ - Suppose
the conditions (5.1.1)-(5.1.2) hold. Then, as n — o0

G () L G(), (5.1.4)

in 2(0,00), where G(-) is the centered Gaussian process defined in Theorem 3.1.1.

5.2 Bootstrap for TEP

5.2.1 Description of bootstrap method

Let 2, = {Xi,...,X,} be a sample from an unknown distribution function F' and
let

1 n
denote the empirical distribution generated by our original sequence {Xj,..., X, }.

The bootstrap procedure starts with drawing a sample {be),Xéb), . ,Xéb)} with
replacement, n times, from the data 2;,. Conditionally on Z,,, the random variables

{Xl(b), Xg(b), e ,X,(Lb)} are i.i.d. Moreover we have
Po (X" = X)) =P(x" = X;|2,) =1/n, i=1,...,n,

where P denotes the conditional probability given the sample {Xi, X5, ..., X, }.
This means that given the sample Z,,, the common distribution function of Xi(b)

(1=1,2,...,n) is equal to the empirical distribution function F,,.
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Example 5.2.1 Consider estimation of the expected value u = E(X;) by the sample
mean X,. Denote by Yflb) = (1/n)> 0, Xi(b) the bootstrap sample mean. Let Ey)
and Var@) be the expectation and the variance with respect to P, respectively. We

have the following moment properties:

E@) X}b) =E [X1|3brn] = /xan(:(;) = EZXZ -X, ,

.
E) X!

I
=
>
=
&

I
S|
iM-
=
>
=
I
S|
3
S|
>
I
>

3

I
=
e

E :Xﬁf’): — %il@ [X;w] —F [IE [X{“MHH —E [Yn
=1

Il
8
no
Q.
R
|
Y
—
8
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&
~—
[}
I
Sl
>
V)
|
S|
s

Var g, _X 1(b ]

5.2.2 Bootstrap for TEP with deterministic levels

The purpose of this section is to obtain weak convergence for the bootstrapped tail

empirical process G defined hereafter by

L >0, (5.2.2)

where F,, denotes the tail empirical distribution function generated by the i.i.d. ran-
dom variables {X7,..., X, } and FS) denotes the bootstrapped tail empirical distri-

bution defined as follows :

F (@) = - Z 1{X§b>>z} : (5.2.3)
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Lemma 5.2.2 Under the conditions of Theorem 3.1.1 and as n — oo, fort > 0,
we have o
Fo(upt _ —
(tn?) 7 and nF,(u,) — 00, (5.2.4)
in probability.
Proof: From Theorem 3.1.1, for every ¢t > 0 and as n — 0o, we have
Foupt) = Flugt)|
— — 0. (5.2.5)
F(uy,)
Therefore, since F is regularly varying with index o > 0,
Fo(unt Fo(unt) — Funt F(upt
Enltnt) ool o | Enltnt) = Flunt) | A Flunt) ool 20 (5.2.6)
Applying (5.2.6) with ¢t = 1 yields
F')’L n
— (ttn) Ly, as n —» 00 . (5.2.7)
F(uy)
Combining (5.2.6) and (5.2.7) finishes the proof. |

Theorem 5.2.3 Assume that {be), e ,Xflb),n =1,2, } s a bootstrap array of

random variables from the empirical distribution functions F,. Under the assumptions

of Theorem 3.1.1, as n — oo, we have that on 2(0, o)

(5.2.8)
in probability, where G(-) is the centered Gaussian process defined in Theorem 3.1.1.

(i.e. for every subsequence n' — oo, there is a further subsequence n” — oo such
that GS’,Z s G with probability 1).
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Proof:  From Lemma 5.2.2 and by the monotonicity of the functions I, (uy,-)/F,(u,)

and the continuity of the limit 1=, we observe that for any 0 < a < b < oo,

P

Fo(unt) P

sup -t

a<t<b

(see, for example, Lemma 1 in [31]). This implies that for any subinterval [ag, bg], for
every subsequence n’ — 0o, there is a further subsequence n” — oo such that with
probability 1,

~0. (5.2.9)

Now, letting a;, — 0 and b, — oo, a diagonalization argument can be used to define
a single subsequence n” — oo such that with probability 1, (5.2.9) holds for all .
Since Uglax, bx] = (0, 00) it follows that, for every 0 < ¢ < oo, with probability 1

F 1" 7
M e (5.2.10)

" (un// )

By Lemma 5.2.2, we can also choose n” so that with probability 1
’rL”an(un//) — 0. (5211)

Now, to finish the proof, we apply Corollary 5.1.1. i

5.2.3 Bootstrap for TEP with order statistics

Let X,,., > X,.no1 > -+ > X,,.1 be the order statistics from the sample X1,...,X,,.
Set k = nF(u,) such that k = k, — oo and k/n — 0 as n — oo.

Consider the bootstrapped process

n

GO) = T {FY (Kun s 0) = FaXoen s )}, >0, (5.2.12)
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where FS) is the tail of the bootstrapped empirical distribution defined in (5.2.3).

Recall that

To(t) = (k)Y Lixoxpny and Fa(z) = (1/n) Y 1ix,5a -
7=1

=1

Then, one can deduce that

T,(t) = W (5.2.13)

Theorem 5.2.4 Assume that {XYJ), e ,Xq(lb),n =1,2,... } 1s a bootstrap array of

random variables from the empirical distribution functions F,. Suppose that the con-

ditions (3.1.1), (3.1.2) and (3.1.25) hold. Then as n — oo, we have that on (0, c0)

GO L G() (5.2.14)

and

GO =GP T.() = G -GMT(), (5.2.15)

in probability, where G(-) is the centered Gaussian process defined in Theorem 3.1.1.

Proof: Recall that, for t > 0,

GO(t) = \/nFn(uy) Fo (“’%)(;?"W"t) : (5.2.16)

Then, by (5.2.12) and since k/n = F(u,), we have

G® (t X"i”"“) - _HT(L ) {F}j’)(xm,k £) — Fo(Xnn t)}
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So, since F,,(uy)/F(u,) L4 1, as n — 00, we conclude that as n —» 00

Xn:n—k

Unp,

GO () = GW (t ) (1+0,(1)) , (5.2.17)
where the 0,(1) term does not depend on t.

Lemma 3.1.11 implies that X,,.,_x/u, converges in probability to 1, so we have

Xn:nfk P

t st (5.2.18)

Up,

in %5(0,00). Hence, Theorem 5.2.3 and continuity of the composition map (Theorem
2.5.9) can be applied to the right hand side of (5.2.17) to prove (5.2.14).

Now, from Theorem 3.1.9, we have

- Fn(Xn:n—k t) P _
T.(t) = ——= — 7, 5.2.19
)= Lo (5:2.19)
in %,(0,00). Hence, (5.2.15) has been proven. i

Remark 5.2.5 We note that Theorem 3.1.9 requires regular variation of the tail
distribution F' (3.1.1), convergence of the sequence u, — oo so that nF,(u,) — 0o
(3.1.2), the “no-bias" condition (3.1.23), as well as the differentiability condition
(3.1.25) for T;,. These conditions are required to determine the asymptotic behaviour

of each of the three terms in the decomposition of the process @n given on page 41.

As a result, we have that G, () Z, G()—-GMT() .

The extra term G(1)T(-) arises as a result of replacing the deterministic (but un-
known) upper (k/n)th quantile u,, with the upper order statistic X, (recall that
Xpn—k/u, — 1 in probability).

On the other hand, Theorem 5.2.4 follows from Theorem 3.1.1 and Lemma 3.1.11
and does not require the no-bias condition (3.1.23). @%b)() Z, G(-) in probability

because X,,.,_r plays the same role for the process é,(f) as u, does for the original
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process G, (they are the upper (k/n)th quantiles of F,, and F', respectively).
Indeed, since the analogues of (3.1.1) and (3.1.2),

f o Fn(Xnnfkt) o Fn(Xnnfkt)

n t) = — = e d Fn Xn:n— )
(t) T (X t) oy — and nF,( k) — 00

are satisfied in probability, conditional weak convergence to G(-) follows in probability.
Then, in order to achieve the same limiting distribution as in Theorem 3.1.9, we use

the fact that T, (t) L ¢~ which leads to (5.2.15).

The question that naturally arises is: why not use random levels in the boot-
strapped CTE? In other words, can we replace X,,.,_, with its bootstrap counterpart

x®

nn—=k

in (5.2.12) and achieve the limiting distribution of Theorem 3.1.9 directly?
We conjecture that this may be the case, but have been unable to provide a rigorous
proof. The difficulty is in proving a counterpart for the differentiability condition
(3.1.25). Since the empirical distribution F), is not differentiable, such a condition

would involve convergence in probability of

to T'(t) = —at~*! uniformly in a neighbourhood of 1 for any sequence 6, — 0. This

question remains open.
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5.3 Bootstrapping tail index and risk measures

5.3.1 Hill and t-Hill estimators using bootstrap technique

Let m > 0. The Theorem 5.3.1 below, which is the bootstrap counterpart of Theorem
3.2.2, allows us to approximate the distribution of v& (&1_1 — ail), where ;' denotes

the Hill estimator defined by

nn—=k

k
1 Xon—i 0~ dt
j=1 !

and as well V& {Em — Cm} for m # 1, where

tm a+m-—1

_ [T - Y S ()
Cm—/1 dt = and Cm /1 dt .

Theorem 5.3.1 Under the assumptions of Theorem 3.1.9 and if a > 2(1 —m), then

as n — o0

/OO @S;)(t) B @%b)u) fn(t) v 2 /°° G(t) — G(1)T(t) it (5.3.2)
1 tm 1 4

~ ,/V<0, (a+m_1)2oza+2m—2)) .

in probability, where G(-) is a centered Gaussian process with covariance function
Cov (G(t1>, G(tQ)) = (tl V t2>_a .

We present two lemmas that will provide the proof of Theorem 5.3.1.
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Lemma 5.3.2 Assume that (3.1.1), (3.1.2) and (3.1.25) hold. If & > 2(1 —m), then
we have that on 2(0, 00),

e @ﬁf’) t g Gt
/ ()dti/ Ldt, asn —» 00, (5.3.3)
ot ot
i probability.
Proof: We will show that for any subsequence n’, there is a further subsequence
n” such that )
> G 1 t © G t
/ ’;—m” dt 2 / % dt, w.p.l. (5.3.4)
1 1

Assume that o > 2(1 —m). Begin by choosing a subsequence n” of n’ such that

1) G9() Z, G(-) w.p.1 (by Theorem 5.2.4);

n//

Xn//.n//_
(ii) & = 222" 1 w.p.1 (by Lemma 3.1.11);
un//
Fn//(un//) .
iii) ——= — 1 w.p.1 (by (5.2.10) with ¢t = 1);
i) S L (b (5210 )

For any M > 1, we can write that

0o Ab) M Ab) oo A(b)
/ G%(t) a :/ G%(t) dt+/ G%(t) dt. (5.3.5)
1 1 M

By (i) and the continuous mapping theorem,

M A(b) . M
/ G’;;m(t)dt—j—)/ %dt, (5.3.6)
1 1

with probability 1 as n” — oo.

Letting M — oo, we get that

/M GO) 4 /OO % dt . (5.3.7)

tm
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This is true since

00 2M70172m+2
Var/ &dt = — 0, as M — oo .
vt (a+m—1)(a+2m —2)

NOW, let gn” = Xn//;n//_k/un//. Then, by (5217), (ll) and (lll) we have

00 Ab) oo (b)
Mo M e

where the o(1) term is uniform in ¢.

Hence, by Theorem 4.2 of [5], to finish the proof, it suffices to show that for all € > 0,

& G( /2 n’/t
lim lim sup P / Copr(&nrt) dt| >e| =0, w.p.l. (5.3.9)
M n' M tm
We put s = &,#t, then
© GO (gt e
P / Mdt >e| = Py ;'},—1/ ”—<S)ds > ¢
M tm &M s
=G
< Py (g [ S ag) > S
M sm 2
M (6)
G, (s) €
P ml o ds| > =
+ Poy [|&n /EM gn 525
= L+1.
First, consider I, and note that &, is o(Xy, . .., X, ) measurable. Fixing M, we choose
0 < 0 < 1 such that for Cy, 5 = (1 + )™t v (1 —§)™!
M (1+6) G(b)(S) c
I, <Py |Cpn o ds > o | +1 : 5.3.10
2 =50 0 /1\/1(1—6) gm -2 {|5n11—1|26} ( )
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Therefore, along subsequence n”, by (i), (ii), the continuous mapping theorem and

Markov’s inequality, since a > 2(1 —

M(1+6) ds €
limsupl, < P C’m,(;/ ‘G(s) — > =
' M(1-9) s™ T 2
2 Cm M(149) d
< g / G(s)] &
€ M(1-5) s
M(1+5)
_ 2\/§Cm,6 Sfa/me ds
eV/m M(1-5)
2V/2C,, 5 2 2(1—m)—a

- eﬁ’a—l—Z(m—l){[(l_é)M] 2

— 0 as M — .

Next we consider I; and recall that

Then, since £7' — 1 w.p.1 by (ii), it suffices to show that

et
lim lim sup Py, / L ()dt ZE =0.
M ! M tm 2

oo ~(b) 4 oo v(b)
P, Gr ) 4 > S| < Zvarg, Gr ) g
) tm 2| = 0 tm
M M

m), we have with probability 1

— [(1+6)M] 2“5”)&}

dt

n! un//t :| ﬁ
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Svarey | [ ﬁzm )
" u //
4 dt
Var Z/ {X(b)>un//t} t_m

nFnu (u
4 o dt
= _—V(IT
Fn// (un//) 62 (b) |:/]\'4 {X( )>u //t} tm:|
4 > dt1?
<——FK 1 —
- Fn”(un”) 62 (b) { [[M {X{b)>un//t} tm:| }
dt d
= / / ]P)(b > un//t:| —S
n' un// tm gm
/ / n! un//t F(unn) dt ds
’U,n// Fn// (un//) tm Sm ’

By (iii), we get that with probability 1

° G(b)(s) € n” Un//t dt ds
P L ds| > = 1 1)).
®) /M s™m ol = 21 62 / / un” tm Sm ( + 0( ))

To finish the proof, it is sufficient to show that with probability 1

n!! n//t dt d
hmhmsup/ / (u = " 0. (5.3.11)
m Sm

n’’ un//

Here, we will consider two cases: the first case when m > 1 and « > 0 and the second
case when m = 0 and o > 2. In both cases we show that F,»(u,»t) can be replaced

with F(u,st) in (5.3.11).
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Case 1: m > 1 and a > 0.
Since for M > 1 and m > 1,
/ / t) dt ds / / dt ds
Fl(u,) t"s™ F(uy) ’
it is enough in this case to prove (5.3.11) for m = 1 and a > 0.
Let
' n”t - F ) dtd
Wi ap = / / (u (unrt) deds - (5.3.12)
un//) t s

Using Potter’s bounds, for any chosen C' > 1 and ¢ > 0 such that a > 9, we get for

all n,

VYar [ n, M = Var

/ / 21 L suan dt ds
nF (u,) t s

1
v [ [ [ M 2
t=s TLF un t S
_ _VW / / ]1{X1>u g di ds]
F(u,) t s
g / / ]1{X1>unt} dt ds
n F(uy) t s
B é]E / ]l{X1>unt} dt ds / /°° ]l{X1>unv} dv du
S n M Ji=s  F(uy) Up) VU
o LR L L
kn s=u Jt=s Jv=u ntSUU u=M Js=u Jt=s Jv=t
oL LR L L
kn s=u Jt=s n v:uUtS’LL u=M Js=u Jt=s Jv=t

n

n

ﬁ%%%}

g{ / / 27 (Int — Inu) ﬁﬁ% / / / / 01y dt ds du
kn u=M Js=u Jt=s u=M Js=u Jt=s Ju=t t s u

|
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o—a—1

ELL Lo LL L
k u=M Js=u Jt=s uMsuts s u
/ / ln 5a sé’a dsdu / / du
u=M Js=u O[— (Oé— uMsua_ u

00 6041
%{/ Fr e s
kn u=M Js uMsua_ U

o0 ln(u)u‘s_"‘_ ud—? du oo g fal .
/, ((a—6>2 <6—a>3) cr2 ), e d

It follows that for all n” sufficiently large and € > 0,

P UWHH’M| > €i| <

+4
- 62 k’n//

8C [ In(M)Mo— M
(o —6)? (=0 ]

The subsequence (n”) can be chosen so that ) < 00. In this case, by the first

n'! k

Borel-Cantelli lemma, for every € > 0
P UWn”,M‘ > € 10:| =0.
Hence,

P[hmsup|W~M‘ —O = [ }Wnu,M’ > 1/r i.o.}] =1,
1

r—=

and so with probability 1, since F(ut)/F (up) — t~* and by Potter’s bounds and
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dominated convergence, for all M > 1 we get

n! un//t dt ds n! un//t dt dS
lim Sup s < lim sup -
Un// m Sm un” S

/ / un//t dt dS
= hm
U,n// t S

Therefore, with probability 1,

n! un”t dt ds
hm lim sup <
un// tm Sm
This proves (5.3.11) in Case 1.

Case 2: m =0 and o > 2.
As noted before, to prove (5.3.11) we will show that

n! un//t
/ / ————~dtds
un//
IR e
t=s un”

can be replaced with

ﬂdtds M~
e i

t s o?
M—Oé

lim 5 =0.
M «

However, the method of Case 1 is not applicable, since the variance of the first double

integral is infinite. Instead, we appeal to the law of large numbers of [1].

Fix M > 1. For j =1,...,n, let

/ / {X >Unt} dt ds

so that

1 & 0 F (upt
_Zvj’n:/ / _(u )
nj:1 M s F(u

dtds.
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For each n, Vi, ..., V,, are i.i.d., nonnegative random variables with expectation

L

By Potter’s bounds, E[V},] is finite if o > 2.

dtd

We will apply Theorem 5.3.3 below to prove that as n — oo

/ / )F( s - %i (Vin —E[Viu]) =50 (5.3.13)

Jj=1

Theorem 5.3.3 (special version of Theorem 3.1 of [1])
Let (V}-,n,l <7< n), be an array of monnegative independent and identically dis-

tributed random variables. Assume that as n — o0
1
/ 2 fo(z)dz — 0, (5.3.14)
0
where fo(2) =325 P[Vin > nz] =nP[Vi, >nz]. Then,
li Vin —E[Vj,1 1) %0 (5.3.15)
N4 " i {Vin<n} ' o

For (5.3.15) to hold, we verify the condition (5.3.14). In fact, we have

OO]l “
Vin = // {X>”t}dtd—

L
= = — =S Un S
F(un) u Uy, {Xj>un M}

= _1 2X_]2_£]2_ &M_‘_M2

- 2F2un) (f_: - M>2'

X /un X /un
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Recalling that k, = nF(u,), we have

Vin >nz <<= X; > u, <M+ 2znﬁ(un))

— u, (M + \/%) . (5.3.16)

Therefore,

F (un (M + \/%))
F(uy)

(5.3.17)

fole) = (a (3+ V2R ) =

Apply Potter’s bounds to (5.3.17). For any d such that (« —4) V0 < § < o — 2, there
exists C' < oo such that for all M >1

ful2) < Cky (M 4 m) ~(o=).

Let € = 2=2=2. Note that € € (0,1). Therefore,

1 1 —(a—4d)
/zfn(z)dz < (Jkn/ z(M+(22kn)1/2> dz
0 0

1
< 27 (@920 / Z dz
0

2_(0‘_5)/QC]€;E
1—e€

VAN

—0 asn — 0o,

and (5.3.15) holds.

To see that (5.3.15) implies (5.3.13), we must show that

E[‘/}v"]l{\/}m>n}} — 0.
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Indeed, by (5.3.16) and integration by parts we have

1 X, 2
ElVinlgy, sn = —=——F (—J—M) 1{Xj>un(M+m)}]

1 . (Xj>2 )
2F(un) u, {X>un(M+v2kn)}

1 > _
S / 22dF(z)
2F (un )u2 Ju, (43R

1
2F (uy,)u2

—2?F(z )| (M) -1—2/ Iy xf(x)dx]

dx .

(1 + Va2 F (1 + VD)) [ LTe
= — _— M

2 F(uy,) Uz Sun (v F(un)
Apply Potter’s bounds, that is for any chosen § > 0 such that « > 244§, M > 1 and

n large enough we get

E [V]7n ]‘ {‘/j,n >7’L}]

1496 §—at2 14§ [ ba
< 2*° (M + 2kn) + = / . (1> d
2 Up  Jun(M++2E,)  \Un

n

o0

o— a+2
= 2 <M+\/2 ) + (14 6)u, 0T 2/ 2~ g

Un (M +2ky)

= _5<M—|—\/%>6 o _11:12 ;5+a Q(un <M+\/_>)5a+2
— <M+\/ﬁ)5 o

where C' is a constant that does not depend on n or M.

Since k,, — 00 as n — oo, for any M, E[V;, 1y, ,>n}] — 0 as n — oo,
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Therefore, as n — 0o

/ / )F< )dtds—>0

In this case, the subsequence (n”) can be chosen so that with probability 1, for oo > 2

and by Potter’s bounds and dominated convergence

n!’ n//t n//t
llm lim sup / / (u dtds = hm lim Sup / / F(u
un//

= lim Mt =0
- M(a—l)(a—2) ’

This completes the proof of Case 2 and (5.3.11) follows. i

Lemma 5.3.4 Under the assumptions of Theorem 3.1.9 and if « > 2(1 —m), as
n — 00, we have that on 2(0, c0)

/OO GO (1) Tt )fn’i 2, /OO GO) e At = G1) ————  (5.3.18)

a+m-—1

in probability.

Proof: By Theorem 5.2.4, we know that @;b)(l) Z, G(1) in probability. So, it

remains to show that

o : 00 1
/ Tn(t)g i>/ R | — (5.3.19)
1 1

tm a+m-—1

in probability.

This is an immediate consequence of Corollaries 3.3.1 and 3.3.2. i
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Proof of Theorem 5.3.1 : From Corollaries 3.3.1 and 3.3.2, we know that

4 [/1‘” G(t) —tG(l)to‘ dt} _ 0.

m

Vvar [/1“’ & _ti(l) — dt} " (atm- 1)202a Y om—2) "

It remains to show that

oo Ab) 4y - Ab) ' o) _ —a
[FEO-B0L0 , b, OGO,
1 1

in probability. In fact, Lemmas 5.3.2 and 5.3.4 finish the proof. i

5.3.2 VaR and CTE using the bootstrap technique

The goal is to get the bootstrap versions of Corollary 4.1.5 and Theorem 4.2.4. From
the point of view of applications, Proposition 5.3.5 may not be relevant, since the
limiting variance in Corollary 4.1.5 can be easily estimated. However, as pointed out
previously, Proposition 5.3.6 is of particular importance whenever « is close to 2.
In this case, due to instability of estimates of «, the resulting estimate of the first
limiting variance in Lemma 4.2.5 can be negative and hence of no use and the second

limiting variance can get large. In these cases, the bootstrap comes to the rescue.

Proposition 5.3.5 Suppose the conditions (3.1.1), (3.1.2), (3.1.23) and (3.1.25)

hold. Then as n — o0

~ o AL (1) _ AL (1) A

TGO (1) 4 /1 ) = Gl (5.3.20)
00 _ 2

Zs a7\ G(1) + 7 G = GTO) 4y (o, 11" (5.3.21)
) t a?

in probability, where r = lim, ., log (k/(np)) and ay' is the Hill estimator.
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Proof:  Recall that a;' = [© T(t)dt/t and o~ = [ T(t)dt/t. Hence, (5.3.21)

can be written as

t

T/WG“hp+a—mGax/mz%hp

Furthermore, (5.3.20) can be written as

0 A) ~ o 7
r/ 9%ﬁla+«1—mayux/ ﬂf)m.
1 1

Then, we let m = 1 and we apply Lemmas 5.3.2 and 5.3.4 to get the desired result. il

Proposition 5.3.6 Suppose the conditions (3.1.1), (3.1.2), (3.1.23) and (3.1.25)
hold. As n — oo we have

1. If a > 2, then

1A o GOy — GO ()T (¢ R o S,
afG@U)+T[ (®) () ()m+41—af)l (G@@y—G@ﬂ)Aﬂ)&

fza1Guy+@/wG“**ﬂ”T@dp+u—a1) m«%ﬂ—GﬂﬂﬁDdt

N (r? 4+ 2r + 2)a? — (3r? + 4r + 4)a + 2(1 + r?)
v (0’ a?(a—1)(a—2) ) '

2. If a > 1, then

~ oo Ab) Yy Ab)
@WWD+G+ ! )/ G (8) = Gn (WI(h)
1

~1

9 -1
G(1
—r ()+(T+1

2 2 o(,2 2
N JV(O, (r* +2r 4+ 2)a® — 2(r —I—?“-Hl)oz—l-(l-l-r))7 (5.3.23)

a?(a—1)2

in probability, where r = lim, ., log (k/(np)) and ay' is the Hill estimator.
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Proof: First, keep in mind that by Lemma 5.3.4,
© ~ dt
621_1 = / T<t)7 — Oé_l
1

in probability. Proposition 5.3.5 deals with the first and second terms of the left hand
sides of (5.3.22) and (5.3.23). For the last term of (5.3.22), we apply Theorem 5.3.1
with m = 0. |



Chapter 6

Simulations

We provide simulation studies to illustrate the theoretical results derived in the pre-

vious chapters.

6.1 Comparison of the Hill and t-Hill estimators

This section presents some simulations of the Hill and t-Hill estimators for the Pareto
distribution with different choices of the tail index a > 0 or equivalently v = 1/a,
which is the notation that we will follow.

Let X,., > X,.m—1 > -+ > X,.1 be the order statistics from Pareto distribution
P(X > x) =2 We pick k < n (the number of upper order statistics used in the

estimation) and consider the Hill estimator

k
1 Xnin—j

D — _} :1 CninzjHl ) 1.1

M 2 < og( X, . ) (6.1.1)

109
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Also, we consider the harmonic moment estimator

R 1 1
Y = —-1] (6.1.2)

m—1 1 Zk KXnin—k m-l
k Jj=1 Xn:n7j+1

where m > 0. We note that for m — 1, the HME coincides with the Hill estimator
and when m = 2, the HME coincides with t-Hill estimator.
We recall that among all HME estimators, the Hill estimator has the lowest

variance: o} = 2.

6.1.1 Histogram from Pareto(4)

In order to evaluate the quality of the Gaussian approximation of the asymptotic
distributions of the standardized Hill and t-Hill estimators of the tail index o« = 4
(v = 0.25), we plot the histograms based on N = 100 samples of size n = 1000 with
k = 0.1n (on the left) and & = 0.05n (on the right). That is, the histograms display

the empirical distribution of

where 4 is either 4; (Hill estimator) or 4o (t-Hill estimator). Figure 6.1 shows the em-
pirical distribution of the Hill estimator versus its theoretical asymptotic distribution,
which is given by the centered normal distribution with variance o? = 1/a? = 0.0625,
and Figure 6.2 shows the empirical distribution of the t-Hill estimator versus its theo-
retical asymptotic distribution, given by a centered normal distribution with variance

a+1)?
03 = Sk = 0.06510417.
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Figure 6.1: Histogram of Hill estimator (o = 4)
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6.1.2 The Hill and t-Hill plots from Pareto(4)

In choosing an appropriate value of k, the basic instrument is the so-called Hill plot,

graphing
{(k,7), 5 <k <n},

where n = 2000 is the sample size and 7 is an estimator of v. The main idea is to
choose k from a region, where the Hill plot appears to be stable.

Figures 6.3 and 6.4 show that the Hill plots of both estimators (71, 7>) stabilize at
height roughly ~. For the Hill estimator the stable region is about k € [30; 100], whilst
for t-Hill, it is roughly k& € [40;100]. Also, one can see that the graphs are volatile

when very few order statistics are used.

0.6

0.4

[N

Hill estimate of alpha
0.2

0.0

-0.2

I I I I I [
0 20 40 60 80 100

Number of order statistics

Figure 6.3: Hill plot (o = 4). Blue lines - estimators, Red lines - confidence
intervals.
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t-Hill Estimators
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04

0.0
|

-0.2

I I [ I I I
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Number of order statistics

Figure 6.4: t-Hill plot (o = 4). Blue lines - estimators, Red lines - confidence
intervals.

6.1.3 Plot of variances

Figure 6.5 shows the estimated variances of the Hill and t-Hill estimators for 100

Pareto experiments with a = 4, n = 2000 and k£ = 100. The averages of the sample
variances are shown by blue lines (03, ~ 0.06265415 and 024, ~ 0.06417094). The

theoretical variances are shown by red lines (0%, = 0.0625 and o2, & 0.06510417).
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Figure 6.5: Plots of Hill and t-Hill variances (a = 4)
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6.1.4 Boxplots from Pareto(4)

Let o = 4 and n = 2000. We produce three boxplots for three different choices of k;
k1 = 0.05n, ks = 0.1n and k3 = 0.2n.
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Figure 6.6: Boxplot of Hill and t-Hill estimators with different thresholds

For both estimators, the median appears near the center of each of the three
boxplots, indicating a symmetric distribution. The interquartile range and variability
of the estimators decrease as k increases, although we also observe outliers with larger

values of k.
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6.1.5 The Hill and the t-Hill plots from Student-t , o =4
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Figure 6.7: Hill and t-Hill plots for Student (o = 4)

It is well-known that the Hill estimator may not work well for non-Pareto distri-
butions. We can see that the stable region for the Hill estimator (k € [50,100]) would
overestimate ~y, while the stable region for the t-Hill (k € [20,50]) would return a less

biased estimate.
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6.1.6 Boxplots from Student-¢ distribution

We consider a = 4, n = 2000 and boxplots for different choices of k£ : k1 = 0.025n,
ke = 0.05n and k3 = 0.1n.
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Figure 6.8: Boxplot of Hill and t-Hill estimators with different thresholds

Both estimators exhibit an upward bias that increases with the number of order

statistics used in the estimator, while the variability decreases.
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6.2 Performance of estimators of CTE

We simulate n = 2000 observations from three models: Pareto, Student-¢ and mixture
distribution defined by F,,(z) = V/2(2=* + 27%%), 8 > 1.
Recall that from Theorem 4.2.4, the CTE, 6(p), can be estimated by

- N\ 1
L. 6(p) = (n—p) EZXMHH : if o> 2;
j=1
~ 1 k a~ !
2 el(p) = 1— alenn—k (n_p) if a>1

We note that for a > 2 either estimator can be used, but the limiting variance of 51 (p)
is smaller than that of go(p). Although our estimators are asymptotically unbiased,
for finite samples the effect of bias may have a significant effect on the mean squared
error (MSE). In practice, the estimator with the smallest MSE is the one that is most
efficient. The tables below show us the estimated MSE for various values of o and k

(upper order statistics) for the three models mentioned above with p = 0.05.

Lo Mean squared Error
Upper order statistics | Parameter « — —
MSE((0) MSE(6,)
k = 0.05n a=3 0.07547705 0.0716851
a=4 0.01342647 0.0120190
k=0.1n a=3 0.06169946 0.06512302
a=14 0.01018146 0.01006419

Table 6.1: Estimated mean squared error for Pareto distribution

Since we observe M SE(@O) ~ M SE(é\l), either estimator is appropriate when the
underlying distribution is Pareto and o > 2.
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Upper order statistics | Parameter o Mear/l\ squared Ermf
MSE(6y) MSE(6,)
= 0.025n a=3 0.1255236 0.09653583
a=4 0.1884831 0.2317549
k = 0.05n a=3 0.09830069 0.07814961
a=4 0.1757575 0.2421394
k=0.1n a=3 0.08800889 0.1739078
a=4 0.2726713 0.4907442

Table 6.2: Estimated Mean squared error for Student-¢ distribution

For Student-t with o > 2 | one would choose @\0, since its MSE is either close to or
much smaller than that of 51. One possible explanation for this behaviour is that

L appears only once in the

the Hill estimator &~ is unstable. Since the estimator a~
formula for 50 and twice in that for 51, this instability seems to have a greater effect

on the MSE of 51.

For the mixture distribution F,,(z) = (1/2)(z~* + 27*#), B3 > 1, simulations
(not displayed here) showed that a stable value of k for the Hill and t-Hill estimators
was approximately half that of the Pareto distribution. Therefore, we estimate the
MSE of 6 and 8, for k = .025n and k = .05n. Consider n = 2000, a = 3 or 4, § = 10
and p = 0.05.
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L Mean squared Error
Upper order statistics | Parameter a — —
MSE(0) MSE(6,)
k =50 a=3 0.1447182 0.1441957
a=4 0.03622246 0.03692423
k=100 a=3 0.1365983 0.137092
a=4 0.02895653 0.02811501

Table 6.3: Mean squared error for Mixture distribution F,,

We remark that as in Pareto case, one can chose either 50 or 0, to estimate 6(.05),

since their mean squared errors are very similar.

Summary: These simulations suggest the following practical steps for estimating

0(p):

e First, v = 1/a should be estimated by @', calculated using a value of k chosen

from a stable region of the Hill plot.

e If 1/a~! > 2, then either estimator can be used if it is reasonable to assume
that F(t) ~ t~* for large values of ¢. If this assumption cannot be made, then
go(p) might produce a less biased estimate. We have observed that this is the

case for the t-distribution with a judicious choice of k.

1 is close to or

e Since the variance of é\g(p) diverges as a — 2%, then if 1/a~
less than 2, the CTE 6(p) should be estimated using 6 (p). Neither estimator
should be used for values of a near 1. These points will be illustrated in the

next section.
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6.2.1 Comparison of confidence intervals for 6(p) using estima-

tors 6y(p) and 6, (p)

In this section, we use Theorem 4.2.4 to construct confidence intervals for 6(p) and
then illustrate the effects of decreasing values of o on the confidence bounds when

the underlying distribution is Pareto.

Recall that from Theorem 4.2.4, as n — oo,

(/9\0(17)_ N var
If a > 2, \/E{@(p) 1} N (0,vary),

-~

If o >1, \/E{el(p)—l}N«/V(oavaﬁ)7

0(p)
where

(r? +2r +2)a? — (3r? + 4r + 4)a + 2(1 + r?)

varg = ;
a?(a—1)(a—2)

(r*+2r+2)a? = 2(r* +r+ Da + (1 +1r?)

var, = )
a?(a—1)?
. k

and r = lim log (—)

n—00 np

We recall that vary > var, for all a,r. We estimate var; by replacing o with
@ via Hill estimator in the formulas above. Denote the estimates by var;, i = 0, 1.

Since 6(p)/0;(p) > 0, we have

Pl (ov [1 ~1.96 U‘Z“] < 0i(p)/0(p) < 1+ 1.96 ”C;:i ~ 0.95,

so a 95% confidence interval for 6(p) is given by:

-1

— 71 —_—
0(p) € | Oi(p) <1+1.96 w”) . 0,(p) [0V [1—1.96 ”a”] . (6.2.1)

k k
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Comment 6.2.1 Before continuing, we observe two potential problems with the con-
fidence interval above. First, we see that the upper confidence bound is infinite if
1.96+/var;/k > 1. We will see in our simulations that this can occur with smaller
values of . A more serious problem occurs when var; becomes negative: this can
occur when « is close to 2 in the case of vary, and when « is close to 1 in the case
of var;. In these cases, confidence bounds must be constructed using an alternative

approach.

Note: In all of our graphs in this and subsequent sections, infinite
upper confidence bounds will be illustrated by black dots, and cases of
negative variances will be shown by discontinuities since no bounds can

be given.

We now restrict our attention to the Pareto distribution. Continuing with our
simulations, consider n = 2000, p = 0.05 and k& = 0.05n. The figures below compare

the two confidence intervals for 6(.05) for different values of a.
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Figure 6.9: Estimates and 95% confidence intervals for #(.05) using B and
0, with o« = 4

Here, the blue lines indicate the estimate and confidence bounds for 50 and the
red lines indicate the estimate and confidence bounds for 51.
In Figure 6.9 we observe that when a = 4, both confidence intervals are almost

superimposed and they cover the true value of the CTE 97% of the time.

Fgure 6.10 clearly illustrates the effect of a smaller value of . When a = 3, the
confidence intervals for 6(.05) using §, are narrower. This effect is even more evident

in Figure 6.11 when o = 2.7.
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Figure 6.11: Estimates and 95% confidence intervals for 6(.05) using 6 and
0, with o = 2.7
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If « is close to 2, ao(p) becomes highly unstable as vary tends to co. Indeed,
as noted before the Hill estimator might yield values less than 2, in which case var
becomes negative. In this case we estimate the CTE 6(.05) using 6,(.05). However,
a similar problem arises with 0, (p) when @ — 17, as shown in Figure 6.12. When
1/a~! < 1, confidence bounds cannot be constructed and we see a discontinuity (the
9th experiment). When 1/a~! is greater than but close to 1 and 1.96\/W > 1,
the upper confidence bound is infinite, illustrated by black dots.
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Figure 6.12: Estimates and 95% confidence intervals for 6(.05) using 6; with
a=14

In these situations, we shall see in the next section that the bootstrap technique

can come to the rescue.
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6.2.2 Bootstrapped confidence intervals for 6(p)

We have seen that var; can become negative due to the instability of the Hill es-
timator, in which case the confidence interval (6.2.1) cannot be used. Instead, we
can use Proposition 5.3.6 to find a bootstrapped confidence interval for 6(p). Using
the bootstrap we can simulate data from either the .4 (0,var;) or the A4 (0, vary)

distribution. A confidence interval is then given by

0(p) € | Biln) (1+q‘)j;)1; 6.(p) <0v{1+q°j’£5Dl | (62.2)

where i = 0,1 and ¢g.025, ¢o.975 are the 0.025 and 0.975 quantiles of the correspond-
ing bootstrapped data. (Alternatively, similar results are obtained by replacing the
quantiles qo 25, Go.o7s With —1.96s, and 1.96s, respectively, where s; is the sample

variance of the bootstrapped sample.) The bootstrap data are constructed as follows.

Recall that

/ T(@ut)/t) = ' and GO(t) = % {FY Knintc ) = Fu(Xoun i )}

where Fflb)(a:) = (1/n) ZH{X@)M} and F,(z) = (1/n) Z]I{Xj”} . Then:
i=1

j=1

I & (™
b
/ Gy \/—Z / Lixosx,, @ _ﬁz / Lix> Xpon ey A

nn ]+1
n:n—k n:n—k
\/—Z/ dt]l{X(b >X ok} \/—Z/
(b) 1 k
nin—j+1 N
\/_ Z nn k ]I{Xﬂ<b>>X"’"_k} l{ Z ( nn k 1)

Jj=1
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Ly X j+1
= —F= J nn nn—jy+1
a k i—1 Xn:nfk ]l{X(b Xnin— k} \/_Z nn k
]:
1 < VR
B ﬁ ]1{X§b >Xpin—k} +Vk, (6.2.3)
7j=1
=GV g, 1 "L/w a1 i
dt = — 1, .0 R / 1 X5 X it}
/1 t k = h (X7 >Xnm—kt} ¢ \/E ; ) {X;>Xpn_xt} P
n (b) k
! X Vk (X i
= — lo —J 11 _ v 1o nin—j+ )
2 P g Xk {XJ('b)>Xnin7k} k ; g Xn:n—_k
n (b)
1 Xj .
~VE ;bg SO i —Vkar', (6.2.4)
k
o 1 1 Xn:nf‘
/ To(t) dt = - / Z]l{x Xt A= 2D X—J:l ~1 (6.2.5)
! ] 1 nn—

a(b Z]l xP>x,. ,k - Z]I{X¢>Xn:n,k}
i=1
- ﬁ Zl Lxosx,, )~ VE- (6.2.6)

We evaluate the formulas in Proposition 5.3.6 using the expressions above. First,

A 1 GV -GV T,
@@WU+G+__T)/(?@ CYMT)
1

1—ay t

< GO(t)
t

:(1—7“—1/9\n1)a11Gb() (7”+1/9\n,1)/ de
1

=(1—-r—"90,1)a 041 \/_Z]I{X(b)>XM k} Vk

x©®
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1—r =1 e U1 o X/
— VEkar!.

Next,

A GV () — G (1) Ta(t) A0 - GOV
a; G£L>(1)+r/l ; dt+(1 —art) G - G® T(t)) dt

:(1—7“/\1_1 \/—ZH{XU’)>X } Vk —I——Zlog

nn 7j+1

—rvEkart+ (1-apt) \/_Z Lx® s x4) \/_Z

nnk nnk

1 n
VE Z ]l{X](b)>Xn:n7k} +Vk
=1

k
1 Xn:n— i+1
- (1-ar) N Z]l{x<b>>x _—— vk k jz_; Xn:nik !

(1—r)a;! < SV (b)
- NG Z]l{x?b)»(m, | ay vk+ —= Z H{XJ('b)>Xn:nfk}

i=1 ¢ 1 nn k
+(1— ~_1 o j 1 nn ]+1
( 4 ) \/Ejzl Xn:n—k {X(b)>Xn" r} \/_Z nn k

1 n
7=1
nn k

- (1_‘3‘1 \/—Z {X<b>>X o k}z Ann it

1 ~ nn 1
_ﬁ;]l{Xi(b)>Xnm k \/—Z Zonitl LV

nnk
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x®

(1- 7“)041 X; ~—1
T VE Z]l (X0 X k} Zlog X, Lixsx,, o~ @ Vi

n—=k

)

nn 7+1

{X(b)>Xnn k} \/_ Z

nnk nnk

1 - nn 141
_ﬁjzz;ﬂ{Xj(b)>Xn:nk}+\/E \/‘ZI{X“’BXML k}z R

nnk

Xn:n—j+1

n k
1 1
Ly Ly Ko
VE = {x>Xnm-r} - VE p= Xnin—k
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(1-— 7")041 X; ~_1
k Z ]I{X(b)>X —k} Z 10g n n—k ]I{X;b)>Xn:n—k} - al \/E

~1 n (b k
1—0611 X] 1—051 Xnn +1
1 nn—jrl
+ \/E Xk {X](-b)>Xn:n—k} Z {X(b>>X i k} ;

nnk

In what follows, we consider n = 2000 and p = 0.05. The data is simulated
from the Pareto, Student-t and Mixture distributions. For different choices of the
value of «, we will compare two 95% confidence intervals for 6(.05): the blue line
represents estimates for 6(.05) using 50 or 51, the red lines represent the confidence
bounds calculated using var; (we call this the “plugin” interval) and the black lines

represent the bounds of the bootstrapped confidence interval given in (6.2.2).
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a) Pareto case with k = 0.05n

Estimation of CTE

Estimation of CTE
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Figure 6.13: Plugin 6, and bootstrapped 95% confidence intervals for 6(.05)
with o = 4
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Figure 6.14: Plugin 51 and bootstrapped 95% confidence intervals for 6(.05)
with a =4
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Estimation of CTE

Figures 6.13 and 6.14 illustrate that for o > 2, the bootstrap confidence in-
tervals appear to perform slightly better than the plugin intervals. As noted
previously, either estimator 50 or 9\1 can be used. When « is close to 2, we have
seen that 50 becomes unstable; 1/a~! can yield negative variance or infinite up-
per confidence bounds. While bootstrapped confidence intervals can always be
constructed, infinite upper confidence bounds can still occur. This instability

is illustrated in Figure 6.15 for o = 2.3.
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Figure 6.15: Plugin 6, and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.3

In this case, it is recommended that 51 be used and Figure 6.16 shows that the
plugin and bootstrapped bounds are very similar, with the bootstrap performing

slightly better.

When 1 < a < 2, the estimator 51 must be used. Figure 6.17 clearly illustrates
the instability of the upper confidence bounds, with the bootstrap frequently

significantly outperforming the plugin procedure.
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Estimation of CTE

Estimation of CTE
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Figure 6.16: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.3
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Figure 6.17: Plugin 51 and bootstrapped 95% confidence intervals for 6(.05)
with a = 1.6
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b) Student-t case with k = 0.025n.

In the case of the Student-t distribution, for all values of @ we find that the
estimators of 6(.05) are biased upwards; however, we see that the bias appears
to decrease with a.. In the case of a = 4, Figures 6.18 and 6.19 illustrate that
neither the plugin nor the bootstrap confidence intervals of 50 and 51 give good

coverage of the true value of 6.
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Figure 6.18: Plugin 50 and bootstrapped 95% confidence intervals for 6(.05)
with a =4
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Estimation of CTE

Estimation of CTE
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Figure 6.19: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with a =4

For values of « closer to 2, Figures 6.20 and 6.21 show both decreasing bias
but increasing volatility of the estimator @\0. The bootstrap gives much better

upper confidence bounds than the plugin.
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Figure 6.20: Plugin , and bootstrapped 95% confidence intervals for 6(.05)
with o = 3
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Figure 6.21: Plugin 6, and bootstrapped 95% confidence intervals for 6(.05)
with a@ = 2.5

Figures 6.22 and 6.23 also illustrate decreasing bias and increasing volatility
of the estimator é\l for smaller values of a. In both cases, the plugin and
bootstrap confidence bounds are similar. For o = 3, the bounds are close to
the bootstrapped bounds obtained using 50 seen in Figures 6.20 and 6.21. For
a = 2.5, it is clear that 51 should be used.
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Figure 6.22: Plugin é\l and bootstrapped 95% confidence intervals for 6(.05)
with a = 3
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Figure 6.23: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.5
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Estimation of CTE

For o = 2, we must use the estimator 51. Figure 6.24 show that the bias

is much less noticeable and the confidence intervals give good coverage. The

upper confidence bounds provided by the bootstrap are noticeably less than

those of the plugin.
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Figure 6.24: Plugin 51 and bootstrapped 95% confidence intervals for 6(.05)

with a = 2

For av < 1.7, Figures 6.25 and 6.26 show that there is little bias but both plugin

and bootstrap methods become unstable. However, the bootstrap continues to

perform significantly better than the plugin as the variance increases.
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Figure 6.25: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with o = 1.7
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Figure 6.26: Plugin 51 and bootstrapped 95% confidence intervals for 6(.05)
with a = 1.5
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As observed previously, the Hill estimator of 1/« does not perform well for the
t-distribution, and this likely affects the performance of the estimators of 0(p).
We have seen that other estimators, such as the t-Hill, may be more appropriate
and could replace @;' in (4.2.7). However, the asymptotic behaviour of the

estimator would change and bootstrap techniques would need to be justified.

Mixture case with £ = 0.025n.
Recall that
Foo(z) =12(z7* 4+ 27), o, 8 > 1.

Consider n = 2000, p = 0.05, two choices of parameter 5 (5 = 2 and § = 10)

and different choices of parameter a.

We will examine the effect of the parameters a, [ on the confidence intervals

for 0(.05) based on é\g, 0, and their bootstrapped counterparts.

If @« = 3 or 4, for both values of 8 the behaviour of the plugin and the boot-
strapped confidence intervals is similar to that of the Pareto distribution and

so graphs are not included in the thesis.

When o converges to 2%, there is a noticeable effect of 3 on the estimator @\0 of
the CTE. The estimator é\o is far less stable when § = 10 than it is when § = 2.
In both cases, the boostrapped confidence intervals are much better than the
plugin, as illustrated in Figures 6.27 and 6.28. However, as seen in the previous
examples, 51 is a good alternative estimator of the CTE, as shown in Figures
6.29 and 6.30. There is little difference between the plugin and bootstrapped
confidence intervals. If « = 2 and g = 2, 10, 51 provides a stable estimator,

but becomes increasingly unstable as a decreases, as illustrated in Figures 6.31

and 6.32.
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Figure 6.27: Plugin 50 and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.5 and g = 10
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Figure 6.28: Plugin 6, and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.5 and =2
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Figure 6.29: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with o = 2.5 and g = 10

35 40 45 50 55 6.0 65 70

FrTrTTr1rr1r1rrTTrT 1T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T I
-2 2 6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 96 102

Number of experiment

Figure 6.30: Plugin 6; and bootstrapped 95% confidence intervals for 6(.05)
with a = 2.5 and g =2
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Figure 6.31: Plugin é\l and bootstrapped 95% confidence intervals for 6(.05)
with o = 1.5 and g = 10
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Figure 6.32: Plugin #; and bootstrapped 95% confidence intervals for 6(.05)
with a = 1.5 and g =2
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Summary: Overall, the results of our simulations for estimators of the CTE can be

summarized as follows.

e In all cases, the performance of both estimators of §(p) is similar for larger values
of . As o — 2T, é\l(p) should be used, and if it is suspected that 1 < a < 2,

OAl(p) must be used.

e In the case of the Pareto and mixture distributions, the estimators show little
bias and perform well for larger values of a. However, the choice of k£ must be

made carefully using a Hill plot.

e The estimators show significant upward bias in the case of the t-distribution.

Alternative estimators of @' and ¥ should be considered in (4.2.7) for estimat-

ing 0(p).

e Bootstrap confidence intervals appear to perform at least as well as and, in many
cases, significantly better than plugin intervals. This is particularly noticeable
for smaller values of &. When var; is negative, the bootstrap must be used to

construct a confidence interval for (p).



Chapter 7

Conclusion

Dans cette thése nous avons abordé des concepts essentiels de la théorie univariée
de variation réguliere développée par Karamata depuis 1903. Une nouvelle lancée au
sujet a été fourni, en 1970, par Laurens De Haan dans sa thése “On Regular Variation
and its Applications to the Weak Convergence of Sample Extreme” ou il a introduit
une généralisation substantielle de cette théorie. De nos jours, cette théorie fait partie
des connaissances standards pour les probabilistes et les statisticiens.

Le parameétre d’importance en théorie des valeurs extrémes est I'indice de queue.
Il controle le comportement de la queue de distribution du premier ordre et de nom-
breuses méthodes d’estimation de ce parameétre ont été données dans la littérature.

Aprés avoir rappelé certaines des notions clés en théorie de variation réguliére
ainsi que quelques concepts en théorie de convergence faible dans le deuxiéme chapitre,
ol nous avons présenté une extension, Lemme 2.5.6, au critére de convergence en loi
dans [5], nous nous sommes intéressés dans le troisiéme chapitre & une méthode unifiée

d’estimation, Théorémes 3.2.1 et 3.2.2, basée sur la convergence en loi des intégrales

/ Gn(s) ds et / Gn(s) ds
1 s 1 s

ot I'on considére les processus de queue empiriques Gy (+) et G, (+).

fonctionnelles

144
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Cette nouvelle approche nous a permis d’étudier les propriétés asymptotiques de dif-
férents types d’estimateurs de I'indice de queue «, dont I'estimateur de Hill et la classe
des estimateurs de la moyenne harmonique. En conséquence, nous avons développé
un nouveau résultat, Corollaire 3.3.7, permettant I'estimation de la moyenne condi-
tionnelle E[X|X > x].

Dans le quatriéme chapitre, nous avons abordé les mesures les plus populaires
de risque: la valeur a risque, VaR et I'espérance conditionnelle des pertes, CTE. Du
point de vue de gestion des risques, ’étude asymptotique du comportement de la
queue des distributions est pertinente pour comprendre I'ampleur de grandes pertes
et la performance de mesures de risque correspondantes. Dans cette perspective, nous
nous sommes intéressés a I'estimation de ces mesures de risque pour des pertes a queue
lourde et & variation réguliére. Par ailleurs, nous avons proposé dans ce chapitre une
nouvelle approche pour pouvoir estimer la mesure de risque CTE. Le Théoréme 4.2.4,
propose deux estimateurs de la CTE, en étudiant leur normalité asymptotique.

Les propriétés asymptotiques des ces estimateurs sont basées sur le paramétre
de queue a supposé inconnu et que 'on estime via ’estimateur de Hill. Dans cer-
tains cas, les variances estimées de ces estimateurs peuvent étre négatives, aussi la
borne supérieure de l'intervalle de confiance peut égaler I'infini. Ces limitations rend
I'utilisation de ces estimateurs impossible.

Dans le cinquieme chapitre, nous avons développé de nouveaux résultats per-
mettant ['utilisation de la technique de bootstrap afin de rectifier le probleme de la
variance estimée. La méthode développée nous a permis d’approcher les lois asymp-
totiques fonctionnelles des estimateurs proposés de la CTE.

En économie, les distributions Pareto et Student-t sont les plus populaires. En
particulier, Student-t est couramment utilisée dans la finance et la gestion des risques.
Elle est souvent présentée comme étant plus adaptée que la distribution normale, pour
caractériser les facteurs de risques du marché, car la variation de son degré de liberté

permet un meilleur controle du kurtosis. En fait, le libre choix du degré de liberté,
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qui correspond bien a l'indice de queue «, permettrait de mieux adapter les queues
de distributions aux réalités financiéres.

Partant de ce fait, au sixiéme chapitre, nous nous sommes attardés sur des sim-
ulations afin d’apprécier la qualité de la méthode de bootstrap, développée dans le
chapitre 5 et appliquée aux estimateurs proposés de la CTE. Dans nos simulations,
nous avons utilisé 3 distributions différentes: Pareto, Student-t et de mélange. Les
résultats obtenus sont treés encourageants illustrant ainsi I'utilité du bootstrap pour
fournir de meilleurs intervalles de confiance, plus particuliérement pour la distribution

Student-t.

Enfin, nous dressons ci-aprés une liste non exhaustive des directions possibles

que peuvent prendre des recherches futures:

=" Remplacer I'estimateur de Hill par d’autres estimateurs dans ’estimation de la
CTE, notamment 'estimateur t-Hill et la classe HME. Notons que la technique

de bootstrap doit étre justifier;

=" Développer la technique de bootstrap en considérant la condition de dérivabilité

(3.1.25);

I Etendre les résultats obtenus aux vecteurs aléatoires a variation réguliere mul-

tivariées;

=" Considérer différents choix du nombre £ de la statistique d’ordre supérieur, de

r et de la probabilité p dans la partie de simulation;

=" Considérer autre distributions a variation réguliére dans les applications.



Appendix A

Useful Inequalities

For z, y € R the standard triangular inequality states that |z + y| < |z| + |y|. The

following lemma is the analog for powers.

Lemma A.0.1 Letr >0, and suppose that x, y > 0. Then

(

2" (" +y"), forr >0,

(z+y)" <z 4y, forO<r<1,

2t (" +y"), forr>1.
\

Proof: For r > 0,
(x+y) < (2 max{x,y})r =2 (max{x,y})r <2" (2" +y") .
Next, suppose that 0 < r < 1. Then, since /" < z for any 0 < = < 1, it follows that

x" 1/r yr 1/r z" T
() () s
l.r_|_yr :L.r_|_yr xr_’_yr :L.r_|_yr

and, hence, that

4y < (@ +y)",

147
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which is equivalent to the second inequality.

For r > 1 we exploit the fact that the function |z|" is convex, so that, in particular,

which is easily reshuffled into the third inequality. i

Theorem A.0.2 [2/] Let r > 0. Suppose that E [|X|'] < oo and E[|Y|'] < oo.
Then
EIX+yI] <2 (B[XI]+E([Y]]).

Proof:  Set r = X(w) and y = Y (w). The triangle inequality and Lemma A.0.1
together yield

EIIX+YT] < E[(x|+ )] <2 (B[XI]+E[VT]).

Theorem A.0.3 [3/] Let p > 1. Then for every random variable S having finite pth
moment,

E[|5 - E[S]F] < C,E[|S],

where Cy, is positive number.



Appendix B

R code

2 # Estimation of CTE using theta 0, theta 1 and bootstrap

a=alpha=2.5; b=beta=2; gama=1/a; n=2000; ns=100; m=400; p=0.05;

i k=floor (0.05%n) ;

#k=floor (0.025%n); # for mixture and Student—t

. r=log (k/(n*p)); varteta=a/(a—1);

CIE=vartetaxp~(—gama); # for Pareto

#CTE=vartetaxqt (.95, df=a); # for Student—t

theta O=NULL; theta 1=NULL; mse0=NULL; msel=NULL; Hill=NULL;

ratio O0=NULL; ratio 1=NULL; var theta O0=NULL; var theta 1=NULL

CI_up_O=NULL; CI_low_O0=NULL; CI_up_1=NULL; CI_low_ 1=NULL;

4 CI_up_ GI 0=NULL; CI low GI O0=NULL; CI up GI 1=NULL; CI low GI 1=NULL;

5 index alpha O=NULL; index alpha 1=NULL; index alpha 11=NULL; index alpha_ 00=NULL
i ind CI _up O=NULL; ind CI up 1=NULL; ind CI up GI O0=NULL; ind CI up GI 1=NULL;

3 # Define mixture function
#

#require (GoFKernel)

#mixt=function (x) 1-0.5%(x"(—a)+x"(—ax*b));

#inv=inverse (mixt,lower=1,upper=10); # inverse function

3 #Qx=inv(l—p); # quantile at level p

4 #CTE est=a/(a—1)*Qx; # using formula (4.2.3)

5 #CTE=—(0.5%a /(p—a*p)*Qx~(1—a)+0.5%axb/(p—a*bxp)*Qx~(1—axb)); # using formula (4.2.1)

149
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for (i in 1l:ns) {

- — observations from Pareto

data=(1—runif(n)) " (—gama)

#——— observations from Student—t ———

#data=rt (n,a)

#——— observations from mixture ———
#U=(1—runif(n))~(-1/a); V=(A-runif(n))~(—1/(a*xb));
#coin=rbinom (n,1,0.5) ;

#data=coinxU+(1—coin ) *V;

sorted data=sort (data, decreasing=TRUE);
Xn k=sorted data[k-+1];

upper X=sorted data|[l:k];

log upper X=log (upper X/Xn k);

sumupper X=sum (upper_ X) ;

Hill [i]=mean (log_upper X); # vector of Hill estimator

hill=mean(log upper X); # Hill estimator
a_ est=1/hill;

Q xXn kx(k/(nxp))~(hill)

# estimators of conditional mean

varteta O=mean(upper X)/Xn k;
varteta 1=1/(1—hill);
# Estimators of CTE

theta O[i]=varteta 0xQ x;
theta 1[i]=varteta 1xQ x;

# Variances

var theta true O0=((r"2+2xr+2)*a”~2—(3%r"24+4sr+4)*a+2x(14+r"2)) /(a~2x(a—1)*(a—2));
var theta true 1=((r"242*r+2)*a~2—2%(r"2+r+1)*xa+(14+r"2))/(a"~2x(a—1)"2);

var _theta O0[i|=((r"2+2*r+2)*a_est 2—(3xr "24+4sr+4)*xa_est+2x(1+r"2)) /(a_est "2x(a_est

—1)*x(a_est—2));

var theta 1[i]=((r"2+2xr+2)*a est"2—2x(r 24r+1)*xa_ est+(1+r"~2))/(a_est"2x(a_est—1)

"2);
# Mean squared error

/)

mse0[i]=(theta 0[i]-CTE) ~2;
msel[i]=(theta 1[i]-CTE) ~2;
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# If alpha hat <2, then theta 0 not applicable

m
71

if (1/Hill[i]<2) {theta 0[i]=NA}

# If alpha hat <1, then theta 1 not applicable

if (1/Hill[i]<1) {theta 1[i]=NA}

# indices when alpha hat<2 or alpha hat<l
4

if (1/Hill[i]<2) {index alpha O0[i]=1i}

if (1/Hill[i]<1) {index_ alpha 1[i]=i}

# cases when CI up is infinite:

# ——— for Pareto distribution ——

if (1/Hill[i1]<2.019205 & 1/Hill[i]>2) {index alpha 00[i]=i}
if (1/Hill[i]<1.19867 & 1/Hill[i]>1) {index alpha 11[i]=i}

# ——— for Student—t and mixture distributions
#if (1/Hill[i]<2.0384 & 1/Hill[i]>2) {index alpha 00[i]=i}
#if (1/Hill[i1]<1.28389 & 1/Hill[i]|>1) {index alpha 11[i|=1i}
# Bootstrapped data

for (j in 1:m){
bootX=sample (data ,replace=T);
upper bootX=subset (bootX, bootX > Xn k);
sumupper _bootX=sum (upper bootX) ;
sumLogupper bootX=sum (log (upper_ bootX/Xn k));
# Ratio of CTE hat/CTE

/

7
A=(1-r)*hill /sqrt (k)*length (upper bootX) ;

B=r/sqrt (k)*sumLogupper bootX—hill*sqrt (k);

C=(1—hill)/sqrt (k)*sumupper bootX/Xn k;

D=(1—hill) /(k*sqrt (k))*length (upper bootX)s*sumupper X/Xn k;
ratio 0[j]=A+B+C-D; # for theta 0

# for theta 1

ratio 1[j]=(1—r—varteta 1)/sqrt(k)shillxlength (upper bootX)
+(r+varteta 1)/sqrt (k)*sumLogupper bootX—sqrt (k)*hill;

}

# bootstrapped confidence intervals

CI up GI O[i]=theta O[i]|*max(0,14+ quantile(ratio 0 ,probs = 0.025)/sqrt(k))"~(—1);
CI low GI O|i|=theta O[i]*(1+ quantile(ratio 0 ,probs = 0.975)/sqrt(k))"~(—=1);
CI up GI 1[i|=theta 1[i]|*max(0,1+quantile(ratio 1 ,probs = 0.025)/sqrt(k))"~(—1);
CI low GI 1[i|=theta 1[i]*(l1+quantile(ratio 1 ,probs = 0.975)/sqrt(k))"~(—1);
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# If alpha hat<2 or alpha hat<1, theta 0 and theta 1 not applicable

i

if (1/Hill[i]<2) {theta 0[i]=NA}
if (1/Hill[i]<1) {theta 1[i]=NA}

# Plugin confidence intervals theta 0 and theta 1

CI up O[i]=theta O[i]*max(0,1—1.96%sqrt(var theta 0[i])/sqrt(k))"~(—1);
CI low O[i]=theta O[i]*(14+1.96xsqrt(var_ theta O0[i])/sqrt(k))"~(—1);
CI up 1[i]=theta 1[i]*max(0,1—1.96xsqrt(var theta 1[i])/sqrt(k))~(—=1);
CI low 1[i]=theta 1[i]*x(1+1.96%sqrt(var theta 1[i])/sqrt(k))"~(—1);

index alpha_O=subset (index_alpha_ 0, is.finite (index_alpha_0)>0
index alpha_00=subset (index _alpha_ 00, is.finite (index_alpha_00)>0)

)
)
5 index alpha 1=subset (index alpha 1, is.finite (index alpha 1)>0)
)

index alpha 1l=subset (index alpha 11, is.finite (index alpha 11)>0)
# indices when CI up are infinites

ind CI up_ O=which(CI _up 0 %in% Inf)

ind CI up GI O=which(CI_up GI 0 %in% Inf)
ind CI up_ 1=which(CI_up 1 %in% Inf)

ind CI up GI 1=which(CI_up GI 1 %in% Inf)

L
H

F

When CI up is infinite , replace with maxCI uptconstante

1L
11

CI_up O=replace(CI up O, is.infinite (CI_up 0) ,max(CI_up O[is.finite(CI_up 0)])+50);

2 CI_up_ 1l=replace(CI _up 1, is.infinite(CI up 1) ,max(CI _up 1[is.finite (CI _up_ 1)])+50);

CI up GI O=replace(CI up GI 0, is.infinite(CI_up GI 0),max(CI up GI O[is. finite (
CI_up GI 0)])+50);

CI up GI l=replace(CI up GI 1, is.infinite(CI_up GI 1) ,max(CI _up GI 1[is. finite (
CI_up GI 1)])+50);

£

# indices when CI up is infinite

X 0O=subset (CI_up 0,CI up O=max(CI _up O,na.rm = T))

5 X l=subset (CI _up 1,CI up l=—max(CI up 1l,na.rm = T))

X GI O=subset(CI _up GI 0,CI up GI 0=—max(CI _up GI O,na.rm = T))
X_GI_l=subset (CI_up_GI_1,CI_up_GI_l=—max(CI_up_GI_1,na.rm = T))
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# plots for theta O

limsup=max(CI_up 0,CI up GI O,na.rm = T);

liminf=min(CI _low 0,CI low GI O,na.rm = T);

plot (theta 0, type = ’1’, col="blue" ,lwd = 2, ylim=c(liminf ,limsup),
xlab="Number of experiment",6ylab="Estimation of CTE" 6 lab=c(50,10,0));

; abline (h=CTE, col="black");

points (ind CI up 0,X 0,type=’p’, pch = 19, cex=0.5, col="black")

points (CI_up 0, type=’l’, pch = 20, cex=0.5, col="red")
s points (CI_low 0, type=’l’, pch = 21, cex=0.5, col="red")
points (CI_up GI 0, type=’1’, lwd = 1.5, pch = 21, cex=0.5, col="black");
points (CI low GI 0, type=’1’, lwd = 1.5, pch = 21, cex=0.5, col="black")
(
(

points(ind CI up GI 0, X GI 0, type='p’, pch = 19, cex=0.5, col="red")
index alpha_ 0 # alpha hat < 2

1/Hill [index alpha 0]

index alpha 00 # 2<alpha hat <2.019205 or 2<alpha hat <2.0384

1/Hill [index alpha 00]

# plots for theta 1

liminf=min(CI_low 1,CI low GI 1,na.rm = T);

limsup=max(CI_up 1,CI up GI 1,na.rm = T);

plot (theta 1, type = ’1’, col="blue",lwd = 2, ylim=c(liminf ,limsup),
xlab="Number of experiment",6ylab="Estimation of CTE" 6 lab=c(50,10,0));

abline (h=CTE, col="black")

76 points (CI_up 1, type=’l’, pch = 20, cex=0.5, col="red");
points (CI low 1, type=’l’, pch = 21, cex=0.5, col="red")

; points(CI_up GI 1, type=’1’, lwd = 1.5, pch = 21, cex=0.5, col="black");
points (CI low GI 1, type=’'l’, lwd = 1.5, pch = 21, cex=0.5, col="black")
points (ind CI up 1,X 1,type='p’, pch = 19,cex=0.5, col="black")

(

points (ind CI up GI 1,X GI 1,type='p’, pch = 19, cex=0.5, col="red")

index alpha 1 # alpha hat < 1
1/Hill [index alpha_ 1]

5 index alpha 11 # 1<alpha hat <1.19867 or 1<alpha hat <1.28389

1/Hill [index alpha 11|
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