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Abstract

Streams and rivers are examples of vital ecosystems that frequently undergo various environ-

mental and anthropogenic stresses. A core question in population ecology is whether a given

population will persist under changing ecological conditions. This thesis consists of three

papers and is devoted to the mathematical analysis of responses of river-dwelling species to

population persistence threats. The first paper presents a stochastic approach to the ‘drift

paradox’ problem, where the classical reaction-advection-diffusion model is replaced by a

birth-death-emigration process. We explore the effects of temporally varying flow on the

persistence probability and highlight the importance of the benthic stage for the persistence

of stream organisms. The second paper addresses the problem of river network fragmentation

through disconnecting structures such as dams. We construct a population matrix model

that incorporates the spatial structure of the studied river network and compare structural

connectivity to an indicator of population persistence. The third paper adapts the same

basic matrix model to examine fish response to disturbances travelling downstream from up-

stream sites. The study of these three aspects of persistence challenges for river populations

contributes to the cumulative effects assessment on river networks.
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Chapter 1

Introduction

Rivers are the arteries of our planet. Their immense historical, ecological and economic

importance is undeniable. The great milestones of human history took place by the banks

of rivers, along which many civilisations sprung up [38]. The world’s first cities flourished in

Mesopotamia, in the fertile plains of the Tigris and Euphrates, while the ancient Egyptian

civilisation could not have blossomed without the Nile. Many early societies referred to

rivers as ’mothers’, just like the Yellow river was known in the ancient Chinese ages [32].

Through the ages, rivers continued to play a central role in sustaining societies, supplying

resources such as irrigation, industrial and household water, multiple sources of food and

hydro energy. The economic value of rivers and their ecosystems is noteworthy. By providing

navigation routes, producing energy, transporting waste, attenuating the drastic effects of

floods or pollution events, renewing the finite supply of water on continents and sustaining

all life on land, the economic value of the services granted by freshwater ecosystems was

estimated at an average 33 trillion dollars a year [14].

As much as nations worshipped the role of rivers, they also abused these ecosystems.

With advancing technology, human development has brought with it pollution, fragmenta-

tion, degradation and overexploitation, threatening not only the geological aspect of river

systems, but also the persistence of fish and aquatic populations living and dispersing in

rivers. Throughout this thesis, we mathematically model and treat three aspects of an-
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thropogenic disturbances on rivers and explore their effects on the persistence of particular

aquatic organisms. In Chapter 2, we present a stochastic approach to the persistence prob-

lem in river reaches under variable environmental conditions. This work tackles in particular

the variability of the water flow provoked by flow-regulating dams. In Chapter 3, we scale

up to address the problem of persistence in river networks under fragmentation by dams and

other disconnecting structures. In Chapter 4, we explore the effects of downstream transport

of upstream conditions in river networks. In particular, we focus on transportable conditions

that are harmful to fauna and flora such as the spread of chemical contaminants, organic

matter from waste-water or any form of river pollution.

In the following, we give a brief introduction to each of these three parts of the thesis.

1.1 Population persistence and the ‘drift paradox’

Streams and rivers are by nature advective environments, characterized by unidirectional

water flow. This particular feature places some inhabiting aquatic organisms — especially

those of reduced motility such as phytoplankton, insects and drifting invertebrates — under

the risk of being washed downstream, into habitats where conditions are not suitable for

growth or reproduction. While extinction seems inevitable in these circumstances, many

species manage to persist for generations. The fundamental question of how a closed pop-

ulation can persist in advective environments is known as the ‘drift paradox’ [21] and was

the focus of many recent modelling efforts [22, 25, 26, 28, 27, 34, 36, 43, 46]. Diffusion-

mediated persistence in stream ecosystems was first explored by Speirs and Gurney [43].

Their hypothesis states that a sufficient amount of random movement in the right range can

counter-balance the drift effect and lead to population persistence at a given location [46].

Using a reaction-advection-diffusion equation (see equation (1) in Chapter 2) to model the

density of a population subject to flow, they derived a threshold for the flow speed above

which the population cannot persist, while, below it, persistence is possible on a large enough

domain. Their results encompass the necessary balance between advection, diffusion, domain

size and population growth rate required for population persistence.
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Extensions to Speirs and Gurney’s model mainly consisted of including, distinct or

jointly, a benthic stage and temporal variations. Pachepsky et al. [34] were the first to

explore the effect of considering benthic population on the overall persistence. Their two-

compartment model (see equation (3) in Chapter 2) consists of a benthos–drift system, and

accounts for individuals who spend a part of their life residing on the benthos and not

only in the drift. This consideration is especially important for aquatic insect larvae who

spend a considerable proportion of their time resting on the benthos and move periodically

by jumping into the flow and drifting downstream [1]. The authors showed that if the

production rate on the benthos exceeds the rate at which individuals enter the drift at low

population density, then the population can persist, independently of the flow speed or the

domain size. Although most of the contributions assumed the water flow to be constant over

time, it is not in reality. For instance, variations in flow speed can result from seasonality,

weather conditions or anthropogenic disturbances such as hydroelectric dams. The effects of

temporally periodic flow speed on persistence was studied by Lutscher and Seo [29] through

the calculation of invasion speeds, for both the single and the two-compartment models.

They find that, on one hand, the averages of parameters determine the invasion speeds for a

single-compartment model; on the other hand, for a two-compartment model, the temporal

variation can enhance population persistence.

Models inspired by the work of Speirs and Gurney are mostly deterministic, and their

results, based on equilibrium analysis, confirm the presence of sharp thresholds, such as a

critical flow speed and a critical domain size governing the extinction or persistence dynamics.

Deterministic models do not address the effect of stochasticity on persistence. In particular,

populations dispersing in advective media are subject to demographic and environmental

stochasticity. Demographic stochasticity refers to the variability in the internal population

dynamics, such as number of births and deaths, while environmental stochasticity refers to

the unpredictability in external processes that occur independently of the population and

affect the ecological dynamics. In stochastic models, one considers the probability of persis-

tence, the expected residence time in a certain area or the expected time to extinction of a
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population. Kolpas and Nisbet [22] formulated a first stochastic analogue to the integrodif-

ferential equation developed in Lutscher et al. [28] for the dynamics of a stream population.

Their simulations explored the effects of demographic stochasticity, both in reproduction

and movement, on persistence times and probabilities. They found that thresholds result-

ing from deterministic models were replaced with a smooth and sometimes steep transition

from essential persistence to essential extinction. Another stochastic contribution to evaluate

persistence in stream environments is presented by Pasour and Ellner [36], who compared

residence times of zooplankton in a given flow field by simulating individual trajectories but

did not consider persistence of an entire population.

In the first part of the thesis, we use transport-based models for population dynamics

in streams and rivers to derive extinction probabilities and expected times to extinction in a

given reach. We consider demographic stochasticity in the form of a birth–death process and

emigration from the stream reach. We also include environmental stochasticity in the form

of temporal variation of the abiotic conditions; e.g., seasonal effects, floods or power dam

operation. We begin with a single model of a drift population but later consider a population

with a benthic stage as well. We use the mean residence time of the advection-diffusion

equation to transition from a spatially explicit description to a spatially implicit birth–death

process, in which individual washout from the domain appears as an additional death term.

The mean residence time is simply given by the inverse of the dominant eigenvalue of the

advection-diffusion operator [13]. We also present some explicit formulae for the probability

of extinction for both the single and two-compartment models, as well as for constant and

temporally variable parameters. We find that the probability of extinction in our stochastic

model smoothes out the extinction threshold that a deterministic model predicts. Our results

also highlight the importance of a benthic stage for population persistence. Furthermore,

we find that temporal variation often decreases the persistence probability, and we focus on

a few examples of how variation can increase population persistence.

Our approach on temporal variation illustrates, among other examples, the effects of

flow-regulating dams that operate on a predefined schedule. Of course, this is only one of
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many impacts of damming on river populations; in the following chapter, we consider river

fragmentation by dams as obstacles to fish migration.

1.2 River networks under fragmentation

Fragmentation of rivers represents a serious threat to biodiversity and is likely to become

more serious in the future, as human development continues to exhaust river ecosystems for

a multitude of purposes. With the worldwide need of alternate sources of energy and the race

to develop new recreational and tourist activities, fragmentation of river networks for mainly

economic purposes is a fast growing ecological issue. Dams and road crossings are only a

few examples of engineered infrastructures that disconnect river reaches, alter the serenity

and impoverish the health of rivers ecosystem. Nowadays, only a third of the world’s largest

rivers remain free-flowing from source to mouth [47].

Unlike terrestrial networks, river systems exhibit a particular hierarchical arrangement

of habitat branches, referred to as dendritic geometry [4, 18]. For a schematic representation,

see Figure 2 of Chapter 3, page 41. By nature, and in the absence of any movement obstacles,

the dendritic structure of these systems restricts the access of resident fish populations to

other habitat patches [18]. In particular, there is only one path from any reach to any other

reach. Hence, disconnections in rivers are particularly damaging. It is therefore impossible

for individuals to avoid physical obstacles obstructing their dispersal pathways, because

alternative routes are absent [20]. In addition, a dam can impose a mortality risk during fish

transit through hydraulic turbines or over spillways [23] and so be even more detrimental to

a fish population.

The extent to which habitat patches in a network remain linked, given all the degra-

dation and external stressors that reduce the connections between them, is quantified using

connectivity indices [3, 19, 39]. Connectivity indices for watersheds represent the ability of

organisms to disperse throughout the river network. Hence they are well suited to assess the

impacts of barriers to fish movement [31]. One of the recently elaborated indices is the Den-

dritic Index of Connectivity (DCI) [15]. Two variations of this index exist, each representing
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a different life history of fish species (DCIp for potadromous and DCId for diadromous), and

both including habitat quality through the size of the multiple fragments formed by barriers.

Overall, DCI is a network-scale measure of connectivity, specifically designed for freshwater

systems and readily adapted to account for multiple barriers and their permeability; i.e., the

movement probability of individuals between sections connected by the obstacles [15, 16, 20].

A downside of most the connectivity metrics is that they assume that a barrier com-

pletely blocks fish passage and separates a patch into two disjoint sections. In reality, this

assumption is relatively pessimistic, since many barriers are somewhat passable [37]. For

instance, nowadays most dams have fish passes (e.g., fish ladders) that allow partial passage

of fish through them [23]. In addition to the physical attributes of the river, ecological dy-

namics and migration patterns of species should not be ignored but rather incorporated in

these connectivity metrics [3].

For all the existing indices describing connectivity on a patch or on a landscape level,

the intuitive common idea being promoted is that a higher connectivity index represents a

better habitat quality for fish populations [15, 17, 35]. However, a complete evaluation of

habitat suitability for fish populations in river networks requires more than just structural

connectivity indices. In particular, population end-points describing persistence conditions

should be considered and compared to connectivity metrics. In Chapter 3, we conduct a

comparison between the dendritic connectivity index DCIp and the asymptotic growth rate

of a potadromous fish population. Specifically, we determine the key locations within a

dendritic river network where fragmentation is detrimental for population persistence and

compare with the connectivity index corresponding to placing a barrier at the same location.

To achieve our objectives, we use a discrete-time matrix model to represent changes of

population densities on a yearly basis. Classic matrix population models, originated by Leslie

[24], typically integrate population dynamics and population structure [5]. The particular

flexibility of these models to account for numerous demographic aspects and their ability

to assess the status of a population are what makes them a powerful mathematical tool in

ecological modelling and population management [5, 6]. In the present work, we construct
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an updating matrix that does not only include demographic processes of fish population

but also accounts for the spatial structure of the dendritic network in question as well as

the obstacles to fish movement. More importantly, we explain in detail how such a matrix

can be constructed, numerically, for any dendritic topology. In particular, we formulate our

results for two extremes of dendritic geometries that can be associated to real-world rivers:

the simplest linear shape, comparable for example to the Nile, and the highly branched

complete binary tree, which can represent, among others, the Amazon. Results for any

randomly generated dendritic network are bounded by these two topologies.

Our approach highlights the effects of obstacle-induced mortality on fish populations,

an aspect that was not tackled in previous contributions. Above all, our results untangle

the interplay between habitat fragmentation and population persistence. While introducing

a barrier to fish movement reduces connectivity, it can sometimes be beneficial for pop-

ulations. This counterintuitive result suggests that this index cannot capture all effects of

movement barriers on population dynamics. Hence structural connectivity indices should not

entirely replace more detailed demographic models to understand questions of persistence

and extinction.

1.3 Downstream transport of upstream effects

Flow regulation and fragmentation are not the only threats to fish populations in rivers.

Water-mediated transport of physical, chemical or organic matter, such as run-off, contami-

nation and sewage, puts river ecosystems in even more serious peril. River-pollution accidents

worldwide make the news every now and then. In the U.S. state of Colorado alone, some

23,000 abandoned mines have polluted 2,300 kilometers of streams [2]. The most recent of

these events occurred in August 2015, when toxic waste from a shuttered gold mine spilled

into the Animas river in Colorado and tainted the water orange [33]. While consequences of

river pollution on human activities and agricultural projects are indirect and controllable to

a certain extent, they are definitely devastating to fish populations, contaminating habitats

and drastically reducing the quality of fundamental vital conditions.
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Since river ecosystems are controlled by the unidirectional downstream flow of water,

organisms in downstream sites can be affected by processes occurring upstream, without

having to migrate towards those headwater streams [20, 30]. This unidirectional water-

mediated transport, together with the dendritic geometry, distinguishes rivers from other

ecosystems. Hence the demographics for any population in river networks will not only

depend on local river conditions but also on landscape influences and transportable upstream

effects traveling downstream. Consequently, upstream reaches should be accorded a higher

importance in ecological management of freshwater ecosystems [44].

More generally, the contribution of each reach to the overall ecosystem should be as-

sessed. In the previous chapter, the importance of each connection in the dendritic network

was evaluated using the connectivity index. In this chapter, on the contrary, we do not

have a predefined measure that we can apply to river reaches. Rather, we systematically

investigate the role of each habitat patch in the persistence of a potadromous fish species.

Starting with a pristine river system, clear of any disturbances, we begin by introducing a

negative disturbance to one patch at a time and explore its effects on the asymptotic popu-

lation growth rate. By negative disturbance, we represent a condition that is unfavorable for

fish populations and that leads to a decline in the local growth rate in the disturbed patch.

Accordingly, we identify the patches where the change in quality affects the persistence of

the population the most. Later on, we introduce two disturbances and evaluate their joint

effect on the asymptotic growth through sensitivity analysis.

Spatially structured models for river populations typically consider travel between reaches

in terms of individuals movement, whereas habitat quality is independent of movement and

stays local [7, 8, 9, 15, 35]. Only one group of authors recently extended the use of matrix

models to include ecotoxicological effects of contaminants on a specific riverine fish species

[6, 10, 11, 12]. Their tactical model explores the effects of a specific contaminant (cadmium)

on a particular fish species (brown trout) dispersing in a homogeneous dendritic river net-

work (complete binary tree with 15 patches). While corresponding results take into account

the age-class structure of the population, they are limited to a specific case. We note that

8



these are the only contributions we are aware of in the context of dendritic networks.

On the contrary, our model is more strategic. Even though it does not consider age

classes or contaminants’ concentration explicitly, it generalizes the disturbances concept to

any random dendritic network, where local conditions for population growth are either ho-

mogeneous or heterogeneous throughout the network. Moreover, the effects of movement

preferences of individuals is yet another aspect we examine. For instance, this bias in dis-

persal illustrates the potential motility of different age classes within the population. While

adults are typically keen on swimming upstream against the drift, juveniles are usually

driven downstream by the flow. Hence critical disturbance locations will depend upon these

preferences.

Our results highlight in particular the importance of upstream reaches through the

effect of downstream transport of negative upstream conditions and, at the same time, em-

phasize the value of buffer zones in watersheds, given their role in absorbing disturbances

and impeding their downstream travel. With its flexibility to account for any spatial den-

dritic structure of rivers, movement preference, heterogeneity and downstream transport of

effects, our novel approach provides a decision-making tool for management authorities and

conservation ecology.
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Chapter 2

Persistence probabilities for stream

populations

This paper is published in Bulletin of Mathematical Biology [40];

Samia, Y. and Lutscher, F. Persistence probabilities for stream populations. Bulletin of

Mathematical Biology. 74(7):1629-1650. 2012

The contribution by each author is as follows. The second author conceived and designed

the study and critically edited the manuscript. The first author carried out the analysis and

drafted the manuscript. Both authors gave their final approval for publication.
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Persistence probabilities for stream populations

Yasmine Samia and Frithjof Lutscher
Department of Mathematics and Statistics

University of Ottawa
Ottawa, ON, K1N6N5, Canada

Abstract

Individuals in streams and rivers are constantly at risk of being washed downstream
and thereby lost to their population. The possibility of diffusion-mediated persistence
of populations in advective environments has been the focus of a multitude of recent
modelling efforts. Most of these recent models are deterministic, and they predict the
existence of a critical advection velocity, above which a population cannot persist. In
this work, we present a stochastic approach to the persistence problem in streams and
rivers. We use the dominant eigenvalue of the advection-diffusion operator to transition
from a spatially explicit description to a spatially implicit birth-death process, in which
individual washout from the domain appears as an additional death term. We find that
the deterministic persistence threshold is replaced by a smooth transition from almost
sure persistence to extinction as advection velocity increases. More interestingly, we
explore how temporal variation in flow rate and other parameters affect the persistence
probability. In line with general expectations, we find that temporal variation often
decreases the persistence probability, and we focus on a few examples of how variation
can increase population persistence.

Keywords

Drift paradox, persistence probability, birth-death process, spatially implicit model,
temporal variation

1 Introduction

Streams and rivers are prime examples of so-called advective environments. Individuals
in such an environment are subject to unidirectional flow that threatens to transport
them downstream and, eventually, out of their suitable habitat. In stream ecology,
the question of how a population can persist in an advective environment has been
called the “drift paradox” (Hershey et al., 1993). Inspired by the work of Speirs and
Gurney (2001), this question has received much attention recently (Pachepsky et al.,
2005; Lutscher et al., 2005, 2006; Pasour and Ellner, 2010; Kolpas and Nisbet, 2010;
Lutscher et al., 2010; Vasilyeva and Lutscher, 2011). The persistence question in an
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advective environment also occurs in plug-flow reactors, modeling gut-dwelling bacteria
(Ballyk and Smith, 1999; Boldin, 2007), sinking phytoplankton (Huisman et al., 2002),
benthic marine species along coastlines with dominant long-shore currents (Byers and
Pringle, 2006; Pringle et al., 2009), and even terrestrial species under the influence of
climate change (Potapov and Lewis, 2004).

One of the main insights from all these models is that there is a critical threshold
for the flow speed: as long as the flow speed is below the threshold, the population will
persist whereas for flow speeds above the threshold, the population faces extinction. As
most of these models are deterministic and their study is based on equilibrium analysis,
such a sharp threshold is to be expected. However, population dynamics in nature
are subject to a variety of stochastic events, so that sharp thresholds are not to be
expected. Instead, one can ask for the probability of persistence, the expected residence
time in a certain area, or the expected time to extinction of a population. We know
of only two studies addressing these issues. Kolpas and Nisbet (2010) formulated and
simulated a stochastic analogue of the integrodifferential equation from Lutscher et al.
(2005) and studied persistence times and probabilities. Pasour and Ellner (2010) used
a hydrodynamic simulation model to obtain realistic flow fields (e.g. exchange flow in a
lake-embayment system) and then simulated individual zooplankton trajectories in that
flow field, studying residence times.

In this work, we present an alternative approach to include stochasticity into a
model for stream invertebrates. We consider a population in a single stream reach
and formulate a birth-death-emigration process for the number of individuals there.
We relate the emigration rate to physical quantities of the system via an advection-
diffusion equation with appropriately chosen boundary conditions. We use the mean
residence time of the advection-diffusion equation to transition from the spatially explicit
movement description to the spatially implicit stochastic process. For the stochastic
process, we can derive the persistence probability explicitly and study the effects of
different parameters on the persistence probability. We also include temporal variation
into our model and study its effects on persistence.

We begin with a brief overview of the two deterministic models whose stochastic
analogues we study. We then present our models in Section 3. The derivation of the
persistence probabilities is given in Section 4, whereas a detailed exploration of the
influence of the different model parameters on persistence is presented in Section 5. We
highlight our results in the discussion, where we also compare and contrast our approach
with the two previous stochastic approaches.

2 Background on deterministic models

Speirs and Gurney (2001) were the first to explore the idea of diffusion-mediated persis-
tence in stream ecosystems. Sufficient random movement of individuals, either active or
as a result of eddies and other turbulent phenomena, can counterbalance unidirectional
drift and allow a population to persist. Speirs and Gurney (2001) used the reaction-
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advection-diffusion equation

ut = Duξξ − quξ + f(u) (1)

to describe the density u(t, ξ) of a population subject to an effective flow speed, q,
and random diffusion coefficient, D. The reaction term, f(u), describes birth and death
of individuals. They studied this equation on a domain of length L with appropriate
boundary conditions, which we will discuss in detail in Section 3.3. Among other things,
they found that when the flow speed exceeds the threshold

q∗ = 2
√
Dr, r = f ′(0), (2)

then the population cannot persist on an arbitrarily long domain, but for q < q∗ there
is always a finite domain length L = L(q), above which the population can persist.

Incidentally, the quantity q∗ is also the “invasion speed” at which a population
described by (1) with q = 0 expands its range, see e.g. Lewis et al. (2009) for more
details on this connection. So, a population can persist in a long enough stretch of a
river if the effective advection speed is slower than the population invasion speed.

Based on the observation that many stream insects have a benthic phase, during
which they reside on the bottom of the stream rather than in the flowing water zone,
Pachepsky et al. (2005) extended the model by Speirs and Gurney (2001) to include
such a benthic phase. They denoted the population in the flowing water and benthic
zone by u(t, ξ) and w(t, ξ), respectively, and studied the system

ut = Duξξ − quξ − σu+ τw,

wt = f(w) + σu− τw. (3)

In this system, parameters σ, τ denote the exchange rates between the benthic and
flowing water zone. They found that if τ > r = f ′(0), then the system behaves exactly
like equation (1) with threshold value

q∗ = 2

√
Dr

σ

τ − r . (4)

However, if τ < r, then the population can persist, independently of the flow speed and
the domain length. The relationship between persistence and invasion speeds is exactly
the same as for the single equation.

In a certain limit, as the exchange rates become large, one can derive a single in-
tegrodifferential equation from (3). The analysis of this equation was carried out by
Lutscher et al. (2005), and corresponding results were obtained.

Temporal variation was introduced into models (1) and (3) by Lutscher and Seo
(2011), and in the corresponding integrodifferential model by Jin and Lewis (2011).
Lutscher and Seo (2011) analyzed invasion rates under periodic temporal variability
and found that for the single equation model (1), the averages of the parameters over
one period determine the invasion speed. In contrast, for the two-compartment model
(3), temporal correlations between the parameters determine whether the population
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spreads faster or slower than for averaged conditions. Jin and Lewis (2011) also find
that the exact form of temporal variation and correlation between parameters determines
persistence conditions, and not only the average parameter values.

Simulating the stochastic analogue of the integrodifferential equation, Kolpas and
Nisbet (2010) found that stochasticity in population dynamics and movement param-
eters simply “smears” out the deterministic threshold (see e.g. their Figure 4). The
probability of persistence at some large time smoothly decreases from 1 to 0 as the
advection speed increases above the critical threshold. In the following, we formulate
our spatially implicit stochastic model and then compare our results to those by Kolpas
and Nisbet (2010).

3 Models

We formulate and analyze two spatially implicit, stochastic models, corresponding to
the single drift compartment model (1) and the drift-benthos model (3), respectively.
We consider a single reach of a stream, and model birth and death of individuals in that
reach as well as emigration from the reach. We relate emigration from the reach to a
mechanistic movement model via the dominant eigenvalue of the movement operator,
based on some observations by Ballyk et al. (1998) and similar in spirit to the ideas by
Strohm and Tyson (2011); Vasilyeva (2011), but in a stochastic setting.

3.1 Single compartment model

We consider a continuous-time Markov chain, where the number of individuals increases
by one in the case of a birth event (with probability β∆t) and decreases by one if
either a death occurs (with probability µ∆t) or an individual emigrates from the reach
(with probability ε∆t). Accordingly, the population remains unchanged with probability
1− (β + µ+ ε)∆t, see Figure 1 for illustration. Since we want to explore the effects of
temporal variation on the extinction probability, we allow all parameters to be functions
of time, i.e. β = β(t) and so on. In particular, we consider the case that all coefficient
functions are periodic functions with some common period T. We drop the explicit
time-dependence for simplicity of notation. If we denote the probability that there be
n individuals in the reach at time t by pn(t), then we obtain the infinite system of
differential equations (see e.g. Kot (2001))

dpn
dt

= β(n− 1)pn−1 + (µ+ ε)(n+ 1)pn+1 − (β + µ+ ε)npn. (5)

These equations are complemented by the initial condition that there be n0 individuals
at time t = 0, i.e. pn0(0) = 1, and pn(0) = 0 for n 6= n0. Our analysis of this first
model will focus on the probability of persistence up to some time, i.e. on 1 − p0(t).
Since the death and emigration probabilities appear only as a sum in this model, we
could combine them into a single parameter, but we prefer to separate them because
they describe different processes, and their respective effects will be analyzed later in
more detail.

14



n!1 n n+1

! "+#

No"change

Figure 1: Transition probabilities in the Markov chain for the single compartment model.
A birth is indicated by β, a death by µ, and emigration from the reach by ε.

The expected value, N(t) =
∑
npn(t), of the process described in (5) satisfies the

equation
dN

dt
= (β(t)− µ(t)− ε(t))N, (6)

which is a spatially implicit analogue of the linearization at zero of model (1) with
f ′(0) = r = β − µ. The equation for the expected value is closed since the original
equation is linear. This fact substantially simplifies the analysis since no moment closure
method is necessary.

3.2 Two compartment model

When we divide the population into a benthic and drift compartment as in Pachepsky
et al. (2005), then a birth or death event increases or decreases the benthic population
by one whereas an emigration event decreases the drift population by one. We limit
birth-death events to the benthic compartment because the time spent in the drift is
often short compared to the time spent on the benthos. The inclusion of these events
is straightforward but comes at the price of lengthier calculations and additional pa-
rameters. Transitions from drift to benthic state and vice versa occur with probabilities
σ∆t and τ∆t, respectively, see Figure 2 for illustration and Appendix 7.2 for details. As
above, all parameters are allowed to be functions of time. The probability pn,m(t) that
there be n individuals in the drift and m individuals on the benthos at time t satisfies
the equation

dpn,m
dt

= ε(n+ 1)pn+1,m + µ(m+ 1)pn,m+1 + σ(n+ 1)pn+1,m−1 + β(m− 1)pn,m−1

+ τ(m+ 1)pn−1,m+1 − [n(σ + ε) +m(β + τ + µ)]pn,m

(7)

As in the single-compartment model, we provide initial conditions for n0 drift and m0

benthic individuals as pn0,m0(0) = 1 and pn,m(0) = 0 otherwise. The probability of
extinction at time t is p0,0(t).
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The expected values of the marginal distributions for the drift and the benthic pop-
ulation,

Nd =
∑

n

∑

m

npn,m, Nb =
∑

m

∑

n

mpn,m, (8)

satisfy the linear system

dNd

dt
= −(σ + ε)Nd + τNb,

dNb

dt
= (β − µ− τ)Nb + σNd,

(9)

see Appendix 7.2 for details. As in the previous case, this system can be considered the
linearization at zero of the spatially implicit analogue of model (3) with f ′(0) = r = β−µ.

m+1

m

m‐1

n‐1 n n+1

τ
μ
ε

β σ

Drift

Be
nt
ho

s

Figure 2: Transition probabilities in the two-compartment model. Exchange between
benthos and drift occur at rates σ and τ, other parameters as in Figure 1.

3.3 Emigration

We use the dominant eigenvalue of the diffusion-advection operator that accounts for
movement in (1) and (3) to describe the residence time within the stream reach. Then,
assuming that residence time is exponentially distributed, we obtain the emigration rate
parameter ε as the inverse of residence time. For deterministic models, the transition
from a spatially explicit reaction-diffusion model to a spatially implicit ordinary differ-
ential equation model via the dominant eigenvalue of the movement operator has been
used successfully to predict the dynamics of predator-prey systems (Strohm and Tyson,
2011) and competition systems of two and three species (Vasilyeva, 2011; Vasilyeva and
Lutscher, 2012). In their stochastic model, Kolpas and Nisbet (2010) also used the
dominant eigenvalue of the deterministic movement operator to estimate decay rates of
the persistence probability.
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We assume that individual movement due to diffusion (D > 0) and advection (q ≥ 0)
in the one-dimensional domain [0, L] is modeled by the equation

∂u

∂t
= D

∂2u

∂ξ2
− q∂u

∂ξ
, (10)

for the probability density u(t, ξ) of the location of an individual. Several different
boundary conditions have been applied to advective systems (Ballyk et al., 1998; Pachep-
sky et al., 2005; Speirs and Gurney, 2001; Vasilyeva and Lutscher, 2011). In the simplest
case, we consider hostile conditions upstream (ξ = 0) and downstream (ξ = L), i.e.

u(t, 0) = u(t, L) = 0. (11)

There is a countable, unbounded sequence of eigenvalues 0 > −λ1 > −λ2 > . . . of (10).
Separation of variables and application of the boundary conditions gives the explicit
expression

λ1 =
q2

4D
+
Dπ2

L2
. (12)

Following Ballyk et al. (1998), we conclude that 1/λ1 is the mean residence time of
individuals in the domain. Hence, we choose the emigration rate parameter ε = λ1 as
the inverse of the mean residence time.

For more realistic boundary conditions, an explicit expression of the dominant eigen-
value is not available, but implicit expressions can be derived. The case of a no-flux
boundary condition upstream and a hostile condition downstream as used by Speirs and
Gurney (2001); Pachepsky et al. (2005), is captured by the conditions

(
Du′ − qu

)
|ξ=0

= 0, and u(L) = 0. (13)

The dominant eigenvalue is given by

λ1 =
q2

4D
+Dν2, (14)

where ν is the smallest positive solution of the equation 2Dν = −q tan(νL). In the case
of Danckwerts conditions (Ballyk et al., 1998; Vasilyeva and Lutscher, 2011), we have

(
Du′ − qu

)
|ξ=0

= 0, and u′(L) = 0. (15)

Here, the downstream condition states that individuals leave the reach due to advection
whereas diffusive fluxes into and out of the reach balance. The dominant eigenvalue is
again given by (14), but this time with ν being the smallest positive solution of

tan(νL) =
4Dqν

4D2ν2 − q2 . (16)

We compare the different resulting values for the emigration rate in Figure 3. We see
that the emigration rate is highest when both boundaries are hostile and lowest when
no boundary is hostile.
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Figure 3: Emigration rates for different boundary conditions as a function of advection
speed. The highest emigration rate occurs for hostile conditions upstream and down-
stream (top). With no-flux upstream condition and hostile downstream condition, we
obtain the middle curve. For Danckwerts’ conditions, the lowest emigration rate results.
For q = 0, Danckwerts’ conditions are simply no-flux conditions. Since no individuals
leave the domain, the emigration rate is zero. Parameters are L = 10, D = 1.

4 Results

In this section, we first present some explicit formulae for the probability of extinction.
Then we illustrate our results numerically, and we compare the effects of various sources
of stochasticity on the extinction probability.

4.1 Extinction probability for the drift model

The standard approach to solving the set of equations (5) is to introduce the probability
generating function and derive a partial differential equation for it. For constant param-
eters, this process is explained in detail in Kot (2001). The case where only ε depends
on time was treated by Zaider and Minerbo (2000). The calculations in the general case
are similar. For completeness, we give an outline in Appendix 7.1.

The expected number of individuals, starting with a single individual, is given by
the solution of (6) with temporally varying parameters as

N(t) = exp

(∫ t

0
(β(z)− µ(z)− ε(z))dz

)
. (17)

With this solution, the extinction probability can be written as

p0(t) =


1− N(t)

1 +N(t)
∫ t
0
β(z)dz
N(z)



n0

. (18)
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For constant coefficients, one obtains N(t) = exp[(β−µ− ε)t], so that (18) simplifies to

p0(t) =

[
1− (β − µ− ε)N(t)

βN(t)− µ− ε

]n0

, (19)

provided β − µ − ε 6= 0. In that case, one also obtains an explicit expression for the
asymptotic extinction probability as

lim
t→∞

p0(t) =

(
µ+ ε

β

)n0

, (20)

provided β > µ+ ε and unity otherwise.
When all coefficient functions are periodic with period T, we can still simplify (18)

somewhat to obtain

p0(kT ) =


1− N(T )k

1 + TN(T )N(T )k−1
N(T )−1 〈

β
N 〉



n0

. (21)

Here, 〈g〉 =
∫ T
0 g(z)dz/T denotes the average of a function g(z) between z = 0 and z = T.

While the preceding formula may look more complicated than the general expression
(18), the advantage of (21) is that only two quantities need to be calculated, namely the
expected number of individuals after one period (N(T )) and the average of β/N over
one period.

Also in this case, we can obtain the asymptotic extinction probability as

lim
k→∞

p0(kT ) =

(
1− N(T )− 1

N(T )T 〈 βN 〉

)n0

, (22)

provided N(T ) > 1 and the expression in brackets is positive.
We illustrate how the extinction probability depends on parameters and their tempo-

ral variation below. First, we derive some analogous formulae for the two-compartment
model.

4.2 Extinction probability for the drift-benthos model

The analysis of equations (7) follows the same steps as for the single-compartment model,
but is a lot more involved; in fact, no explicit formulas are available. One introduces
the probability generating function Ψ(t, x, y) =

∑
n,m pn,mx

nym. This function satisfies
the first-order equation

∂Ψ

∂t
+ [(σ + ε)x− σy − ε]∂Ψ

∂x
+ [(β + τ + µ)y − βy2 − τx− µ]

∂Ψ

∂y
= 0, (23)

subject to the initial condition Ψ(0, x, y) = xn0ym0 . The goal is to find the probability
of extinction at time t, which is Ψ(t, 0, 0). The solution Ψ(t, x, y) is constant along the
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characteristic curves given by t(s) = s and

dx

ds
= (σ + ε)x− σy − ε,

dy

ds
= (τ + β + µ)y − βy2 − τx− µ.

(24)

Hence, to obtain Ψ(t, 0, 0), we find (κ1, κ2) such that the solution of (24) with ini-
tial conditions (x(0), y(0)) = (κ1, κ2) satisfies (x(t), y(t)) = (0, 0). Then Ψ(t, 0, 0) =
Ψ(0, x(0), y(0)) = κn0

1 κ
m0
2 is the extinction probability. In the case of constant parame-

ters, system (24) can be studied by phase-plane methods and the asymptotic extinction
probability

lim
t→∞

ψ(t, 0, 0) = min {1, (x∗)n0(y∗)m0} , (25)

can be derived (Maler and Lutscher, 2010), where

y∗ =
τε

β(σ + ε)
+
µ

β
, x∗ =

σy∗ + ε

σ + ε
. (26)

It is clear that x∗ < 1 only if y∗ < 1. An obvious necessary condition is β > µ. Under
this condition, the asymptotic extinction probability is less than one if and only if

ε <
σ(β − µ)

τ − β − µ, τ > β − µ, (27)

whereas if τ < β − µ, then the asymptotic extinction probability is less than one for all
values of ε. This switch between certain extinction and positive persistence probability
reflects the results for the deterministic model by Pachepsky et al. (2005), reported in
the introduction.

In general, an explicit expression for the extinction probability is not available for the
two-compartment model, even in the case of constant coefficients. In the case of tempo-
rally varying coefficients, the system of characteristic curves (24) is a non-autonomous
system, but the theory remains the same.

5 Numerical results

Since we are not modeling any particular species, we chose model parameters conve-
niently to illustrate results, in particular so that the various existence thresholds and
their dependence on stochastic effects and variation can be observed. Throughout, we
choose L = 50, and 50 individuals initially (split equally between drift and benthos
where applicable). Unless otherwise noted we set r = 2.

5.1 Single compartment, no temporal variation

In the simplest case of a single drift compartment and temporally constant parameters,
the extinction probability is given by (19): p0(t) is a decreasing function of birth rate
β and initial population n0, and an increasing function of death rate µ, emigration
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rate ε and time. Figure 4 illustrates that (a) stochasticity serves to smooth out the
deterministic persistence condition (labeled q∗), and that (b) for constant net growth
rate r = β−µ, persistence probability decreases for increasing β and µ. These analytical
results completely match the simulation outcomes by Kolpas and Nisbet (2010). Since
emigration and death occur only as a sum in our model, a high birth rate can also not
compensate for a high emigration rate when their difference is held constant.

1.9 2 2.1 2.2 2.3
0

0.2

0.4

0.6

0.8

1

advection q

pe
rs

is
te

nc
e 

pr
ob

ab
ili

ty

!=2.01

!=4.01

!=6.01

2.1 2.15 2.2 2.25
0

0.2

0.4

0.6

0.8

1

advection q

pe
rs

is
te

nc
e 

pr
ob

ab
ili

ty
t=100

t=1000 t=50

Figure 4: Left: Persistence probability as a function of advection speed in the single-
compartment model. The deterministic persistence boundary, indicated by the dashed
line, is simply smoothed out by stochasticity. The net growth rate r = β−µ = 2 is held
constant for different values of β; we chose D = 0.6, and time is t = 50. Right: The
effect of time on the persistence probability. For larger times, the persistence probability
in the stochastic model approaches the deterministic threshold. Parameters are β = 2.01
and the rest as above.

We mention without illustration that increased advection leads to decreased persis-
tence and that, for different boundary conditions, persistence probability is highest for
Danckwerts’ conditions and lowest for hostile conditions, as expected from Figure 3. For
small domains, the difference in boundary conditions can make the difference between
asymptotic persistence or extinction, but for long domains, the difference in boundary
conditions is negligible.

5.2 Two compartments, no temporal variation

The asymptotic extinction probability for a population divided into a benthic and a drift
compartment with constant parameters is given by (25,26). The extinction probability
is a decreasing function of β, n0,m0, and an increasing function of µ and ε. Whether it
increases or decreases with σ, τ depends on the relative magnitude of µ and ε, the loss
rates from the two compartments. Large values of σ (τ) correspond to short residence
times in the drift (benthos) and hence to a smaller (larger) probability of wash-out.

For constant net growth rate, r = β − µ, the persistence probability decreases when
the values of β and µ are increased, just as in the single-compartment case. As τ
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approaches r from above, the persistence probability increases. For τ ≤ r, formula (27)
predicts a positive asymptotic persistence probability.

We consider the trade-off between diffusion and residence time in the drift. The
(deterministic) critical advection speed (4) depends on the product Dσ. A higher rate
of random movement allows for a longer residence time in the drift. The persistence
probability increases with D while holding Dσ constant, see Figure 5. In the limit of
large exchange rates (τ = κσ and σ → ∞) the two-compartment model (3) can be ap-
proximated by the single-compartment model (1) with appropriately scaled parameters
(Pachepsky et al., 2005). The deterministic threshold (4) is a decreasing function of σ
when τ = κσ. The same is true for the persistence probability, see Figure 5. In the
limit σ → ∞, the persistence probability approaches the corresponding curve from the
single-compartment model; the two are indistinguishable on the given scale for σ = 100.
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Figure 5: Left: Persistence probability as a function of time, for different values of D
and σ, under the constraint that Dσ = 6 =const., so that the deterministic threshold
q∗ is constant. The other parameters are q = 7 > q∗, β = 2.01, µ = 0.01, and τ = 3.
Right: Persistence probability as a function of time, for different values of σ with fixed
relationship τ = σ/3. The other parameters are q = 6, D = 0.6 β = 2.01, and µ = 0.01.

5.3 Single compartment, temporal variation

We begin investigating temporal variability by considering how the amplitude, the period
and the initial phase of the flow speed change the persistence probability as compared
to the case of constant average flow. We model flow speed as a piecewise constant,
T -periodic function, alternating between low and high flow for the two halves of the
period. Hence, the two flow speeds are q± = q̄ ±∆q, with mean flow q̄ and amplitude
∆q.

When q̄ > q∗ then the asymptotic persistence probability is zero. The two main
insights are that (1) variation in flow speed decreases the persistence probability for
intermediate and long times, and (2) variation in flow speed may increase the persis-
tence probability for short times provided that the period is large and the system starts
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in the low flow regime, see Figure 6. For a period of one time unit, the persistence
probability for constant mean flow is higher than with variable flow, starting with low
flow conditions, which in turn is higher than when starting with high flow conditions
(left panel). A close inspection near t = 0 reveals that the solid line is actually above
the dash-dot line for very small times. For a ten times larger period, variation in flow
rates with initially low flow can increase the persistence probability for a short while,
but will eventually also drop below the situation for constant flow. When the initial
conditions are high flow, then the persistence probability will always be below the other
two cases (right panel). For very short periods, T � 1, the initial conditions do not
matter, i.e. the solid and dashed lines are indistinguishable (plot not shown).
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Figure 6: Persistence probability as a function of time, for different flow regimes. Con-
stant mean flow of q̄ = 2.2 is labeled as “no variation” (dash-dot curve). The solid
curves represent variable flow with the initial period being a low flow regime, whereas
the dashed curves correspond to initially high flow regime. The plot on the left has
short period T = 1, whereas the plot on the right has long period T = 10. The other
parameters are D = 0.6 β = 2.01, and µ = 0.01.

Temporal variation in flow speed can have significant beneficial effects in determin-
istic models (Lutscher and Seo, 2011), but is often associated with increased extinction
risk in stochastic models (Schreiber, 2010). Persistence probability is a non-increasing
function of time. If it drops during a high flow regime, it will not increase again there-
after. More importantly, we observe that flow speed and emigration rate are nonlinearly
related; in fact, ε is a convex function of q, see (12). By Jensen’s inequality, the average
emigration rate in a variable environment is higher than the emigration rate at the av-
eraged flow speed. This observation explains why the persistence probability decreases
with variation, at least for long enough times.

When q̄ < q∗, the asymptotic persistence probability is positive, and a number of
different phenomena can occur, particularly for large T. The asymptotic persistence
probability with variation can be above the one for constant average conditions for
small enough amplitude and for initial low flow regime. As the amplitude increases, the
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asymptotic persistence probability drops below that for average conditions (left panel,
Figure 7). The reason is that the persistence probability is a non-increasing function;
high emigration during the high flow regimes cannot be compensated for during the low
flow periods. This phenomenon of increased persistence occurs only at long periods, and
that, as the period decreases, the difference between the initial conditions (high or low
flow regime) disappears (right panel, Figure 7). The effect of initial conditions increases
with period (plot not shown).
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Figure 7: Persistence probability as a function of time, for different flow regimes. Con-
stant mean flow of q̄ = 2.15 is labeled as “no variation” (dash-dot curve). The solid
curves represent variable flow with the initial period being a low flow regime, whereas
the dashed curves correspond to initially high flow regime. The plot on the left is for
period T = 5, and two different values for the amplitude as indicated. The plot on the
right is for fixed amplitude ∆q = 0.2 with different periods as indicated. The other
parameters are D = 0.6 β = 2.01, and µ = 0.01.

Since variation in nature is often more gradual than just switching between two
states, we also studied the persistence probability with a sinusoidally varying flow rate

q(t) = q̄ + ∆q sin

(
2π

T
(t− φ)

)
. (28)

The sinusoidal variation most closely imitates the piecewise constant flow rate when the
phase shift φ is zero (high flow regime first) or half the period (low flow regime first).
In both cases, we found same qualitative results as with piecewise flow.

We illustrate the effect of phase shift on the persistence probability when only the
birth rate varies temporally. We define β(t) by (28) with q̄ and ∆q replaced by β̄ and ∆β,
respectively. Since the growth rate appears under the integral in (21), it is not obvious
how its variation affects the persistence probability. When φ = 0, growth conditions
are good initially, and N(t) increases until T/2. Greater amplitude (∆β) implies higher
persistence probability. Vice versa, if φ = T/2, growth conditions are initially bad, so
that N(t) decreases until T/2. Greater amplitude implies lower persistence probability.
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For intermediate phase shifts, the value of N(T/2) is the deciding factor. If |φ| <
T/4 then N(T/2) is larger than it would be under averaged conditions, and therefore
variation in growth rate increases persistence in this case. If |φ| > T/4, the reverse
effect occurs. Curiously, when |φ| = T/4 so that N(T/2) equals the value for averaged
conditions, then variation in growth rate is mildly beneficial for small amplitude but
detrimental for large amplitude, see Figure 8.
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Figure 8: Persistence probability as a function of amplitude and phase shift for sinu-
soidally varying growth rate. The plot on the left shows contour lines of the persistence
probability at time 250. The plot on the right shows the persistence probability for
phase shift φ = T/4. Parameters are D = 0.6 q = 2.15, β̄ = 2.01, and µ = 0.01. The
period is T = 5, and the persistence probability is calculated after k = 50 periods.

5.4 Two compartments, temporal variation

Here we consider how variation in physical effects (flow speed q) and behavior (jumping
rate τ) affect persistence. The deterministic model (3) predicts unconditional persis-
tence if τ < r, and has critical flow speed q∗ if τ > r. With constant parameters, the
stochastic model shows smooth transitions for these critical values. We vary each pa-
rameter according to (28) with appropriate parameter names. Unless otherwise noted,
parameters are β = 2.01, µ = 0.01, D = 0.6, T = 5, but we checked our results for a wide
range of parameters.

Varying flow. When τ = τ̄ < r, then the asymptotic persistence probability is
essentially unity for constant parameters, and the same holds true for variable flow
speeds. While persistence declines slightly as ∆q increases, extinction probabilities are
negligibly small for all parameter values we tried (e.g. τ = σ = 1.5 and q̄ = 4,∆q ≤ 4
gave p0 = 10−7 ∼ 10−5, plots not shown). As expected, the persistence probability is
higher when the system starts in a low flow period and lower when the system starts
with high flow.

When τ = τ̄ > r, and flow speeds vary with q̄ < q∗, then the persistence probability
is expected to decrease (increase) as ∆q increases when the initial regime is high (low)
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flow. Indeed, we see this pattern when τ, σ are both large, and also when τ is only slightly
above r and σ is very small. Surprisingly the persistence probability can increase with
increasing variation in flow speed even with initial high-flow period, for intermediate
values of σ, see Figure 9. Large values of ∆q mean high emigration during the high flow
regime (detrimental) and low emigration during the low flow regime (beneficial). In
all previous examples, the negative effect outweighed the positive effect on persistence
probability, but here, the beneficial effect of low flow periods shows. This effect only
occurs in the two-compartment model where individuals can escape emigration during
high flow period if they happen to be on the benthos. For the observation in Figure 9,
we speculate that some resonance phenomenon occurs, whereby individuals manage to
be in the drift mostly during low flow conditions and on the benthos during high flow
conditions. Note that τ is constant here, i.e. there is no behavioral response to high
flow.

When τ = τ̄ > r, and flow speeds vary with q̄ > q∗, extinction is certain for constant
average conditions. Variation in flow rates can increase the persistence probability for
intermediate times, and even lead to asymptotic population persistence, especially for
an initially low-flow regime (Figure 10).
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Figure 9: The asymptotic persistence probability has a minimum at intermediate flow
amplitudes. Positive effects of low flow periods override negative effects of high flow
periods for large variation. Note that positive values of ∆q correspond to high initial flow
regime and negative values to low initial flow regime. The horizontal line corresponds
to constant parameter values. Parameters are q = 3.4, σ = 1.5, and τ = 2.5.

Varying jumps. Zooplankton migrate in the water column on a daily basis: some
prefer daylight and migrate up accordingly, others migrate downwards during the day
to avoid predators (Pasour and Ellner, 2010). When τ(t) < r, then there is no critical
flow speed according to (4), and the asymptotic persistence probability is near unity,
similar to the constant case (plot not shown). When τ̄ < r but τ̄ + ∆τ > r the
persistence probability decreases for increasing (temporally constant) flow speeds, but
this decrease is only marginal. For example, a ten-fold increase in flow speed would
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Figure 10: Persistence probability can increase with flow variation. Solid lines corre-
spond to low initial flow regime (∆q < 0); dashed lines are high initial flow regime
(∆q > 0). All lines are above the constant case (dash-dot). Parameters are q̄ = 5,
σ = 2.5, and τ = 2.5.

drop the asymptotic persistence probability only from 99% to 94%, all else being equal.
(τ̄ = 1.5,∆τ = 1, σ = 1.5, q̄ ∈ [5, 50], plots not shown). We conclude that even though
∆τ has some impact on persistence, the determining factor is still the average condition
τ̄ < r.

When τ̄ > r, then there is a critical speed q∗ for averaged conditions. When q = q̄ <
q∗, then the persistence probability decreases with variation in τ, if the initial regime
is large τ, and increases if the initial condition is small τ. Small values of τ mean that
individuals remain on the benthos and, thus, are not being washed away with the flow.
Again, the order of events is crucial.

When τ̄ > r and q = q̄ > q∗, extinction is inevitable for constant τ and for small
∆τ. However, large variation in τ can increase the persistence probability significantly.
In particular, if individuals can choose not to jump at all for some time, this can lead to
essential persistence. The combination of short residence time in the drift compartment
(1/σ) combined with the long residence time on the benthos during the periods of small
τ, allows individuals to reproduce fast enough to avoid washout, see Figure 11.

Varying both. Flow rates and jumping behavior can interact in various ways. For
example, one physical effect of high flow speeds is scouring of the benthic community,
which we can model by increasing jumping rates. Conversely, behavioral responses to
high emigration risk during high flow periods could include lowering the jumping rate.
To emulate the effect of scouring, we let q and τ vary in phase; out-of-phase variation
simulates the behavioral response to avoid washout if individuals can sense flow speeds.
(Rather than varying the phase, φ in (28), we use ∆q and ∆τ of the same sign for
in-phase variation and of opposite signs for out-of-phase variation.)

Intuition would suggest that scouring decreases the persistence probability whereas
individual behavior to avoid washout can increase it. Results depend on parameter
values, and, again, much on the initial phase. We choose τ̄ > r and q̄ < q∗. An

27



0 20 40 60 80 1000

0.2

0.4

0.6

0.8

1

time

Pe
rs

is
te

nc
e 

Pr
ob

ab
ili

ty
no variation

Δ τ = −10

Δ τ = 10

Δ τ = 20

Δ τ = −15

Δ τ = 15

Δ τ = −20

Figure 11: The persistence probability can increase dramatically when jumping rate τ
varies. Parameters are q = 2.5, σ = 20, τ̄ = 20.

initially high flow regime combined with scouring decreases the persistence probability as
compared to constant parameters. An initially low flow regime combined with scouring
gives a highly favorable initial phase, so that the persistence probability exceeds that
of the constant parameter case. The persistence probability in an initially high flow
regime can be increased by appropriate behavior, see Figure 12. When the flow regime
is low initially, then behavior can have a negative effect on the persistence probability,
but only for small ∆q,∆τ ; for large enough variation, the persistence probability will
increase above the constant coefficient case.

When τ̄ and σ are both large, and q̄ > q∗, then variation in τ seems to play a minor
role. Even large variation in τ cannot overrule the effect that initially high flow leads to
a decreased persistence probability (compared to average conditions) and initially low
flow can give a higher persistence probability. These results are already present for the
single-compartment model, and since the two compartment model may be approximated
by a single-compartment model for large values of τ, σ, we see that the effect of variation
in flow speed are stronger than the effects of variation in τ.

6 Discussion

Streams and rivers are vital ecosystems; many recent modeling efforts are geared towards
a mechanistic understanding of population persistence and extinction in running waters,
e.g. (Speirs and Gurney, 2001; Pachepsky et al., 2005; Ryabov and Blasius, 2008). Al-
most all of these models are deterministic, and they typically find critical thresholds in
parameter values that guarantee population persistence. In the first stochastic simula-
tion model for stream populations, Kolpas and Nisbet (2010) found that these determin-
istic thresholds are replaced with a smooth and sometimes steep transition from essential
persistence to essential extinction. Pasour and Ellner (2010) compared residence times
of zooplankton in a given flow field by simulating individual trajectories, but did not
consider persistence of an entire population. In contrast to these two spatially explicit
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Figure 12: With initially high flow regime (∆q = 0.3), scouring (∆τ > 0) can decrease
the persistence probability, whereas appropriate jumping behavior (∆τ < 0) can increase
it. Parameters are q̄ = 3.4, σ = 1.5, and τ̄ = 2.5.

simulation models, we derived and analyzed two spatially implicit stochastic models.
Our approach has the advantage that analytical results can be obtained; the price to
pay is that explicit space is approximated by an average emigration rate.

The transition from a spatially explicit advection-diffusion process to the average
emigration rate occurs via the residence time, expressed as the inverse of the dominant
eigenvalue of the advection-diffusion operator. In the same spirit, one can reduce a
spatially explicit reaction-diffusion equation to a spatially implicit ordinary differential
equation, from which one can obtain a fairly accurate description of the dynamic behav-
ior of the spatially explicit equation (Strohm and Tyson, 2011; Vasilyeva and Lutscher,
2012; Vasilyeva, 2011).

Our approach assumes that the spatially averaged residence time is exponentially
distributed. This assumption is convenient but unlikely to be true; however, the close
match with the computational results by Kolpas and Nisbet (2010) gives reason to
believe that the deviations from an exponential distribution have only small effects.
We conjecture that the deviations from exponential are small as long as solutions of
(10) converge quickly to the dominant eigenfunction, which is the case if the ratio of
the subdominant to the dominant eigenvalue is large. Under temporal variation, the
situation is less clear, and deviations could be larger. We are not aware of simulation
results to compare our analytical results with. Such a detailed comparison is the subject
of future work.

Our results for constant parameter values indicate that the thresholds in the deter-
ministic models are simply to be replaced with a smooth transition from persistence
to extinction around the same parameter values. This result also confirms the value of
deterministic models in applied settings. For temporal variation, the importance of the
initial phase for the long-term result stands out, in particular with long periods. Of-
ten, we find that variation in flow speed leads to a decrease in persistence probability, in
particular with an initially high flow regime. This decrease is in line with the general ex-
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pectation that temporal variation enhances extinction (Schreiber, 2010). The nonlinear
relationship between flow rate and emigration probability adds to this effect. When the
first phase is of low flow, then small variation can increase the persistence probability,
an effect of the importance of the initial phase; but larger variation decreases persistence
in the one-compartment model. We do, however, identify a number of scenarios in the
drift-benthos model where this relationship does not hold. The most interesting effect
where variation in flow speed actually increases persistence occurs in the drift-benthos
model for intermediate values of transfer parameters. We speculate that for these values,
an individual spends, on average, the phase of high flow on the benthos and the phase
of low flow in the drift.

Out of the many possible correlations between parameter variation, we concentrated
on the physical effect of scouring and the behavioral effect of adjusting the jumping rate
to flow rate. The latter obviously implies that individuals can sense the flow speed.
Our results demonstrate the extent to which these mechanism can augment or diminish
the effect of variable flow. We suggest that our framework can also be applied to study
the effect of ramping in hydroelectric dams. In particular when individual jumping and
settling behavior is determined by daylight, then certain dam release schedules maybe
more detrimental to river invertebrates than others. Our results can also be applied to
some form of predation by fish, included as a death term in the drift compartment. We
can interpret the ‘emigration rate’ as the sum of physical loss by advection and biological
loss by predation. Then there could be correlations between flow speed and the presence
of predators, which might amplify the combined ‘emigration rate’ or reduce the effect.
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7 Appendix

7.1 Formulas for the drift model

We outline the calculations that lead to the formulae presented in Section 4.1. We
consider the probability generating function,

F (t, x) =

∞∑

n=0

pn(t)xn. (29)

Using the set of equations (5), one can derive the first-order partial differential equation

∂F

∂t
+ (βx− µ− ε)(1− x)

∂F

∂x
= 0, (30)

together with the initial condition F (0, x) = xn0 . Then we employ the method of char-
acteristics (John, 1971) to find the solution F (t, x). The solution F (t, x) is constant
along the characteristic curves t(s) = s and

dx

ds
= (βx− µ− ε)(1− x). (31)

This Riccati equation can be solved explicitly. For given t > 0, we then find x(0) so
that x(t) = 0. Then p0(t) = F (t, 0) = F (0, x(0)) = x(0)n0 is the extinction probability
as in (18).
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To obtain the formula for periodic coefficient functions, we note the following rela-
tions. Since ∫ kT

0
β(z)dz = k

∫ T

0
β(z)dz, (32)

and similarly for µ(z) and ε(z), we see that N(kT ) = N(T )k. Then we can evaluate

∫ kT

0

β(z)dz

N(z)
=

k−1∑

l

∫ T

0

β(z)dz

N(z + lz)
=

∫ T

0

β(z)dz

N(z)

k−1∑

l

1

N(T )l
. (33)

Together with the formula for the geometric series, this leads to the desired formula
(21).

7.2 Formulas for the drift-benthos model

Following Maler and Lutscher (2010), we present a brief derivation of equation (7).
We denote pn,m(t) as the probability that there are n drift individuals and m benthic
individuals at time t. There are the following seven possibilities for having n drift and
m benthic cells at time t+ ∆t.

1. There were n+1 drift and m benthic individuals at time t and one drift individual
emigrated. The probability of this event is pn+1,m(t)(n+ 1)ε∆t+ o(∆t).

2. There were n drift and m+ 1 benthic individuals at time t and one benthic indi-
vidual died: probability pn,m+1(t)(m+ 1)µ∆t+ o(∆t).

3. There were n drift and m− 1 benthic individuals at time t and one benthic indi-
vidual gave birth: probability pn,m−1(t)(n+ 1)β∆t+ o(∆t).

4. There were n − 1 drift and m + 1 benthic individuals at time t and one benthic
individual moved to the drift: probability pn−1,m+1(t)(m+ 1)τ∆t+ o(∆t).

5. There were n + 1 drift and m − 1 benthic individuals at time t and one drift
individual settled on the benthos: probability pn+1,m−1(t)(m− 1)σ∆t+ o(∆t).

6. There were n drift and m benthic individuals at time t and no events occurred:
probability pn,m(t) (1− n(ε+ σ)∆t−m(β + µ+ τ)∆t) + o(∆t).

7. There were some number of individuals at time t and more than one event occurred:
probability o(∆t).

Therefore pn,m(t+ ∆t) is equal to the sum of the seven probabilities given above. Sub-
tracting pn,m(t) from this expression, dividing by ∆t, and letting ∆t→ 0, we get equa-
tion (7).

Now we define Pn =
∑

m pn,m and Qm =
∑

n pn,m, the probability that there be
n drift individuals or m benthic individuals, respectively. Summing equation (7) with
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respect to m, we obtain the following equation for Pn,

Ṗn = ε(n+ 1)Pn+1 + µ
∑

m

(m+ 1)pn,m+1 + σ(n+ 1)Pn+1 + β
∑

m

(m− 1)pn,m−1

+τ
∑

m

(m+ 1)pn−1,m+1 − (σ + ε)nPn − (β + τ + µ)
∑

m

mpn,m. (34)

Now we form expectations Nd =
∑

n Pn and Nb =
∑

mQm. From (34) we obtain an
equation for Nd. (Note that

∑
n

∑
m pn,m = 1.)

Ṅd = ε
∑

n

n2Pn − εNd + µ+ σ
∑

n

n2Pn − σNd + β

+τ
∑

n

∑

m

n(m+ 1)pn−1,m+1 − (σ + ε)
∑

n

n2Pn − (β + τ + σ).

The only term that needs closer consideration is the following.

∑

n

∑

m

n(m+ 1)pn−1,m+1 =
∑

n

∑

m

(n− 1)(m+ 1)pn−1,m+1 +
∑

n

∑

m

(m+ 1)pn−1,m+1

= 1 +
∑

m

(m+ 1)Qm+1 = 1 +Nb.

Hence, we get the equation

Ṅd = −εNd − σNd + τNb. (35)

The derivation of the equation for Nb is similar, so that we arrive at system (9).
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Chapter 3

Connectivity, passability and

heterogeneity interact to determine

fish population persistence in river

networks

This paper is published in Journal of the Royal Society Interface [42];
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Abstract

The movement of fish in watersheds is frequently inhibited by human-made migration bar-
riers such as dams or culverts. The resulting lack of connectivity of spatial subpopulations
is often cited as a cause for observed population decline. We formulate a matrix model for
a spatially distributed fish population in a watershed, and we investigate how location and
other characteristics of a single movement barrier impact the asymptotic growth rate of the
population. We find that while population growth rate often decreases with the introduc-
tion of a movement obstacle, it may also increase due to a “retention effect”. Furthermore,
obstacle mortality greatly affects population growth rate. In practice, different connectiv-
ity indices are used to predict population effects of migration barriers, but the relation of
these indices to population growth rates in demographic models is often unclear. When
comparing our results with the Dendritic Connectivity Index, we see that the index cannot
capture the retention effect nor the influences of obstacle mortality. We argue that structural
indices cannot entirely replace more detailed demographic models to understand questions
of persistence and extinction. We advocate the development of novel functional indices and
characteristics.

Keywords

Fish population, watershed, migration barrier, connectivity index, population growth rate

1 Introduction

Freshwater ecosystems are in severe peril worldwide due to habitat degradation and fragmen-
tation. Unlike terrestrial habitats, river systems are particularly susceptible to fragmenta-
tion due to their dendritic network geometry, i.e. the hierarchical arrangement of branching
stream reaches [1, 2]. Populations inhabiting these dendritic networks have, by nature and
topology, limited access to large parts of the watershed, even in the absence of any discon-
necting structures [3–5].

Human development often adds disconnecting structures (e.g. dams or culverts) for trans-
portation, energy generation, protection, or leisure. Nowadays, only a third of the world’s
largest rivers remain free-flowing from source to mouth [6]. While these developments have
clear benefits to humans, they also have obvious effects on the geomorphological aspects of
rivers as well as on their fauna and flora. For example, dams regulate flow speed and water
level, modify sediment and nutrient supply in reaches upstream and downstream, and can
pose an insurmountable obstacle for migrating fish, diadromous and potadromous [7]. The
effects of damming on fish populations have been well documented, either through changes
in patch occupancy [8], asymptotic growth rate [9,10], extinction risk [1,3,11] or population
demogenetics [3].

Great efforts are underway to understand the effects of human-imposed dispersal barriers
on the fate of biological populations. Network-theoretic approaches are being used increas-
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ingly to evaluate and explore the effects of obstacles on ecosystem function in terrestrial
and aquatic ecosystems [12]. Resulting insights can be applied in development planning and
conservation prioritization. A key focus is on habitat connectivity as an attempt to capture
the existence and importance of dispersal pathways in spatially distributed habitat patches.
Many indices exist, on the landscape level or patch level, to measure in some sense how
connected one individual patch or the entire network of patches are [4,12–17]. The intuitive
common idea being promoted is that a higher connectivity index represents better conditions
for the respective populations [4, 5, 15].

A recent review devoted specifically to connectivity metrics for watersheds explores the
relationships between eight different connectivity metrics, some of which are global (a single
metric for a watershed) some are local (a value for each patch in the watershed) [18]. They
found that so-called “path-counting” metrics represent “an organism’s ability to disperse
throughout the watershed” and may therefore be used to assess the impact of barriers. All the
metrics studied in [18] assume that each barrier is completely impassable, dividing a habitat
in two disconnected sub-habitats. Many barriers, however, are somewhat passable [19]. A
relatively recent path-counting metric that allows for partial passability is the dendritic
connectivity index (DCI) [4]. Clearly, passability is species specific, and so the definition
of this index was specialized [4] depending on the life history of the fish species under
consideration: DCIP for potadromous (migrating within freshwater) and DCID diadromous
(migrating between fresh water and sea) species. In either case, DCI is a network-scale
measure of connectivity, specific to freshwater systems, simple enough to examine the effects
and interactions of multiple barriers and their permeability, i.e. the movement probability
of individuals between sections connected by the obstacles [4, 16,20].

What is missing for DCI is a detailed study of the relationship between the value of
the index and meaningful population-level characteristics, such as persistence conditions or
mean extinction times. In fact, such studies are largely missing for many indices applied to
connectivity [12] and other areas, e.g. biodiversity [21]. A first step in uncovering the relation
between structural connectivity (as measured by most indices) and functional connectivity
(as expressed by population characteristics) was to compare the results of a movement-only,
patch-occupancy simulation model with DCI [8]. In the present work, we include population
growth and survival as well as a more detailed description of separate aspects of movement
barriers into a spatially explicit patch model. We compare how movement barriers affect
population persistence conditions, as measured by the long-term population growth rate, and
DCI for different network geometries. Incorporating demographics to understand population
persistence is obviously necessary, since persistence requires that an individual, on average,
replaces itself over its lifetime [22]. Movement barriers in rivers not only inhibit migration,
they often also are a significant source of direct mortality (e.g. power-generating dams) or
indirect stress and increased energy expenditure of fish (e.g. fish ladders) that needs to be
considered to understand demographic outcomes.

Our model is a strategic, generation-based model for a hypothetical potadromous fish
species in randomly generated watersheds. We represent reaches of the river or stream as
patches in our model and project changes in the density of the population on each patch
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Figure 1: The life cycle of the model organism. We census the population after movement
and before reproduction and survival.

through demographics and migration forward in time. The dominant eigenvalue of the
resulting projection matrix then represents the asymptotic population growth rate; if it is
greater than unity, then the population persists, if not, it becomes extinct [23]. Similar
matrix models were previously applied to fish populations by various authors [9, 10, 24, 25]
but with somewhat different goals. We give a detailed description of the model, the aspects
of a barrier, and the generation of the network structure in the next section. We then explore
in detail how the location of a single obstacle affects the population growth rate, and whether
and to what extent this change can be predicted by a corresponding change in DCI. We
find that only certain aspects of functional connectivity can be captured by DCI and argue
that other known structural metrics are unlikely to capture those details. We advocate that
more mechanistic models are necessary to predict the ecological impact of dispersal barriers
in watersheds or to prioritize conservation efforts.

2 Model and Methods

We model the spatial population dynamics of a potadromous fish species in a dendritic
river network. We represent each reach in the network as a patch of primary habitat where
individuals reproduce and survive (see below). Direct connections between reaches are mi-
gration links between patches. The population density in each patch changes from year to
year as individuals first reproduce locally and then migrate between patches. In a network
of n patches, we denote the population density in patch i and year t as Ni,t. These densities
change from year to year due to population dynamics and migration (see Figure 1) according
to the equation

Ni,t+1 =
n∑

j

ci,jgj(Nj,t)Nj,t. (1)

Per capita survival and offspring production may depend on population density and patch
attributes and are denoted by gj(Nj,t). The probability that an individual, initially located
in reach j resides in patch i at the end of the season is denoted by ci,j.

Under the assumption that there is no Allee effect [26], we linearize model (1) at low
density to evaluate conditions for population persistence. We denote g′j(0) = rj + sj, where
rj is the per-capita number of offspring produced at site j and sj is the survival probability
in that reach. The linearized model then becomes
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Ni,t+1 =
n∑

j

ci,j(rj + sj)Nj,t. (2)

Using the (column) vector N(t) = (N1,t, . . . , Nn,t)
T of population densities in each patch, we

can write the linear model conveniently in matrix form as

N(t+ 1) = BN(t) (3)

where the projection matrix B is given by the product of the migration matrix C = (ci,j)
and the diagonal matrices for production and survival, i.e.

B = C[R + S] with R = diag(rj), S = diag(sj). (4)

Before we can derive the exact form of the migration matrix, we explain in more detail the
representation of reaches in the watershed.

2.1 Graphs of dendritic networks

A river network can be represented as a spatial graph [27]. We represent a river reach, or a
suitable part thereof, by a node that is attributed with physical and ecological characteristics
corresponding to the reach. A connection between reaches corresponds to an edge in the
graph (Figure 2). While reaches 1, 2, 4, 5 in this Figure are delineated by confluences,
reaches 3 and 6 could be separated by a physical disruption, such as a waterfall or culvert.
Alternatively, the separation between 3 and 6 could be introduced to make all patches
correspond to roughly similar length sections of the river network. The dendritic structure
of the river network results in a tree graph [1, 2, 11]. We choose the river mouth to be the
root of the tree.

The geometry of a (dendritic) network with n nodes is encapsulated in the adjacency
matrix, A, a binary n×n matrix. This matrix is the fundamental structure of the migration
matrix. Entries aij equal to one indicate a connection between reaches i and j, whereas zero
entries indicate that reaches i and j are not adjacent, see Figure 2. By convention, diagonal
elements are zero.

We consider the situation where each reach is adjacent to at most two upstream reaches.
The simplest network then is a linear network, where each reach connects to exactly one
upstream reach, the most complex is the complete binary network with exactly two. We
generate intermediate geometries numerically according to a stochastic branching process [3].
Starting from the root, the tree graph is generated using a probability triplet, indicating the
probabilities of a reach connecting to zero, one or two reaches upstream. The number of
reaches and the height of the graph can vary. For example, networks in Figure 2(b) and
Figure 3(a) can both be generated with the triplet (0, 0.5, 0.5) and height 3, but have a
different number of reaches. We constrain the stochastic generation process to triplets of the
form (0, β, 1 − β), where β is the probability of having one reach upstream. When β = 0,
the complete binary tree is generated, and when β = 1, we get the linear network. We then
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Figure 2: (a) A river network with 6 reaches. (b) Spatial graph representation of the river
network. (c) The corresponding adjacency matrix.

generate a graph until it contains a given height or number of nodes. We understand the
simpler situations such as in Figures 2 and 3 as “modules” of a larger network, similar to
the decomposition of foodwebs into building blocks [28].

2.2 The migration matrix C – no obstacles

As a first step to defining the migration matrix C, we model between-patch movement in
the absence of obstacles. We distinguish between upstream and downstream movement. We
obtain the “uninhibited movement matrix” M from the adjacency matrix A by multiplying
each nonzero element in A with the appropriate downstream (di,j, i < j) or upstream
(ui,j, i > j) movement probability. The column sums in matrix M are bounded by unity.
Matrix M for the simple 4-reaches network in Figure 3 is given by

M =




0 d1,2 0 0
u2,1 0 d2,3 d2,4
0 u3,2 0 0
0 u4,2 0 0


 . (5)

To obtain migration matrix C from matrix M , we need to add the diagonal elements that
represent the probability that an individual does not move. In the absence of mortality, C is
a stochastic matrix, i.e., the column sums of C are one. We only make an exception to this
rule in the first column where we consider two scenarios. In the “closed network”-scenario
individuals do not leave the river network at the mouth, and the column sum in the first
column is one. In the “open network”-scenario, individuals will leave the system through
the river mouth, and the (1, 1)-entry of C is zero. We regard these two cases as extreme
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Figure 3: (a) A dendritic graph representing a river network of 4 reaches, (b) The corre-
sponding adjacency matrix to the graph on the left

cases; for a partially open network, one can choose any probability between the two cases.
Hence the migration matrix C in the absence of migration obstacles is given by

C =




∗ d1,2 0 0
u2,1 1− d1,2 − u3,2 − u4,2 d2,3 d2,4
0 u3,2 1− d2,3 0
0 u4,2 0 1− d2,4


 (6)

where

∗ =

{
0 if the system is open
1− u2,1 if the system is closed

(7)

With this definition, individuals effectively move at most one patch up- or downstream per
year. For more mobile species, one can use C̃ = Ck for some k > 1 as the migration matrix.
These two scenarios correspond to movement based on local versus global knowledge [8].

2.3 The migration matrix C – with obstacles

An obstacle or barrier, such as a dam, a culvert, or a hydropower station, can modify the
probability of upstream and downstream movement between reaches, and it can also induce
mortality in the movement process. To each obstacle we assign an upstream and downstream
passability value (αu and αd, respectively, 0 ≤ αu, αd ≤ 1), representing the proportion of
individuals that can successfully cross the obstacle in the corresponding direction [4]. If
the passability value is 1, then the obstacle is completely passable in the given direction.
Contrarily, when the passability value is 0, the obstacle does not allow any transit through
it. We represent the passability values of all obstacles in a passability matrix O. Matrix
O is obtained from the adjacency matrix A by replacing the corresponding nonzero entries
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with the passability values. For notational convenience, we set the diagonal elements to one,
i.e. oi,i = 1. Accordingly, the probability of failing to cross an obstacle is 1 − oi,j for all
nonzero entries oi,j. We define the failure of passing matrix as Õ. If, for example, an obstacle
is placed between reaches 2 and 3 in the simple network in Figure 3, then these matrices are
given by

O =




1 1 0 0
1 1 αd 1
0 αu 1 0
0 1 0 1


 and Õ =




0 0 0 0
0 0 1− αd 0
0 1− αu 0 0
0 0 0 0


 . (8)

Individuals who fail to cross an obstacle either stay in the reach from which they at-
tempted to leave or die. Mortality can arise from the structure itself (e.g. fish being sucked
into turbines at power-generating dams) or from increased energy expenditure in the attempt
to cross the obstacle. We collect these mortality values in a matrix E where entry ei,j is
the probability that an individual will die in the attempt to cross the obstacle from reach j
to reach i. Mortality may depend on direction. Again, for a hypothetical obstacle between
reaches 2 and 3 in the simple network in Figure 3, matrix E is given by

E =




0 0 0 0
0 0 ed 0
0 eu 0 0
0 0 0 0


 . (9)

The resulting migration matrix C arises from careful bookkeeping of individual move-
ment. For example, an individual can be in patch 2 if it moved upstream from patch 1 (with
probability u2,1), or downstream from patch 4 (with probability d2,4), or successfully passed
the obstacle downstream from patch 3 (with probability αdd2,3), or it was already in patch 2
and stayed (with probability 1−d1,2−αuu3,2−(1−αu)euu3,2−u4,2). The latter probability is
obtained by considering individuals that did not move downstream to patch 1 nor upstream
to patch 4, nor successfully got to patch 3 upstream, nor died while trying to get to patch 3
upstream. Based on these consideration, matrix C (for a closed network) is given by

C =




1− u2,1 d1,2 0 0
u2,1 1− d1,2 − αuu3,2 − (1− αu)euu3,2 − u4,2 αdd2,3 d2,4
0 αuu3,2 1− αdd2,3 − (1− αd)edd2,3 0
0 u4,2 0 1− d2,4


 .

(10)
In terms of matrices ∆1 = Õ ◦ E ◦M and ∆2 = O ◦M , the migration matrix C can be

conveniently written as

C = ∆1 + I − diag

(∑

i

(∆1 + ∆2)i,j

)
. (11)

Here, ◦ denotes the Hadamard product of entrywise multiplication of matrices.
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The extension of this procedure to several obstacles is straight forward. In this work, we
concentrate on the effect of adding (or removing) a single obstacle from a network.

2.4 Defining connectivity

There is a great variety of different indices to measure connectivity in general networks
[12, 13]. Many indices are purely topological in that they consider only the existence of
connections between patches. Those that include, in addition, patch attributes and at least
to some extent also distances, are typically much more informative [17]. For a dendritic
network, such indices tend to be too coarse. While terrestrial networks often contain many
different paths between any two patches, there is only a single unique path connecting any
two patches in a dendritic network. As a result, breaking any connection in a connected
dendritic network will lead to two disconnected sub-networks, whereas a connected terrestrial
ecological network often remains connected even if a connection is removed. Empirically
more relevant is the observation that many barriers in watersheds are actually not complete
impassable [19].

A relatively recent measure, developed specifically for watersheds and dendritic networks
is the “dendritic connectivity index” DCI [4]. It is based on the probability that a fish can
move between any two given points in the network. Hence, the index depends on movement
behavior and includes the “strength” of a connection by looking at probabilities of movement.
The idea behind this index for a potadromous species is the following. Suppose that there are
K barriers, dividing a watershed into D sections. Denote the length of section j by Lj and
the upstream and downstream passability of the mth barrier by αu,m and αd,m, respectively.
For any two sections of the watershed, one multiplies the passabilities of all barriers that lie
between these two sections as the total probability of passage between these two sections.
The dendritic connectivity index for potadromous species is then given by

DCIP =
D∑

i=1

D∑

j=1

(
K∏

m=1

αu,mαd,m

)
Li

L

Lj

L
× 100, (12)

where L denotes the total length of the system, see equations (2) and (3) in [4]. The value
of K = K(i, j) depends on the two sections chosen.

In the absence of obstacles to fish movement, DCIP is equal to 100. Adding obstacles to
the network decreases the connectivity index, unless obstacles are completely passable [4].
Other measures of habitat quality can replace length. In what follows, we scale the DCIP
so that the maximum corresponding value is 1.

2.5 Relating network connectivity to population persistence

To evaluate the effects of migration obstacles on the persistence of fish populations, we
compare and contrast how the population growth rate of model (2) and the DCIP vary
with changes in obstacle location and other attributes (e.g. passability and mortality). The
population growth rate is the dominant eigenvalue λ of the projection matrix B. When λ is
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greater than unity, then the population will grow, otherwise, it will decline. An alternative
measure for population persistence is the reproduction number R0 that, for certain life-
cycle models, can be obtained in a relatively simple and elegant way by graph-reduction
arguments [29]. This method does not simplify calculations in our case, and the dominant
eigenvalue gives additional information about time scales.

As the model contains many parameters, we consider certain strategically chosen simpli-
fied scenarios. In the baseline scenario, all reaches are of the same quality. However, river
reaches generally differ in many aspects, such as river bed quality, primary producers, or
temperature, which may enhance or reduce growth rates and/or survival probabilities for
the fish population. For example, a typical classification distinguishes between warm-water
loving species and cold-water loving species. Since water temperature generally increases
downstream, the former do better downstream and the latter upstream. As two alternative
scenarios, we therefore choose one where growth conditions are better upstream and one
where they are better downstream.

For simplicity, we assume that all reaches located within the same level k (i.e. distance
from the root of the tree or mouth of the river) are identical with respect to habitat quality.

In our dynamic model, we express habitat quality through parameters rj, where higher
values correspond to better conditions. For the calculation of the DCIP , we express habitat
quality as the length lj of reach j. The length of a segment Lj is then the combined length
of all reaches within a segment. For simplicity, we assume that all reaches located within
the same level k are identical with respect to habitat quality. In particular, we write rk
and lk for the habitat quality or length of any reach with distance k − 1 from the root.
To simplify matters even more, we introduce a single parameter that indicates how habitat
quality changes between levels. We assume that the relative changes are constant between
levels and write

ρ =
rk+1

rk
=
lk+1

lk
. (13)

The base-line scenario of equal habitat quality everywhere is given by ρ = 1. When conditions
are better upstream, we have ρ > 1 and when they are better downstream then ρ < 1. We
then compare the qualitative behavior of λ and DCIP in these three scenarios.

3 Results

We examine how the growth rate (λ) and the dendritic connectivity index (DCIP ) depend on
the location of an obstacle in the system. We consider the three scenarios of a homogeneous
network (ρ = 1), a network with better upstream conditions (ρ > 1) and a network where
downstream conditions are better (ρ < 1). We investigate the influence of passability and
mortality and river mouth conditions in each case.

We refer to the location of a barrier according to the level or height of the tree at which
the obstacle is placed. In a linear network, there is only a single connection between any two
levels, hence, there is a unique location for the barrier. In a complete binary tree, there are
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2k possible locations to place an obstacle at level k. By the symmetry of the complete binary
tree, the growth rate and DCIP will depend only on the level. In a randomly generated tree,
there can be up to 2k obstacle locations at level k. For each level k and probability triplet
(0, β, 1− β), we generated 50 networks of height 7 and recorded the average values of λ and
DCIP .

We begin with the effects of obstacle location on population growth rate. We choose the
growth rate at the river mouth to equal r1 = 1.64 and the survival probability to sj = 0.5.
We assumed that the probability of leaving a patch is 0.5 and that dispersal is unbiased,
i.e. di,j = ui,j = 0.25.

3.1 Homogeneous reaches (ρ = 1)

In a closed river system, when all reaches are of the same quality and there is no mortality
associated with the barrier, the barrier or its location does not affect the population growth
rate. Even though movement is affected, λ remains constant since conditions are the same
everywhere.

If there is mortality at the obstacle (e 6= 0), the growth rate is lower than without the
obstacle, and the actual value depends on location, see Figure 4, left panel. The lowest
value of λ for the complete binary tree (β = 0) occurs when the obstacle is located at the
first (i.e. lowest) level. For the linear network (β = 1), the lowest value of λ occurs when
the barrier is in the middle of the network. (We confirmed this result numerically for linear
networks of various sizes, only the network of height 7 is shown.) Thus, in both cases, the
negative impact of the obstacle is largest when it separates the network into two evenly-sized
parts. For randomly generated networks (0 < β < 1), the averaged population growth rate
is in between the linear and the complete binary case. The obstacle location that has the
most negative impact on growth rate depends on mortality and β. Increasing passability (α)
will increase the growth rate since fewer individuals face mortality (plot not shown).

In an open network, an obstacle without mortality increases the growth rate for any
location, and the highest growth rate occurs when the obstacle is located in the lowest
level, independent of network topology, see Figure 4, middle panel. The obstacle prevents
individuals from dispersing to the river mouth where they would leave the network. We
refer to this mechanism as the “retention effect” of the obstacle. The effect is larger when
the obstacle is placed close to the mouth. As the passability of the obstacle increases, λ
decreases. As before, the averaged growth rate of randomly generated networks is bounded
by the growth rate of the linear and the complete binary topology.

When an obstacle with mortality is placed into an open network, the resulting growth
rate depends on the net effect between mortality (reducing λ) and retention (increasing λ),
see Figure 4, right panel. When mortality is low enough, the retention effect is stronger when
the obstacle is placed near the mouth. When the obstacle is placed higher up in the network,
individuals face mortality in both directions: downstream from the mouth, upstream from
the obstacle. This effect is particularly strong in the linear topology and is diluted in the
complete binary case. The growth rate for random networks is, again, in between the two
extremes. When obstacle mortality is high, the retention effect is too weak, and the growth
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rate will always be below the default case without obstacles (plot not shown).
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Figure 4: Relationship between the asymptotic growth rate (λ) and obstacle location in
a network for the linear (β = 1, dash-dot), complete binary (β = 0, solid) and random
(β = 0.5, dashed) topology. Panel (a): obstacle mortality in a closed system has the most
negative effect when the network is partitioned into two similar-sized parts (e = 0.5). Panel
(b): an obstacle without mortality induces the retention effect, which is strongest when the
obstacle is near the mouth (e = 0). Panel (c): The net effect of retention and mortality in
an open network (e = 0.5). In all cases, passability is α = 0.5.

3.2 Reach quality increases downstream (ρ < 1)

When downstream reaches provide better habitat, an obstacle without mortality will increase
the population growth rate in any network topology, even in a closed network. The effect is
the strongest when the obstacle is at the lowest level, see Figure 5, top left. Similar to the
retention effect, an obstacle at low levels traps individuals in the reaches of high quality and
thereby increases λ. In fact, with the chosen parameters, the growth rate in patches of level
4 and up is less than unity. Only in the highest level do we have a net loss as rk + sk < 1. As
the obstacle is moved upstream or passability is increased, the trapping effect is diminished
and λ decreases.

When the obstacle engenders high enough fish mortality, we get completely opposite
results (Figure 5, top right). The growth rate is lower than without obstacle, and the lowest
value occurs when the obstacle is at the lowest level. As more individuals will be located in
the downstream patches, they are more prone to obstacle induced mortality if they disperse.
In this case, the more passable the obstacle, the higher the λ, because fewer individuals fail
to successfully cross the obstacle and risk death. As we can expect, λ decreases with higher
obstacle induced mortality.

When ρ < 1 and the system is open, the best growth conditions are downstream where
the risk of loss is also the highest. An obstacle without mortality in the first level prevents
individuals from reaching the best habitat and also from leaving the system. For intermediate
passability values, the latter effect is stronger than the former, i.e. the growth rate is higher
with the obstacle than without, see Figure 5, bottom left). The effect is much weaker when
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the obstacle is placed higher upstream. The reason is that individuals above the obstacle are
in low growth quality habitats, while those below the obstacle face loss downstream. Similar
to the closed network case, a less passable obstacle results in a higher λ, preventing more
individuals from dispersing to the river mouth.

Finally, if an obstacle in an open network induces fish mortality (e 6= 0), the retention
effect of the obstacle in the first level is still present for low enough passability and mortality,
and for any network topology, see Figure 5, bottom right. When the obstacle is located
further from the mouth, the retention effect is weaker than the negative effects of mortality
and open network. For the complete binary tree (β = 0), the lowest value of λ occurs at
level 2, whereas it occurs at level 3 for the linear network (β = 1). Through simulations on
larger networks, we found that these particular locations are independent of network height
(plots not shown). Aside from the first level location, λ increases with increasing passability.
In general, λ decreases when obstacle mortality is higher.

3.3 Reach quality increases upstream (ρ > 1)

For some fish species, the colder upstream reaches provide better habitat and maybe even a
refuge against competition [30]. In this case, the difference between open and closed networks
with respect to growth rate and obstacle location is marginal. With no obstacle-induced fish
mortality (e = 0), λ increases as the obstacle is placed in higher levels, since individuals are
trapped in patches of high quality. However, only for the linear topology (β = 1) does the
highest growth rate occur with the obstacle in the highest level. For all non-linear topologies
(β < 1), λ is the highest when the obstacle is in the second last level (see Figure 6, left
panel). In the linear network, there is only one highest-quality patch, and with the obstacle
just below it, individuals are trapped in the best growth conditions. In other topologies,
an obstacle in the highest level traps individuals only in one of several best-quality patches.
Individuals will still move away from all other high-quality patches, thereby reducing overall
growth rate. An obstacle placed in the downstream levels has virtually no effect on λ since it
is not harmful, but at the same time it locks individuals in low-growth conditions, obstructing
them from moving to better habitats. Furthermore, as we have already seen in the other
cases, λ is higher when the passability of the obstacle is lower, impeding more individuals
from leaving the higher quality patches.

When the obstacle induces fish mortality (e 6= 0), then the positive trapping effect dis-
appears. In non-linear topologies, the decrease in λ is very small and noticeable only for
upstream locations. For the linear network however, λ drastically decreases as the obstacle
location is moved upstream (see Figure 6, right panel). Essentially, the single best-quality
patch carries a high mortality risk from the obstacle and loses its beneficial effect on pop-
ulation growth. As before with mortality, λ is higher for high passability values, allowing
more individuals to safely traverse the obstacle. Clearly, increased mortality decreases λ in
the linear network. For non-linear topologies, the sensitivity of λ with respect to mortality
is marginal since there are so many high-quality patches that support population growth.

For an open network, the loss at the river mouth has no qualitative effect on these results,
even when the obstacle location is in level 1. The retention effect disappears, and only the
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Figure 5: Relationship between the asymptotic growth rate (λ) and obstacle location in a
network when downstream reaches are of higher quality. Panel (a): In a closed network,
λ increases as a barrier traps individuals in the high-quality reach downstream (e = 0).
Panel (b): With high enough obstacle mortality, the trapping effect disappears (e = 0.5).
Panel (c): The trapping effect is also present in an open network (e = 0). Panel (d):
Obstacle mortality in an open network can lead to mixed results: an obstacle in the first
level is beneficial, in the second (β = 0) or third (β = 1) level it is the most devastating for
population growth. Parameter values are ρ = 0.8 and α = 0.5. Other parameters are as in
the previous figure.

better growth conditions control the results.

3.4 Connectivity Index DCIP

While the dendritic connectivity index (DCIP ) measures how barriers inhibit fish movement
between sections in a watershed, it does not account for demographic dynamics, specifically
not for mortality related to obstacles. It does, however, account for some aspect of habitat
quality by considering length of a section, where longer sections correspond to higher quality.
We calculated the DCIP as a function of obstacle location in the three different settings of
(a) homogeneous habitat quality (ρ = 1), (b) decreasing habitat quality upstream (ρ < 1),
and (c) increasing habitat quality upstream (ρ > 1).

The greatest reduction in DCIP arises when the obstacle separates the network into
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Figure 6: Relationship between the asymptotic growth rate (λ) and the obstacle location
in a network when upstream reaches are of higher quality. Panel (a): When there is no
obstacle mortality, λ increases with level, except the highest level for non-linear topologies.
Panel (b): When there is mortality, λ decreases with level, most strongly in the linear case
and imperceptibly for the complete binary network. Parameters and line styles are as in
previous figures.

two sections of (roughly) equal lengths (or quality), see Figure 7. For the complete binary
network (β = 0), this location is at the lowest level, for the linear network (β = 1), it is at
some intermediate level. When the habitat is homogeneous, the location is the middle level,
when habitat quality is better downstream (upstream) the location is shifted downwards
(upwards). The average DCIP for 50 randomly generated networks shows an intermediate
behavior between the two extreme cases.

Clearly, DCIP decreases as the obstacle passability decreases. Obviously, the effects of
open versus closed networks or of obstacle mortality cannot be evaluated with this index.

4 Discussion and conclusions

As more and more network-theoretic approaches are being employed to study the effects
of movement barriers and habitat degradation on ecosystem function, the great challenge
becomes “to determine how the connectivity structure of habitat networks constrains and
enables ecological and evolutionary processes at various levels of biological organization” [12].
With this study, we contribute to this endeavor a comparison between two ecosystem-scale
measures, namely (i) the long-term growth rate (λ) of a population dynamics model, and
(ii) the dendritic connectivity index (DCIP ). More specifically, we evaluate the effect of the
location of a single movement barrier in a watershed on these two quantities. The three most
important insights from the population dynamics model are (i) that the effects in a randomly
generated network are in some sense bounded by the effect in a linear and a complete binary
network of the same height; (ii) that barriers can be beneficial to a population through
a retention or trapping effect; and (iii) that mortality at an obstacle is the determining
factor of the negative effects of the obstacle on population growth. The DCIP can capture
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Figure 7: Relationship between the dendritic connectivity index DCIP and the obstacle
location in a network with different distribution of habitat quality. Panel (a): Homogeneous
habitat (ρ = 1). Panel (b): Habitat quality increases downstream (ρ = 0.8 < 1). Panel
(c): Habitat quality increases upstream (ρ = 1.1 > 1). In the absence of any obstacle,
DCIP = 1. Passability parameters are identical for the upstream and downstream direction
(α = 0.5).

these effects only to a certain (limited) degree. The relative size of the effects depends on
parameter values, and a thorough sensitivity analysis will be required when empirical data
are available for any species. At this point, we only note that for the chosen parameters, the
typical maximal increase in population growth rate is an order of magnitude smaller that
the maximal decrease.

To guarantee population persistence, an individual has to at least replace itself within
a lifetime. In networks, not only the connectivity but viable reproduction “multiplied” by
connectivity is the crucial quantity [22]. The importance of “loops” (e.g. ways to return to
a patch) in the network topology has been stressed for terrestrial systems [31] and marine
systems [22]. In river networks, loops can exist – and a population can persist – only when
individuals move up- and downstream [32, 33]. Accordingly, the location of a barrier will
determine how many loops it affects and therefore, how important it is for the persistence of
a population. Because the path structure in a dendritic network is simple, a barrier affects
more loops when it is located near the “middle” of the network. For a linear network, this
location is halfway, for a complete binary network, it is the root. When habitat quality is
changes along a gradient, this “middle” location changes accordingly.

Previous studies with population dynamics models considered only a complete binary
network of 15 patches, and modeled dams and channelization as complete removal of patches
[9,24]. Fish moved on a fast time-scale through the entire (available) network. By contrast,
we explored random topologies and slow-moving individuals. For a closed network, we
arrive at the same result as in [9, 24] that a dam at the lowest level in the network has
the most devastating effect on population growth. This commonality indicates a generic
effect, independent of modeling approach. Our results are much more general (by allowing
intermediate passability and considering random topologies) and more detailed (including
obstacle mortality). From the comparison of all these different scenarios, we speculate that
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the size of the remaining fragments and the interaction between movement and mortality
rather than the level of disturbance seems to be the driving force.

We chose a population dynamics framework where population persistence emerges from
the interplay of reproduction and mortality. We argue that this approach is valid in relatively
stable hydrological conditions. An alternative approach considers colonization-extinction
dynamics in highly variable environments, such as desert streams [1]. The importance of
fragment size has been explored in the resulting stochastic patch-occupancy models either
with [1,11] or without [8] population dynamics. The size of fragments or the largest connected
component is also often the focus for prioritization in dam removal [34–37].

In patch-occupancy models, barriers and fragmentation typically results in population
decline. Most uses of connectivity indices assume that barriers and fragmentation have
negative effects on populations. Our study is the first to tease apart the effects of movement
limitation from obstacle mortality. For that reason, we found the retention or trapping
effects that can alleviate the negative effects of an obstacle with mortality. This positive
effect of limiting migration is one of four recently advocated by Rahel [38], others being
protection against invasive species, against disease, and eliminating hybridization. All these
effects could be tested in an extension of our modeling framework. Incorporating (some of)
these effects into patch-occupancy models is a challenge for the future.

Our strategic model focused on the effect of movement barriers while considering in-
dividuals with a very simple life cycle (growth to maturity in one year). Some previous
models considered two [25] or three [9, 24] life stages. In addition, we only considered the
scenario that upstream and downstream movement probabilities are equal, whereas many
real populations show upstream-biased movement of adults [8] and potentially downstream-
biased movement of early life stages [39]. A relatively simple first step to include differential
upstream and downstream mobility in our model is to consider dispersal of the young-of-
the-year separately. We modify equation (2) to

Ni,t+1 =
n∑

j

(ci,jsjNj,t + c̃i,jrjNj,t) (14)

where ci,j are the movement probabilities of adults as before and c̃i,j are the movement
probabilities of juveniles. We still assume maturation within one year. While a complete
study of this model is beyond the scope of this paper, we illustrate one effect under the
extreme assumption that juveniles drift downstream only (djuv = 1 and ujuv = 0), and that
obstacles are completely passable for juveniles in the downstream direction.

In an open network with homogeneous reach quality, an obstacle in the first level still
increases growth rate through a retention effect (for adults). At higher levels, however, the
obstacle has a negative effect, stronger for the linear topology and weaker for the complete
binary case, see Figure 8. This negative effect is not present in the comparable scenario
without juvenile movement bias (Figure 4, middle panel). However, the qualitative behavior
compares closely with the scenario that habitat quality decreases upstream (Figure 5, bottom
right). Indeed, this similarity is not so surprising considering that if juveniles leave their na-
tive reach and travel downstream, then the contribution of upstream reaches to reproduction
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is reduced.
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Figure 8: Relationship between the asymptotic growth rate (λ) and the obstacle location in
an open network when juveniles exhibit a strong downstream bias (djuv = 1 and ujuv = 0).
Reaches are of equal quality (ρ = 1) and there is no obstacle mortality (e = 0). Passability
for adults is α = 0.5 and for juveniles αjuv = 1.

The dendritic connectivity index (DCIP ) is a network-level index that measures not only
the existence of a link between patches but also how hard it is to move between sections
in a network with barriers [4]. Dendritic networks differ significantly from most terrestrial
networks in that there is only one path between any two points in a dendritic network so that
each new barrier will create a new section in the network. We saw that the DCIP can capture
certain effects of movement barriers on population dynamics but not all. When multiple life-
stages involve multiple dispersal behaviors, a single network-level index is more unlikely to
capture the resulting population dynamic effects. Patch-models for dispersal in the absence
of growth and mortality, also found that DCIP is only partly correlated with results [8].
While we used only DCI for comparison, it is clear that certain, potentially crucial, aspects
of population growth cannot be captured by any structural indices. There is, therefore,
a need to develop new indices for connectivity in dendritic networks and simultaneously
systematically investigate their effect on population dynamic processes. This effect will
strongly depend on migration characteristics and habitat requirements. Many indices have
been developed for terrestrial networks [12], but even for those, the connection to population
dynamics is not always clear. Some of these indices have been applied to river systems, for
example the network-level “integral index of connectivity” (after which the DCI is modeled)
and the measure of “betweenness-centrality” as an indicator of the importance of a given
patch [15,16]. These measures could and should be compared to population dynamics indices
such as reproductive value [23] or metapopulation capacity [40]. Probably more importantly,
one needs to develop indices for the importance of a connection between patches in a similar
fashion.
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Real river systems often contain not only one but many migration barriers for fish. Our
modeling approach readily extends to include several barriers, and exploring the combined
effect is our ongoing research work. The principles of retention/trapping and mortality are
combined and create an overall effect. Probably more crucially, some attributes of habitat
quality are being transported downstream, an effect that is mostly absent from terrestrial
ecosystems. Dams and culverts not only affect fish movement, they can also change the
abiotic conditions in a stream or river by changing temperature, flow and other aspects.
Including this downstream influence in modeling population dynamics in dendritic networks
is another challenge for future theory.
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Appendix

The Matlab files used for calculations and to create the plots in this work are available
from the journal website. The executable main file is named SingleObstacle MainFile.m;
all other files are function files that feed into this main file.
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Abstract

Given that human activities often have negative impacts on biological populations, a
common question is to find the location of greatest positive or least negative impact.
Local habitat suitability is frequently used to evaluate viability of fish populations
in river networks. Upper stream reaches are often undervalued, in particular when
they are not navigable or do not contain commercially interesting fish. Since water
flow transports certain local conditions downstream and individuals navigate river
networks upstream and downstream, impacts of local perturbations can manifest
elsewhere in the system, and overall effects of disturbances should be assessed on
a network level. We study a model for a potadromous fish population in a sys-
tem of connected stream reaches. We consider different geometries to evaluate how
downstream transport and individual movement interact to determine the location
of greatest and least impact of a single or two concurrent disturbances. Our results
show how upper stream reaches can be highly significant for population persistence
if downstream transport of abiotic conditions or upstream movement of individuals
is strong.
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1 Introduction

To understand how local alterations to river reaches affect the overall state of a river
system in general, and its fish populations in particular, is of paramount importance
for conservation efforts and land management (Stanfield et al., 2014). While conser-
vation principles and mathematical models for terrestrial systems of inter-connected
habitat patches have been studied for a long time, river networks possess some char-
acteristically distinct features that require novel approaches to understanding the
processes and mechanisms that drive population dynamics (Lowe, 2006). The den-
dritic geometry of branching river reaches and the downstream transport of physical
conditions by water are two of these features that need to be considered when eval-
uating the effects of local alterations on global ecosystem properties (Fagan, 2002;
Goldberg et al., 2010; Padgham and Webb, 2010). Our work aims to illuminate some
of the complex interactions between abiotic conditions and population dynamic re-
sponses to local perturbations in river networks.

Different reaches in river networks have different functions that contribute to the
overall well-being of the river system. While the main river channel and downstream
reaches typically sustain a larger variety of species (Nilsson et al., 1994), headwaters
regulate floods and sedimentation and support downstream food chains (Meyer et al.,
2007; Bishop et al., 2008; Thorp et al., 2006). However, these upper reaches of a
watershed are often overlooked when management efforts mainly focus on exploitable
and navigable parts of the river (Stanfield et al., 2014). We regularly become aware of
the strong connection between upstream disturbances and downstream effects when
disastrous spills occur upstream and wipe out life downstream; for example recently
from an old gold mine along the Animas river in Colorado (Moreno and Billeaud,
2015). But not all effects are so drastic or immediate. A recent workshop discussed
the question of which and how many headwater drainage features could be sacrificed
to development and agricultural use before fish assemblages downstream would be
seriously affected (Stanfield et al., 2014).

Given the enormous consequences of disturbances, empirical work is hazardous,
limited or impossible, so mathematical models are necessary to understand principles
and mechanisms. While there are many hydrological models describing water flow,
they often do not include ecological dynamics, but see Jin et al. (2014). Ecological
dynamics in river networks are frequently modeled with deterministic or stochastic
patch- or metapopulation models (Charles et al., 1998b,a, 2000; Fagan, 2002; Gold-
berg et al., 2010; Labonne et al., 2008; Padgham and Webb, 2010; Samia et al.,
2015). These models usually consider movement of individuals between river reaches
but not transport of local disturbances to downstream locations through river flow.
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Downstream transport of chemical pollution was addressed explicitly in a series
of detailed tactical ecotoxicological models by Chaumot et al. (2002, 2003a,b) in
the context of cadmium effects on brown trout in a complete binary network of 15
reaches. Toxicant effects differed with the spatial pattern of exposure; in particular,
the effect of pollution at the river mouth was much higher than in upstream reaches.
This effect of space could be understood as a function of the proportion of adults
exposed to pollution (Chaumot et al., 2003b) and interacts with migratory patterns
during spawning (Chaumot et al., 2003a).

In this work, we develop and analyze a more general, strategic model to examine
how the locations of a single or two separate local disturbances in a river network
affect the fate of a hypothetical potadromous fish population. In our framework,
a transportable disturbance can be chemical pollution but also other abiotic as-
pects, such as temperature or turbidity, that can affect reproductive rates and can
be transported downstream by river flow. The model is based on our earlier work
on the effect of movement barriers (e.g. dams or culverts) on the population growth
rate in different dendritic geometries (Samia et al., 2015). One of our results there
was that studying two, in some sense ‘extreme’, geometries sufficed to understand
the behavior of the system in more natural, randomly generated networks. These
two are the linear and the complete binary arrangement of river reaches. In the
linear case, all reaches form a single linear chain, reminiscent to the River Nile when
viewed from space. In the complete binary case, each reach is fed by exactly two
immediate upstream reaches, comparable more to the vast network of the Amazon
river. Our results here are based on these two extreme geometries. We introduce a
disturbance in any reach in the network and evaluate how it changes the asymptotic
population growth rate. This growth rate is a crucial quantity in demography in that
it indicates whether the population will persist or go extinct (Caswell, 2001). We
study how this effect depends on the ease with which the disturbance is transported
downstream and on the movement pattern of the fish. From our analysis, we formu-
late general principles for how these two mechanisms affect the location of the ‘most
vulnerable reach’; i.e., the location where the population growth rate responds most
strongly to the disturbance. By considering the joint effect of two disturbances, we
also contribute to the study of cumulative effects of external drivers on population
dynamics. Our results demonstrate the potential importance of a single reach on the
fate of a population and can be applied to conservation efforts and land-use planing.
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2 The Model

Our model tracks the density of a potadromous fish species in a dendritic river
network from one year to the next. Each reach in the network is considered a
(homogeneous) patch of primary habitat and is represented as a node in the spatial
graph. An edge connecting nodes indicates a confluence of two reaches; see Figure 1.
We denote by Ni,t the density of the species in reach i in year t. Between subsequent
years, individuals survive with probability si and produce, on average, ri offspring.
For simplicity, there is no stage structure; i.e., offspring become mature adults within
one year. An individual moves from reach j to reach i with probability ci,j. Then
the densities in a network of n reaches evolve from year to year according to the
equation (Samia et al., 2015)

Ni,t+1 =
n∑

j

ci,j(rj + sj)Nj,t. (1)

This linear model is adequate to determine persistence conditions for the population
as long as there are no Allee effects (Courchamp et al., 2008). We discuss a more
realistic, nonlinear extension in the appendix, and we show that the behavior of the
linear model completely predicts the behavior of the nonlinear model.

Model equation (1) can be formulated as a linear matrix model for state vector
N(t) = (N1,t, . . . , Nn,t)

T as
N(t+ 1) = BN(t), (2)

where the projection matrix B is the product of the migration matrix C = (ci,j) and
the diagonal matrices for production and survival; i.e.,

B = C[R + S] with R = diag(rj) and S = diag(sj). (3)

Matrix C is a (sub-) stochastic matrix that describes individual movement. We
assume that individuals move by at most one reach per year, and we denote by di,j
(ui,j) the probability to move downstream (upstream) from patch j to patch i. We
assume that there is no loss or mortality related to movement, except possibly at
the mouth of the river network. In particular, the column sums of matrix C equal
unity, except possibly for the first column. For the mouth of the river, we consider
two extreme scenarios. If the first column sum equals unity, we speak of a closed
system. No individuals leave through the river mouth. If c1,1 = 0, we speak of an
open system. An individual that does not move upstream from the mouth leaves
the system; for more details, see Samia et al. (2015). For example, the connectivity
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Figure 1: Representation of (a) a linear river network of 4 reaches (and 4 levels) and
(b) a complete binary network of 7 reaches (on three levels) as spatial graphs. River
reaches are represented by nodes and connections by edges.
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matrices corresponding to the networks in Figure 1 are given by

C =




∗ d1,2 0 0
u2,1 1− d1,2 − u3,2 d2,3 0
0 u3,2 1− d2,3 − u4,3 d3,4
0 0 u4,3 1− d3,4


 (4)

for the linear network, and by

C =




∗ d1,2 d1,3 0 0 0 0
u2,1 1− d1,2 − u4,2 − u5,2 0 d2,4 d2,5 0 0
u3,1 0 1− d1,3 − u6,3 − u7,3 0 0 d3,6 d3,7
0 u4,2 0 1− d2,4 0 0 0
0 u5,2 0 0 1− d2,5 0 0
0 0 u6,3 0 0 1− d3,6 0
0 0 u7,3 0 0 0 1− d3,7




(5)
for the complete binary network, where

∗ =





0 if the system is open
1− u2,1 if the system described by (4) is closed
1− u2,1 − u3,1 if the system described by (5) is closed

(6)

We now describe how local and upstream conditions affect downstream population
vital rates. For simplicity, we consider the case that only offspring production (ri)
and not adult survival (si) are affected. We distinguish the contribution of three
groups of influences on production within a reach: (i) instream conditions (γi), such
as benthic substrate or level of shading; (ii) landscape conditions (qi), such as natural,
industrial or agricultural run-off; and (iii) upstream conditions (hi), such as nutrient
loading or temperature, which indirectly account for influences of upstream landscape
conditions. Accordingly, we write the local growth rate as

ri = exp(γi + qi + hi) > 0. (7)

We consider instream conditions to be fixed at their respective reach, whereas land-
scape and upstream conditions can be transported to downstream reaches by water
flow. Hence, considering only local, instream conditions — i.e., setting qi = hi = 0 —
our model reduces to the one we had previously used to study the effect of movement
barriers on population persistence (Samia et al., 2015). We choose qi = 0 to be the
neutral value, so that qi > 0 indicates a positive effect of landscape conditions on
fish growth and qi < 0 a negative effect such as contaminants entering the river. Our
analysis below focuses on the latter scenario.
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To calculate the effect of upstream conditions on local growth rates, we take a
weighted average of transportable upstream conditions according to relative discharge
and discounted for distance. Specifically, if reaches j and k are directly upstream of
reach i (see Figure 1), we set

hi = fij(qj + hj)discij + fik(qk + hk)discik, (8)

where fij ≥ 0 is the fraction of discharge from reach j into reach i, given by

fij =
discharge from j

total discharge in i
,

and discij ≥ 0 is the discounting factor between reaches i and j. We measure
discharge at the end of each reach, so that the total discharge in a reach equals the
sum of the discharges of the reaches immediately upstream plus the lateral input.
Furthermore, we assume that the discounting factor decreases with distance, and set

discij = e−νili ,

where li is the length of reach i. If the buffering factor νi is high, then there is little
or no downstream transport. The upstream influence on downstream reproduction is
low. This situation occurs if run-off contaminants are quickly moved into hyporheic
storage zones and broken down there. On the other hand, if νi is low, then there
is strong downstream transport. Upstream conditions have a large influence on
downstream fish production.

3 Methods and assumptions

We measure how a local (negative) disturbance affects the fish population, depending
on the strength of downstream transport, fish movement preference and habitat
heterogeneity. We report our results in terms of the location of the disturbance.
In particular, we determine which reach is the most vulnerable (or valuable) for
the population. More specifically, we use the dominant eigenvalue (λ) of projection
matrix B as our quantity of interest since it represents the asymptotic population
growth rate. The population can grow only if λ > 1. We report how λ changes with
respect to location and strength of the disturbance. For large disturbances, we report
absolute changes (e.g. we plot λ as a function of the location of the disturbance),
while, for small perturbations, we use standard sensitivity analysis to report rates of
change; i.e., we calculate the derivative dλ/dqi, see Caswell (2001).
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We formulated our model in sufficient generality so that it is applicable to many
different real-world river systems, from the linearly shaped Nile to the highly branched
Amazon. However, for our detailed investigations reported here, we choose several
carefully selected model simplifications that allow us to theoretically explore com-
mon principles rather than specific systems. We choose two extreme types of net-
works, a linear network where each non-boundary reach has exactly one upstream and
one downstream neighbor, and a complete binary network where each non-boundary
reach has exactly two upstream and one downstream neighbors. Our previous work
shows that the dominant eigenvalue of intermediate, randomly generated networks is
bounded by these two extremes (Samia et al., 2015). We illustrate our results using
a linear network with seven reaches. In this case, each reach represents a different
level (i.e., distance from the mouth of the river). For a complete binary network,
we use one with 127 reaches (corresponding to seven levels) and one with 7 reaches
(corresponding to three levels). Our qualitative results do not change when more
levels are involved.

We make the simplifying assumptions that all reaches are of the same length, that
the amount of lateral influx is negligible compared to downstream discharge, that
the buffering factor and survival rates are constant throughout the network and that
all reaches within one level are identical with respect to local conditions. Therefore
the value of γi depends only on the level of the reach. In the simplest case, we
consider a homogeneous network, where all local conditions are equal. To represent
heterogeneity, we consider a fixed ratio ρ of local growth rates between levels,

ρ =
γ level (k+1)

γ level k

.

In particular, the case ρ > 1 models a species that does better upstream (e.g., cold-
water preference), whereas setting ρ < 1 models a species that reproduces better
downstream.

Movement probabilities consist of an overall probability (p) to move away from
the current reach and a movement bias. In the absence of movement bias, the
probability to move downstream is di,j = p/2 and the probability to move upstream
is either also ui,j = p/2 (in the linear network) or ui,j = p/4 to each of the two
upstream connecting reaches (in the complete binary network). With bias upstream,
the downstream movement probability is di,j = p/4, and the upstream probabilities
are adjusted accordingly. With bias downstream, the numbers are reversed. The
probability to move upstream from the highest level is zero. The probability of
moving downstream from the mouth of the river depends on whether the network
is closed or open (see previous section). We initialize discharge in the highest level
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of the network as a constant, identical for all top-level reaches, and then calculate
discharge throughout the network.

Unless otherwise noted in the text or figure caption, we choose parameter values
as listed in Table 1.

parameter meaning value
si survival probability 0.5
νi buffer factor 0.01 (low)

1 (high)
qi landscape conditions 0 (neutral)

−5 (disturbance)
li reach length 10
γi instream conditions 0.5
p overall moving probability 0.5

Table 1: Default parameter values used for numerical results.

4 Results

Even with the simplifying assumptions made in the previous section, there is still a
large number of scenarios to explore. Between two network types (linear, binary),
two mouth conditions (open, closed) and three local quality options (ρ = 1, ρ > 1
and ρ < 1), there are twelve scenarios, and for each there are three mechanisms
to check (downstream transport, movement bias and movement probability). We
begin by introducing a single disturbance (strong or weak) at exactly one reach and
evaluating the response in λ. Then we consider the interaction of two disturbances
and ask what their cumulative effect is. The results of our numerical explorations
are summarized in the following sections.

4.1 Single disturbance in a homogeneous network (ρ = 1)

We choose the linear, homogeneous, closed network as our baseline scenario. We
illustrate the three main findings in this case and report how they depend on the
shape and other properties of the network.

I. The importance of reaches shifts in the direction of movement bias. Figure 2(a)
depicts the value of λ in the linear network depending on the level (reach) at which
the disturbance is located. The value of λ in the undisturbed network is given where
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the curves intersect the y-axis. If a strong, negative disturbance is placed anywhere
in the network, the population growth rate decreases; see Appendix 6.1 for the proof.
In the absence of movement bias and downstream transport (i.e., when buffering is
strong), the largest decrease occurs when the disturbance is placed in the center of
the network, i.e. the middle reach (solid line). We shall refer to the location with the
strongest effect as the critical disturbance location or the most vulnerable reach. With
upstream (downstream) bias, the critical location moves upstream (downstream); see
the dashed and dash-dot lines, respectively, in Figure 2(a).

When the network is open, downstream reaches are inherently more risky for
individuals because they might leave the network at the river mouth (Samia et al.,
2015). Accordingly, the most vulnerable reaches shift upstream, but their relative
order on the three curves in Figure 2(a) remains the same (plot not shown).

II. Downstream transport increases the importance of upstream reaches. The bars
in Figure 2(b) indicate the sensitivity of λ with respect to a small disturbance at
the corresponding location (i.e., dλ/dqi). In the absence of downstream transport
(i.e. buffering is strong) and movement bias, λ is (almost) equally sensitive to distur-
bances in all reaches (dark bars in Figure 2(b)). In contrast, λ is much more sensitive
to disturbances in upstream reaches when buffering is weak and the disturbance is
transported downstream (light bars in Figure 2(b)). The critical disturbance location
is then shifted upstream. In fact, the difference between strong and weak buffering
can make the difference between population persistence (λ > 1) and population ex-
tinction (λ < 1). For example, when a strong enough negative disturbance is placed
in an upstream reach and buffering is weak, then the population may face extinc-
tion, even though it would be able to persist if a disturbance of the same strength
had been placed further downstream or buffering was strong; see Figure 2(c). This
qualitative result is exactly the same for an open network (plot not shown).

Comparing the (solid) line for unbiased movement in Figure 2(a) and the con-
stant sensitivity in the absence of transport in Figure 2(b), we note that sensitivity
analysis for small disturbances may not reveal the system’s response to large dis-
turbances, even though the system is linear. The dark bars indicting sensitivity in
the absence of downstream transport seem constant on this scale, so that one could
conclude that all reaches are equally vulnerable to disturbance. However, the bars
actually differ by very small amounts. In particular, the highest sensitivity of λ to
a negative disturbance is observed at reach 4, while its lowest corresponding sensi-
tivity to negative disturbances is at reaches 1 and 7. When a large disturbance is
applied, these differences are amplified, and the higher vulnerability in the center
reach becomes visible in Figure 2(a).

III. Movement rate enhances but does not change the pattern. When the overall
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rate of movement (p) is small, then λ is virtually constant, but when the movement
rate is large, then λ decreases significantly when a strong negative disturbance is
introduced. The critical disturbance location, however, is independent of p, see
Figure 2(d). With a high movement rate, individuals will pass through the disturbed
reach more frequently, and therefore the effect is more pronounced. For an open
network, again, the pattern is exactly the same (plot not shown).

IV. A broadly branched network decreases the importance of a single upstream
reach and increases the importance of the centre. In a complete binary network, the
centre is located at the mouth of the river. At the same time, there are 2k identical
reaches on level k so that the importance of an individual reach is naturally dimin-
ished. These insights are crucial to understand the location of the most vulnerable
reach in a complete binary network.

In a closed network, this most vulnerable reach is still the center of the net-
work, which is now the river mouth. Hence the critical location is the lowest level.
Upstream (downstream) bias does not shift this location but rather diminishes (en-
hances) the overall negative effect of the disturbance on λ; see Figure 3(a).

Even with downstream transport, the most vulnerable patch remains the river
mouth, but many reaches in higher levels are almost equally vulnerable; see Figure
3(b). In contrast, when there is no downstream transport, the effect of a disturbance
is significantly smaller for any level upstream of the mouth; see Figure 3(a).

The heightened importance of upstream reaches through downstream transport
of disturbances is also visible in the sensitivity analysis in Figure 3(c). In the ab-
sence of transport, λ is by far the most sensitive to disturbances in the first level
(river mouth), but, with transport, disturbances in the second level are almost as
important. If a binary network is open, then the most central location is also the
most dangerous since individuals leave the network through the river mouth. Ac-
cordingly, an additional disturbance to the river mouth has no significant effect on
the population growth rate. Therefore λ is much less sensitive to the disturbance
location than to movement bias, where upstream bias keeps individuals away from
the river mouth and therefore increases λ (plot not shown). A comparison of the
sensitivity analysis also confirms that, in this case, downstream transport of condi-
tions increases the importance of upstream reaches for population persistence, with
the critical location being around the mid-height of the network; see Figure 3(d).
This particular location now plays the role of the center, and changing its quality
affects incoming individuals from both upstream and downstream reaches.

To complete the description of our results, we mention that, in all cases, the
overall movement rate (p) has the effect of enhancing the existing pattern without
changing it qualitatively.
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Figure 2: The effect of movement bias, downstream transport and movement proba-
bility on the population growth rate λ in a linear, homogeneous closed network. (a)
Population growth rate as a function of disturbance location for unbiased (solid),
upstream biased (dashed) and downstream biased (dash-dot) movement. (b) Sen-
sitivity of λ with respect to disturbance location without (dark) and with (light)
downstream transport. (c) Growth rate as a function of disturbance location with
downstream transport and movement bias as in (a). (d) Growth rate as a function of
disturbance location for different values of overall movement probability. Parameters
are as in Table 1 and in the annotations of the plots.
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Figure 3: The effect of movement bias and downstream transport on the population
growth rate λ in a homogeneous complete binary network. (a) Population growth rate
as a function of disturbance location for unbiased (solid), upstream biased (dashed)
and downstream biased (dash-dot) movement, in the absence of downstream trans-
port. (b) Same as (a) but with downstream transport. (c) Sensitivity of λ with
respect to disturbance location without (dark) and with (light) downstream trans-
port in a closed network. (d) Same as (c) but in an open network. Parameters are
as in Table 1 and in the annotations of the plots.
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4.2 Single disturbance in a heterogeneous network

The scenario that population growth rate is homogeneous in the network is not very
realistic in practice. Habitat heterogeneity in river networks often occurs via gra-
dients, say, as water temperature and nutrient load usually increase downstream
whereas shading decreases. Accordingly, we explore how the insights from the pre-
vious sections carry over to such gradient environments.

V. The importance of a reach increases when the population growth rate in that
reach increases. This insight is not at all surprising, but it is modulated and some-
times overwritten by the four previous findings above. We look at some of these
aspects in more detail and begin with the scenario where the growth rate increases
downstream.

Growth rate increases downstream (ρ < 1)

When population growth rates are higher downstream, the importance of down-
stream locations is enhanced (if possible) and that of upstream locations is dimin-
ished. For closed networks, the effects are qualitatively similar to the case of a
homogeneous network, just shifted downstream (plots not shown): the river mouth
is typically the most vulnerable reach in the absence of downstream transport of the
disturbance. With transport (i.e., weak buffering) upstream reaches become more
important again. Upstream (downstream) movement bias gives smaller (larger) pop-
ulation growth rates. Sensitivity of λ with respect to disturbances in upstream
reaches increases considerably with downstream transport.

The situation is more interesting when the network is open because of two con-
flicting effects. The reach at the mouth of the river has the highest productivity but
at the same time carries the greatest risk of washout from the system. This risk of
washout in fact decreases the importance of downstream reaches. Mid-level reaches
become more important in the linear and binary networks. Figure 4(a) demonstrates
how downstream transport enhances the importance of upstream reaches in the linear
network; Figure 4(b) is the corresponding plot for the complete binary network.

As before, increasing the overall movement rate (p) enhances the pattern. When
there is no transport, increasing p can also shift the critical location upstream; with
strong transport, the critical location is and remains upstream.

Growth rate increases upstream (ρ > 1)

When the population growth rate is higher upstream, the upstream reaches are
inherently more important. Upstream bias in movement enhances this trend, as does
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Figure 4: The effect of downstream transport when downstream locations provide
better growth conditions. Sensitivity of λ with respect to disturbance location with-
out (dark) and with (light) downstream transport in (a) an open linear network and
(b) in an open complete binary network. Growth rate increases downstream; i.e.,
ρ < 1. Parameters are as in Table 1 and in the annotations of the plots.
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downstream transport of disturbances. In a linear network, the critical disturbance
location is moved upstream, as compared to the homogeneous case. This effect is
clearly visible in the absolute values of λ and in the sensitivities, and it is independent
of whether the river mouth is open or closed. Without transport, the critical location
in the linear network is the second highest level, and the population can persist in
all cases; see Figure 5(a). With transport, the critical location is the highest level,
and the population is not viable when the disturbance is located there (λ < 1); see
Figure 5(b). The sensitivity of λ with respect to a disturbance in the highest level
with transport is nearly twice that without transport; see Figure 5(c).

In the complete binary network, both open and closed, the importance of the river
mouth as the central reach is diminished since growth rates are higher upstream. The
population growth rate is most sensitive to disturbances in the second highest level
when there is no transport, and in the highest level when there is transport; see
Figure 5(d). We note, however, that the sensitivity values are very small. While the
importance of the river mouth is diminished by the upstream increase in growth rate,
the importance of any single upstream reach is diminished by the fact that there are
2k such reaches on level k. Accordingly, the population growth rate appears almost
constant with respect to disturbance location (plot not shown).

4.3 Two disturbances and cumulative effects

So far, we have considered how the population growth rate in a pristine river net-
work is affected by the location of a single disturbance, large or small. But what
happens when there is already a disturbance present in the network? Where would
an additional disturbance have the largest effect, and what is the cumulative effect
of the two disturbances? We answer this question by sensitivity analysis; i.e., by
calculating the change in λ with respect to the location of a second disturbance,
given the location of the existing disturbance.

Whereas there are only n possible locations for a single disturbance in a network
of n patches, we now have to deal with n2 possible pairs of locations for the two
disturbances. For that reason, we illustrate our results only for linear and complete
binary networks of seven reaches each. (Accordingly, the binary network will have
only three levels). We checked our findings for larger networks, and found the same
qualitative patterns; a detailed comparison of numerical results for complete binary
networks of different heights is provided in Appendix D of the thesis.

VI. A secondary disturbance has the strongest effect when it is far from the existing
disturbance with respect to the network topology. Figure 6(a) shows the sensitivity of
λ in a linear network with respect to a small disturbance in reaches 1–7 for a given
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Figure 5: The effect of downstream transport when upstream locations provide
better growth conditions. Population growth rate λ in a linear network for unbi-
ased (solid), upstream-biased (dashed) and downstream-biased (dash-dot) movement
without transport (a) and with transport (b). Sensitivity of λ with respect to distur-
bance location without (dark) and with (light) downstream transport in (c) an open
linear network and (d) in an open complete binary network. Growth rate increases
upstream, i.e. ρ > 1. Parameters are as in Table 1 and in the annotations of the
plots.
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existing disturbance in reaches 1–7 as a 3D bar plot. In the absence of downstream
transport and movement bias, the population growth rate is insensitive to a further
small disturbance at the same site. The bars along the diagonal are essentially zero.
The largest sensitivity arises when the additional disturbance is far away from the
already-disturbed site. When the existing disturbance is downstream (in reaches 1–
3), the highest bars are at the source (reach 7), whereas when the existing disturbance
is upstream (reaches 5–7), then the highest bars are at the river mouth (reach 1).
Downstream transport shifts this pattern such that upstream locations are much
more influential; only when the original disturbance is in the highest reaches do
additional disturbances in the downstream locations have a significant effect on λ;
see Figure 6(b). With upstream movement bias, the same effect arises. Downstream
movement bias shifts the importance of locations downstream, but when conditions
are transported downstream as well, the most influential locations are again upstream
(plot not shown).

In a complete binary network (see Figure 1 for labeling of the reaches), the
pattern is similar when keeping in mind the importance of the central location of
the river mouth. In the absence of downstream transport and movement bias, the
sensitivity is smallest for disturbances occurring at the already-disturbed site and
largest at the river mouth (reach 1) if the original disturbance is anywhere else; see
Figure 6(c). With downstream transport, the most influential locations are the ones
farthest away from the existing disturbance; i.e., in the highest upstream reaches
on the half of the network that is opposite (with respect to the river mouth) of the
original disturbance; see Figure 6(d). For example, if the original disturbance is in
reach 2, then the furthest reaches are 6 and 7. Just as with the linear network, this
pattern also arises with upstream bias and persists with upstream or downstream
bias, as long as there is downstream transport. When there is downstream bias but
no downstream transport, the river mouth regains its status of the most influential
location (plot not shown).

Qualitatively, these findings remain true when the network is not homogeneous
but rather contains the gradient structure for either ρ > 1 or ρ < 1. As before,
upstream (downstream) levels become more important when upstream (downstream)
conditions are better. However, downstream transport and upstream movement bias
continue to make the upstream reaches the most vulnerable ones.

5 Discussion

Questions about how water safety and biodiversity are affected by river network
alterations — e.g., through climate change, urban sprawl or agriculture — are of
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Figure 6: Cumulative effects for two disturbances in different geometries. Sensitivity
of λ to a secondary disturbance in a closed linear network (a) without transport and
(b) with transport, as well as in a closed complete binary network (c) without and
(d) with transport. Parameters are as in Table 1 and in the annotations of the plots.
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paramount importance. The complexity of river ecosystems, governed by the inter-
actions of geomorphology, hydrology, connectivity and ecology, poses great challenges
in the understanding of mechanisms and effects. Management of these systems fre-
quently relies on hydrological models and local habitat suitability measures to eval-
uate the impact of alterations on a given species but tends to neglect ecological
feedbacks (Anderson et al., 2006). Since water flow transports many physical and
geochemical aspects from upper to lower reaches, questions about the importance
of upper reaches and about cumulative downstream effects are particularly pressing
(Stanfield et al., 2014). Our strategic analytical model contributes some mechanistic
insights into these questions.

We studied how the asymptotic growth rate of a hypothetical potadromous fish
species changes with respect to disturbances in one or two reaches in the network,
especially how the change depends on transport of the disturbance. In this way, we
identified the most vulnerable reach for a negative disturbance. Clearly, local habitat
suitability is important (see V), but movement bias (see I) and downstream transport
(see II) can move the critical location upstream of the best local habitat and increase
the importance of upper reaches. Species with high movement rates show a more
pronounced but qualitatively similar pattern as species with low movement rates
(see III). A single upstream reach is less influential in a highly branched structure
(see IV), but the cumulative effect of two disturbances is greater when the second
disturbance is far away from the first in the network distance (see VI).

Our results highlight the importance of upstream reaches in a dendritic network
when disturbance attributes are easily transported downstream. As the asymptotic
growth rate is a global indicator for the entire network, our study complements
mechanistic models on smaller scales that looked at response length for population
distribution on a reach level (Anderson et al., 2005). Vice versa, this finding suggests
that mitigation or restoration immediately downstream of a disturbance would have
the greatest benefits. Such measures can include buffer zones (Correll, 1996) and
other measures to shorten uptake length (Lutscher and McCauley, 2013).

Our results also point out that details of the movement behavior of fish in river
networks can be crucial for population persistence and need to be accounted for when
assessing potential effects of disturbances. This aspect of the study complements our
previous work where we considered movement behavior around barriers, such as dams
or culverts (Samia et al., 2015). Populations with upstream movement bias are more
vulnerable to disturbances in upper reaches. For example, we would expect upstream
bias in cold-water species so that upstream disturbances could be more detrimen-
tal for bull trout (Salvelinus confluentus), which require <13◦C temperatures, than
for brook trout (Salvelinus fontinalis), which can tolerate up to 22◦C temperatures.
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While it is clear that our model does not apply to fish species with completely dif-
ferent movement patterns (e.g. anadromous), an important next step is to include a
more detailed fish life history into the model and evaluate how the general principles
from our strategic model apply. For example, White Sucker (Catostomus commer-
sonii) migrate on a local scale to spawning habitat, and fry and adults have different
movement patterns (Geen et al., 1966).

Rarely do disturbances arise in completely pristine river networks these days;
most times preexisting disturbances are present. Our work also sheds light on how
disturbances interact. We thereby contribute to the research on cumulative effects
that is now frequently mandated by government regulations. Upstream movement
and downstream transport also alter the patterns of cumulative effects and shift im-
portance to upstream reaches (see VI). The findings relate to the well-known SLOSS
(single large or several small) debate for conservation planing (Wilcox and Murphy,
1985). Clearly, in river networks, one needs to account for distance according to the
network structure rather than geographic distance. Our results for two disturbances
indicate that movement patterns and transport of conditions change the optimal
conservation design. However, our work assumes that there are no Allee effects, and
it is known that population response to fragmentation can change with the shape of
density dependence (Dewhirst and Lutscher, 2009).

From a management point of view, our results can be used to determine the
least harmful location for, say, development or risk of toxic contamination in a net-
work. This location is typically near mouth of the river but it is moved upstream
if transport and upstream movement bias are strong. The effects of transportable
contaminants on fish populations were studied with a much more detailed tactical
model of brown trout (Chaumot et al., 2002, 2003a,b). Their and our models cap-
tured only one species and only potadromous movement. One can easily think of
scenarios where the downstream location in a highly branched network would be the
most vulnerable reach; for example, in an anadromous species (e.g. salmon) where
all individuals that return to spawn in a certain watershed have to pass through its
mouth. Accordingly, our model should be extended to include multiple species with
varying habitat requirements and migration patterns.

Our modeling framework is a matrix model for a multi-patch population, and
as such has a distinct history of successful application in (spatial) demographics
(Caswell, 2001; Charles et al., 2009). In particular, sensitivity analysis and simulation
tools are well developed, and have recently been extended to age-stage structured
populations (Caswell, 2012), which can be interpreted as age-patch models. We
were able to assess the importance of each reach in a river network through the
effect of its quality on the population growth rate. The latter indicator is a robust
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population endpoint to assess stress in ecology (Forbes and Calow, 2002; Stark and
Banks, 2003) and is a projective variable that describes the demographic state of
the population (Caswell, 1996); hence it is well suited to answer decision-making
questions. Other descriptive population endpoints exist, such as the asymptotic
population distribution and the reproductive value. These features were considered
by Chaumot et al. (2002, 2003a,b).

One novel aspect in our model is the transport of conditions from one patch to
others. Most patch models, either deterministic compartmental models or stochastic
metapopulation models, assume that local patch quality is independent of neighbor-
ing patch quality. This assumption is clearly not tenable for river networks. Our
work strongly suggests that spatial correlations in patch quality have great impor-
tance for theoretical population dynamics as well as applied decision-making. We
therefore advocate that mathematical tools and quantities — for example indicators
of the importance of individual patches to overall population growth rate, viability,
and steady-state distribution (Ovaskainen and Hanski, 2003) — be generalized to in-
clude spatial correlations induced by river-flow transport or other mechanisms such
as ground water.
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6 Appendix

6.1 The effect of a strong negative disturbance on the asymp-
totic growth rate

In this section of the appendix, we analytically prove that, if a strong disturbance
is placed anywhere in the network, the population growth rate decreases. We state
this result in the following theorem:
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Theorem 1 Consider the linear model given by equation (1)

Ni,t+1 =
n∑

j=1

ci,j(rj + sj)Nj,t

and let ri = e(γi+qi+hi) > 0 be the local growth rate in reach i. The dominant eigen-
value λ of the corresponding linear matrix model (equation (2))

N(t+ 1) = BN(t)

is an increasing function of the local growth ri.

Proof Let w and v be the respective right and left eigenvectors corresponding to
the dominant eigenvalue λ of the projection matrix B = (bi,j). We consider the
rate of change of λ with respect to the local growth rate ri at any reach i. Since
the asymptotic growth rate λ depends on the entries of matrix B and these entries
depend themselves on the growth rate ri, we use the chain rule to write:

dλ

dri
=

dλ

dbi,j
· dbi,j
dri

.

As detailed in Caswell (2001),

dλ

dbi,j
=

viwj
〈w,v〉 ,

where 〈w,v〉 is the scalar product of v and w. Matrix B is non-negative, irreducible
and primitive (see Appendix 6.2 for a detailed explanation). Hence, by the Perron–
Frobenius theorem, the right and left eigenvectors corresponding to the dominant
eigenvalue λ are real and strictly positive; in particular, the scalar product 〈w,v〉
is positive. On the other hand,

dbi,j
dri

is positive by the construction of matrix B.

Therefore
dλ

dri
> 0

and any decrease in the local growth rate ri caused by a negative disturbance de-
creases λ, independently of the location of the disturbance.
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6.2 A nonlinear extension to the linear model (1)

In this work, we study only the stability of a linear model for the population. This
model is valid for small population densities (as long as there is no Allee effect),
but not at large densities, when intra-specific competition cannot be neglected. In
this appendix, we formulate a corresponding nonlinear model, and we show that the
linear model that we studied completely determines the behavior of the corresponding
nonlinear model. More specifically, we show that the zero state of the nonlinear model
is globally asymptotically stable if and only if the dominant eigenvalue of the linear
model is less than unity. Vice versa, the nonlinear model has a unique, positive,
globally asymptotically stable steady state if and only if the dominant eigenvalue of
the linear model is greater than unity. In other words, it is sufficient to study the
linear model, as we did in this work.

We begin by introducing a recruitment function of Beverton–Holt type into our
model. The model then becomes:

Ni,t+1 =
n∑

j=1

ci,jfj(Nj,t) =
n∑

j=1

ci,jgj(Nj,t)Nj,t, (9)

where fj(N) = gj(N)N , and the local per-capita reproduction and survival term is

gj(Nj,t) =
rj

1 + ejNj,t

+ sj. (10)

Here ej measures the strength of intra-specific competition on reproduction. The
other parameters are as defined in equation (1). The linearization of model (9) at
the zero steady-state is precisely the linear model (1) since f ′i(0) = gi(0) = ri + si.

We begin by justifying, for the linear model (1), the existence of a real dominant
eigenvalue that determines the stability of the zero solution. By construction, matrix
B is non-negative since all entries are obtained from adding and multiplying rates of
movement and demography, which are non-negative. This matrix is also irreducible
because it is associated to a strongly connected graph; i.e., there is a path from
any node to any other node. Moreover, matrix B is primitive since it is irreducible
and has a positive trace. Then, by the Perron–Frobenius theorem (Caswell, 2001),
we have that (i) there exists a real, positive eigenvalue λ that is the simple root of
the characteristic equation det(B − λI) = 0; (ii) λ is strictly greater in magnitude
than any other eigenvalue; and (iii) the right and left eigenvectors corresponding to
λ are real and strictly positive. In particular, if λ < 1, then all solutions of the
linear system converge to zero, but if λ > 1, then there is a biologically relevant (i.e.,
positive) solution that diverges to infinity.

We now prove the following theorem for the nonlinear system.
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Theorem 2 If λ < 1, then the zero steady state of (9) is globally asymptotically
stable. On the other hand, if λ > 1, the zero steady state is unstable and there exists
a unique positive steady-state, N∗ = (N∗1 , . . . , N

∗
n), that is globally asymptotically

stable for all non-negative solutions N 6= 0.

Proof The proof rests on two essential properties of the functions fi: namely, these
functions are monotone increasing and concave. The proof follows the same ideas as
those used in Van Kirk and Lewis (1997), Lutscher and Lewis (2004), Krasnosel’skii
and Zabreiko (1984) and Krasnosel’skii (1964) for models with continuous spatial
variable.

First, let us assume λ < 1. As noted before, all non-negative solutions of the linear
model converge to zero. The per-capita growth in (9) is bounded by the growth at
zero, independent of the population size; that is:

0 < gj(N) =
rj

1 + ejN
+ sj < rj + sj = gj(0) for all j.

Equivalently, we have fj(N) ≤ f ′j(0)N for all j. Since matrix C is (sub-) stochastic,
we find

Ni,t+1 =
n∑

j=1

ci,jfj(Nj,t) ≤
n∑

j=1

ci,jgj(0)Nj,t.

In particular, solutions of the nonlinear model are bounded in each component by
solutions of the linear model with the same initial condition. Since the latter solutions
converge to zero by assumption, solutions of the nonlinear model do the same.

Next, let us assume λ > 1. We begin by checking the asymptotic derivative at
infinity. Specifically, we need to find functions, denoted by gj(∞), such that

|gj(N)− gj(∞)| ≤ const.

|N | for large N. (11)

Due to the form of gj(N), we can choose gj(∞) = sj for all j, since

|gj(N)− gj(∞)| = | rj
1 + ejN

| ≤ rj
ej|N |

(12)

By definition, the asymptotic derivative at infinity (Krasnosel’skii, 1964) of the
nonlinear model (9) is given by CS where C is the movement matrix and S the
diagonal matrix of survival probabilities. Since the dominant eigenvalue of C is
bounded by unity and since gj(∞) = sj < 1 for all j, the dominant eigenvalue of CS
is bounded by maxj sj < 1.
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Since the dominant eigenvalue at zero is greater than unity, solutions increase
component-wise when small. Since the eigenvalue of the asymptotic derivative at
infinity is less than unity, solutions decrease component-wise when large. Since
the nonlinearities fj are monotone, solutions of the recursion (9) are monotone.
Therefore there has to exist at least one positive steady state, N∗; see Proposition 3
in Lutscher and Lewis (2004) and Theorem 4.11 in Krasnosel’skii (1964).

Furthermore, fj is increasing with respect to the population size and gj is decreas-
ing with respect to the population size. This means that fj is monotone increasing
and concave. Hence, by Proposition 4 in Lutscher and Lewis (2004) and Theorem 6.3
in Krasnosel’skii (1964), the positive steady state is unique. Moreover, by Theorem
6.6 in Krasnosel’skii (1964), every solution N 6= 0 converges to N∗ > 0. Therefore
the positive steady state is globally asymptotically stable when λ > 1.
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Chapter 5

Discussion, Conclusion and Future

work

5.1 Discussion

Persistence of populations in river networks is a fundamental issue in population ecology.

These lotic environments impose, through water flow, a risk of inhabiting organisms being

washed out of their suitable habitat. The ability of populations to persist despite this natural

environmental stress is an exceptional phenomenon that has attracted a lot of interest and

is referred to as the ‘drift paradox’. Furthermore, how persistence and extinction dynamics

depend on alterations to rivers and changes in ecological conditions is of paramount impor-

tance for effective management of river ecosystems. With all the peril that threatens river

ecosystems, from small-scale variations in ecological conditions to habitat fragmentation and

pollution, the response of species to such disturbances is a serious contemporary concern for

conservation ecology. Overall, the aim is to minimize extinction risk of species.

Mathematical models serve as a two-way translation means from concrete real-world

problems into abstract representations and theoretical analysis and vice versa. Even though

they necessarily involve simplifications and idealising assumptions, they have proven their

value in providing conceptual frameworks that allow for detailed investigation of ecological
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questions. Population models are frequently used to theoretically explore processes and

test hypotheses relating to biological systems under several environmental conditions. More

importantly, these models draw their strength from their potential to generate explanations

and uncover mechanisms that underly ecological phenomena.

We have presented three approaches to the problem of persistence in river networks

using mathematical modelling. Our first contribution addresses the ‘drift paradox’ question

in a single river reach, through a stochastic framework. We construct and analyse two spa-

tially implicit stochastic models, analogous to earlier deterministic modelling approaches.

Demographic stochasticity is formulated as birth, death or emigration events, whereas envi-

ronmental stochasticity is explored through temporal variation of water flow. The stochastic

models that we present are related to their deterministic analogues through the emigration

rate, which is derived from the dominant eigenvalue of the deterministic movement operator.

We investigate the effects of stochasticity on the persistence probability of two categories of

stream invertebrates: organisms that are always dispersing in the water column, and those

that spend sometime resting or crawling on the benthos. For each of these categories, we

present our results under constant environmental conditions first and then include temporal

variation.

Overall, our results illustrate how local population persistence depends on stochasticity

via emigration rates and temporal variation. In particular, we find that, for the single-

compartment model, a small variation in flow speed can increase persistence probability,

whereas large temporal variations lead to a decrease in the persistence probability. More

interestingly, when the benthos compartment is considered, the persistence probability often

increases, depending on the transition rates between drift and benthos. These particular

results suggest that some physical and behavioral mechanisms can counterbalance or enhance

the effect of flow variation.

Persistence of a population in flowing environments and the ‘drift paradox’ are interest-

ing questions of equal theoretical and practical importance. Corresponding applications are

mainly advantageous in the design and management of environmental reserves as well as in
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restoration projects.

Results of the stochastic models that we developed compare relatively well to those of

deterministic analogues. This fact underscores the robustness of the deterministic theory

with respect to stochastic demographic effects, for which the transition from definite persis-

tence to definite extinction is smoothed out. At the same time, this finding indicates that

the stochastic model complements the deterministic approach by generating more detailed

results.

A key decision in mathematical modelling is whether to model processes as determin-

istic or stochastic. The persistence of stream populations and the ‘drift paradox’ are fairly

well-documented concepts, especially through deterministic models, which are considerably

simpler to analyse. Our stochastic work then comes to explore other aspects of already-

acknowledged models and hence complements the deterministic theory. On the other hand,

for our next two contributions on persistence at a network scale, we choose the deterministic

framework, because the corresponding theory is still under development without many pre-

vious results that we can compare ours to. Accordingly, including stochasticity is a subject

of future work that is beyond the scope of this thesis.

In our second contribution, we address the problem of population persistence in frag-

mented dendritic river networks. Population dynamics are modeled through a discrete-time

matrix model, where the updating matrix accounts for demographic processes as well as the

explicit spatial structure of the river. The effects of a single obstacle on fish migration appear

as a decrease in the movement probabilities between the two reaches where the obstacle is

located. We evaluate the effects of a single obstacle from two perspectives, by considering it

as a disconnecting structure of both the population and the river network. At the population

level, an obstacle inhibits fish migration, thus dividing the population and clustering individ-

uals into two partially connected groups; its corresponding effect on population persistence

is quantified through the asymptotic growth rate of the population. At the network level,

fragmentation by a single obstacle disconnects river reaches, splitting the network into two

disjoint components. The corresponding effect is described through a structural connectiv-
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ity index especially developed for potadromous fish in dendritic networks. The comparison

between the two metrics in different scenarios (homogeneous or heterogeneous growth condi-

tions) and on different dendritic topologies (linear, complete binary and random networks)

reveals that structural indices do not capture all effects of movement barriers on population

dynamics. In particular, we show that an obstacle can enhance persistence when it does

not induce mortality or when it prevents individuals form leaving the network. Therefore,

decreased connectivity does not necessarily correspond to a decrease in the likelihood of

persistence.

We represent rivers as spatial dendritic graphs and adapt a systematic method to ran-

domly generate these graphs numerically. From a graph-theoretic point of view, interesting

novel insights from our work suggest that the linear and complete binary topologies are

extreme cases that bound eigenvalues of dendritic networks of random shape. In practice,

this result is extremely helpful for applied ecologists, because it simplifies the application of

our model to real-world rivers that are not necessarily of an exact linear or binary shape.

Once we know the outcome on these two extreme topologies, we can interpolate and predict

results for any dendritic spatial structure.

We formulate our results by considering the critical location where a disconnection

would have the most detrimental effect on the asymptotic growth rate. Site selection is

fundamental in conservation ecology and management purposes, for best directing protection

efforts towards locations where potential fragmentation will have the greatest impact. Our

approach enables a deeper understanding of population response to fragmentation of rivers

and contributes to designing better interventions to optimise species persistence.

Our model is strategic in the sense that it is flexible enough to apply to any dendritic

geometry, any fish species that reproduces and disperses within river reaches (potadromous)

and any obstacle to migration that partially inhibits individuals movement. For instance,

it is well suited to describe the impacts of river damming on resident fish populations. The

work presented in Chapter 3 complements our first contribution through the mathematical

modelling of potential effects of dams on river populations, namely regulating water flow
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and inhibiting fish migration. Further, the model we present serves as a baseline matrix

population model that we adapt in our third contribution to assess the impacts of other

types of disturbances in rivers.

The third of our contributions tackles the problem of fish persistence in river networks

under negative transportable environmental disturbances. From a modelling standpoint, it

is an adaptation of the matrix population model developed in our second paper, from which

we remove fragmentation effects and include disturbances that affect local population growth

rates. From an ecological perspective, it is a scale-up of the unidirectional water-flow concept

described in the first paper to a whole river network and also an application to a specific

aspect of this flow by which negative influences rather than organisms travel downstream.

In practice, the model we present is appropriate to illustrate, for instance, many cases of

river pollution.

We explore the extent to which downstream conditions are controlled by the inputs from

upstream reaches. In addition to habitat heterogeneity, we consider two ecologically relevant

scenarios: the case of a flowing river that eases the downstream transport of conditions, as

opposed to the presence of lentic patches, where water is stationary or relatively still, such

as buffer zones that absorb disturbances and prevent their downstream transport. After

considering a single disturbance, we investigate the sensitivity of the persistence conditions,

described by the asymptotic population growth, to an additional negative disturbance. Sim-

ilar to our previous contribution, we pinpoint critical locations where disturbances generate

serious consequences for population persistence.

Primarily, our results highlight the importance of upstream reaches in a given network

through the downstream transport of conditions. More importantly, we assess the relevant

contribution of each habitat patch to population persistence on the network scale. Our main

insights shed light on the importance of the spatial structure of the network, as well as the

movement preferences of individuals and local habitat quality in determining population

persistence or extinction.

Our third study complements the work presented in our second contribution. While
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the former evaluates the importance of a connection in a river network, the latter explores

the importance of a habitat patch. Both studies provide a guideline for sustainable river

ecosystems management and effective species conservation. Most of all, they contribute to

the cumulative effects assessment of multiple environmental stresses on population persis-

tence in rivers.

5.2 Conclusion

River systems are often the location of diverse environmental and anthropogenic distur-

bances, simultaneously affecting the overall state of the ecosystem and resident organisms.

We have contributed in this thesis to a basis for cumulative impact assessment on persistence

of populations in river systems. Each of the three studies that we conducted illustrates,

through mathematical modelling, the response of organisms occupying river reaches to a

given natural or human-caused disturbance. Namely, we tackle the ‘drift paradox’ question

in our first contribution, which by nature represents a persistence challenge for stream popu-

lations. We add to this effect external temporal variation in water flow, which can be caused

by either environmental variability such as seasonality or artificial control of flow as the case

of flow-regulating dams. Using a stochastic framework, we show that the acute persistence

threshold from analogous deterministic models is replaced by an interval of threshold values

that smoothes the transition from persistence to extinction. Moreover, we identify, through

numerical analysis, population mechanisms that counterbalance or adapt to the variation in

water flow. In the following contribution, we address the problem of fragmentation of rivers,

which is another aspect of river damming and a serious threat to persistence of populations.

Disconnecting rivers affects both the geomorphological aspect of the river network and the

dispersal routes of fish populations. We quantify corresponding effects using a dendritic

connectivity index for potadromous fish (DCIp) and the asymptotic population growth rate,

then compare both quantities for various scenarios of habitat heterogeneity. Coupling matrix

population models with numerical computations reveals the discrepancy between what eco-
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logical indices measure and what population persistence conditions truly are. It also sheds

light on the role played by the spatial structure of the system. The strategic framework that

we develop represents a baseline for the spatially explicit modelling of populations in den-

dritic river networks. The interplay between water-transportable conditions and population

persistence is explored in our third contribution and applies, for instance, to river pollution,

where negative effects from upstream reaches are transported to downstream sites. It is a

generalization of the concept of unidirectionality of the water-flow, from our first paper, to

the network level, and a specification of another particular role that the water flow plays.

The matrix model that we use is an adaptation from our second paper, with the inclusion

of transport in local growth quality. We identify the global importance and contribution of

each local habitat reach to population persistence. With all these contributions, we design a

mathematical framework to answer persistence questions in rivers and to assess cumulative

effects of various relatively controllable or uncontrollable disturbances. This work provides

valuable contributions to conservation ecology and sustainable management efforts.

5.3 Future work

The work we presented throughout this thesis sets the basis for a cumulative impact assess-

ment regarding the persistence of river populations. The strategic models that we developed

are characterized by their simplicity in translating complex ecological situations into mathe-

matical equations, their completeness by including necessary and sufficient ecological aspects

of the question of concern and their flexibility to extend to different scales, topologies and

contexts. In the following, we give a brief perspective of the possible extensions of our

work. Any future contribution will necessarily rely on the basic elements incorporated in

our models.

Future research questions related to our stochastic approach to the ‘drift paradox’ apply

to either the single or the two-compartment models. One of the extensions is the inclusion

of temporal variability in the net growth rate or even the dispersal rate. This variability

illustrates for instance effects of climate change, such as severe drought periods, on persis-
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tence of organisms that are not adapted to survive in such conditions. Similarly, exchange

rates between the benthos and the drift compartments could depend on variations in time

or in flow speed. Another application of the drift-benthos model considers mortality risk

threatening organisms dispersing in the drift that can be caused, for example, by predation

by fish. Thus it requires including an additional death term in the drift compartment. Of

course, the combined effects of predation and variation in flow speeds would be another

question to explore.

A wider range of applications is open for our deterministic matrix population model,

two of which are already studied in our second and third contributions. A more realistic

approach to the effect of fragmentation on river populations is to consider multiple barriers,

not just a single one. Both the construction of our updating matrix and the dendritic

connectivity index can readily account for multiple obstacles and thus move the cumulative

impact assessment one step forward. Another extension of the same model would include

age-structured populations, where the interplay between spatial structure, heterogeneity

and dispersal preferences can have a different outcome than what we have previously found.

Other obvious aspects that can be tackled based on our model are species competing for

similar resources, the case of more mobile individuals, who can travel larger distances and

get to non-adjacent patches in one time step, and also different life histories like diadromous

fish species that do not spend all their life cycle in rivers but migrate to oceans. Similar

potential research ideas apply to the same model in the context of downstream transport of

upstream effects. In particular, transportable conditions can also affect survival probabilities;

hence corresponding adaptations should be included in the model. Formulating a stochastic

analogue to this model is also a future exploration area, for which results could compare or

contrast those of the deterministic models.

We recommend first tackling each of these aspects separately, to uncover underlying

mechanisms. Once we understand each case separately, we can think of combining differ-

ent scenarios. Perhaps the most complicated setup that one could pose is having multiple

disturbances and multiple barriers in one river system, which is more realistic, but its un-
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derstanding requires a detailed explanation of each aspect separately.

Cumulative effects assessment on river populations is a multi-scale concept and is built

through the analysis of one effect at a time. We have contributed to this endeavour by

the present thesis, which provides a clear and precise strategic mathematical framework

and represents, from both ecological and mathematical perspectives, a milestone in the

assessment of cumulative impacts on populations in rivers.
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Appendix A

Supplementary material to Chapter 2:

Derivation of the stochastic model

Birth-Death-Emigration process

A linear birth-death-emigration process is a continuous-time Markov process. The derivation

of this process for the single compartment model is explained in what follows. Let X(t) be

the number of individuals at time t. X(t) is now a random variable. Let pn(t) = P [X(t) =

n], n = 0, 1, 2, . . . represent the probability that there are n individuals at time t. Assume

that each individual can give birth to a new individual, can die or can leave the domain in

some small time ∆t. Assume also that the probability of more than one event in ∆t is a

higher order function of ∆t. Individuals are also assumed to be independent. For a single

individual, we have the following probabilities:

P [1 birth in (t, t+ ∆t]|X(t) = 1] = β∆t+ o(∆t)

P [1 death in (t, t+ ∆t]|X(t) = 1] = µ∆t+ o(∆t)

P [1 emigration in (t, t+ ∆t]|X(t) = 1] = ε∆t+ o(∆t)

P [no change in (t, t+ ∆t]|X(t) = 1] = 1− (β + µ+ ε)∆t+ o(∆t)

P [several events in (t, t+ ∆t]|X(t) = 1] = o(∆t).
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The order symbol o(∆t) denotes quantities for which

lim
∆t→0

o(∆t)

t
= 0.

We now consider a population that consists of n individuals. To have exactly one

birth event among n individuals, we must have only one individual giving birth and n − 1

individuals who do not give birth nor die nor emigrate. There are n ways for this to happen.

Hence:

P [1 birth in (t, t+ ∆t]|X(t) = n] = n[β∆t+ o(∆t)][1− (β + µ+ ε)∆t+ o(∆t)]n−1

= nβ∆t+ o(∆t).

Similarly, we write:

P [1 death in (t, t+ ∆t]|X(t) = n] = nµ∆t+ o(∆t)

P [1 emigration in (t, t+ ∆t]|X(t) = n] = nε∆t+ o(∆t)

P [no change in (t, t+ ∆t]|X(t) = n] = 1− [(β + µ+ ε)n]∆t+ o(∆t).

With these probabilities, we write a master equation for the probability of having n

individuals at a given time t, pn(t), which is again the sum of all possible probabilities:

birth, death or emigration at time t. In fact, emigration acts just like an additional death

term.

There are n individuals at time t+ ∆t if:

• there were n − 1 individuals at time t and one birth event occurred in ∆t. The

corresponding probability is (n− 1)βpn−1(t)∆t+ o(∆t)

• there were n + 1 individuals at time t and one death or emigration event occurred in

∆t. The corresponding probability is (n+ 1)(ε+ µ)pn+1(t)∆t+ o(∆t)

• there were already n individuals at time t and no events occurred in ∆t. The corre-

sponding probability is 1− [n(β + µ+ ε)]pn(t)∆t+ o(∆t).
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Thus we have:

pn(t+ ∆t) = (n− 1)β∆tpn−1(t) + [(n+ 1)(µ+ ε)]∆tpn+1(t) + [1− n(β + µ+ ε)∆t]pn(t) + o(∆t)

⇒ pn(t+ ∆t)− pn(t)

∆t
= (n− 1)βpn−1(t) + [(n+ 1)(µ+ ε)]pn+1(t)− n(β + µ+ ε)pn(t) + o(∆t).

(A.0.1)

As ∆t→ 0, we get a differential equation for pn:

dpn
dt

= (n− 1)βpn−1 + [(n+ 1)(µ+ ε)]pn+1 − n(β + µ+ ε)pn, (A.0.2)

with the initial condition:

pn(0) =





1, n = n0

0, n 6= n0.

This is exactly equation (5) in our paper. The master equation for the two-compartment

model is derived in a similar logic; see Appendix 7.2, page 33.

The expected value of this process is, by definition, N(t) =
∑
npn(t). It is straightfor-

ward, but tedious, to show that the expected value satisfies equation (6) of the paper. The

corresponding theory and derivation process are well known. In what follows, we include the

derivation of equation (6) for the convenience of the reader.

dN

dt
=
∞∑

n=0

n
dpn
dt

=
∞∑

n=0

nβ(n− 1)pn−1 +
∞∑

n=0

n(µ+ ε)(n+ 1)pn+1 −
∞∑

n=0

n2(β + µ+ ε)pn

=
∞∑

n=0

n2βpn−1 −
∞∑

n=0

nβpn−1 +
∞∑

n=0

n2µpn+1 +
∞∑

n=0

n2εpn+1 +
∞∑

n=0

n(µ+ ε)pn+1 −
∞∑

n=0

n2βpn

−
∞∑

n=0

n2µpn −
∞∑

n=0

n2εpn.

(A.0.3)
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Now we expand the sums containing pn−1 and pn+1 separately:

∞∑

n=0

n2βpn−1 =
∞∑

k=−1

(k + 1)2βpk = 0 +
∞∑

k=0

(k + 1)2βpk =
∞∑

k=0

k2βpk +
∞∑

k=0

2kβpk +
∞∑

k=0

βpk

=
∞∑

k=0

k2βpk + 2βN + β

∞∑

n=0

nβpn−1 =
∞∑

k=−1

(k + 1)βpk =
∞∑

k=0

(k + 1)βpk =
∞∑

k=0

kβpk +
∞∑

k=0

βpk = βN + β

∞∑

n=0

n2µpn+1 =
∞∑

k=1

(k − 1)2µpk =
∞∑

k=1

k2µpk − 2
∞∑

k=1

kµpk +
∞∑

k=1

µpk

=
∞∑

k=0

k2µpk − 2
∞∑

k=0

kµpk +
∞∑

k=0

µpk − µp0

=
∞∑

k=0

k2µpk − 2µN + µ− µp0

∞∑

n=0

n2εpn+1 =
∞∑

k=1

(k − 1)2εpk =
∞∑

k=1

k2εpk − 2
∞∑

k=1

kεpk +
∞∑

k=1

εpk

=
∞∑

k=0

k2εpk − 2
∞∑

k=0

kεpk +
∞∑

k=0

εpk − εp0

=
∞∑

k=0

k2εpk − 2µN + ε− εp0

∞∑

n=0

n(µ+ ε)pn+1 =
∞∑

k=1

(k − 1)(µ+ ε)pk =
∞∑

k=1

k(µ+ ε)pk −
∞∑

k=1

(µ+ ε)pk

=
∞∑

k=0

k(µ+ ε)pk −
∞∑

k=0

(µ+ ε)pk + (µ+ ε)p0

=
∞∑

k=0

k(µ+ ε)pk − (µ+ ε) + (µ+ ε)p0.
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We now replace each of these sums in the original equation (A.0.3) to get equation (6):

dN

dt
=
∞∑

n=0

n2βpn + 2βN + β − βN − β +
∞∑

n=0

n2µpn − 2µN + µ− µp0

∞∑

n=0

n2εpn − 2µN + ε− εp0 −
∞∑

n=0

n(µ+ ε)pn − (µ+ ε) + (µ+ ε)p0

−
∞∑

n=0

n2βpn −
∞∑

n=0

n2µpn −
∞∑

n=0

n2εpn

=βN − µN − εN

=(β − µ− ε)N.

For this birth-death-emigration process, pn(t) depends on pn(t), pn−1(t) and on pn+1(t),

which makes it complicated to solve. This is why we introduce the probability-generating

function

F (t, x) =
∞∑

n=0

pn(t)xn

that allows us to solve the problem for all the pn(t) at once. The corresponding calculations

are outlined in Appendix 7.1.
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Appendix B

Lexicon of ecological terms

Connectivity Landscape connectivity is defined as “the degree to which the landscape

facilitates or impedes movement among resource patches” [45]. Two connectivity classes are

distinguished: structural connectivity and functional connectivity. Structural connectivity

refers to connectivity that is entirely based on the landscape structure and topology, with

no dependence on the biological or behavioral attributes of individuals. On the other hand,

functional connectivity considers organisms’ behaviour and responses to elements of the

landscape.

Benthic Refers to the ecological region at the lowest level of a lake, a river or an ocean.

Organisms living in the benthic zone are called benthos.

Diadromous A life history describing fish species whose life cycle occurs partly in fresh

water and partly in marine waters. Distances between reproduction and feeding zones can

be up to many thousands of kilometres.

Energy expenditure The amount of energy that an individual needs to carry a physical

function.
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Lotic environment Refers to running-water habitats such as rivers or streams, as op-

posed to a lentic environment, which refers to standing waters such as lakes and ponds.

Potadromous A life history describing fish species whose entire life cycle takes place

within freshwaters of river systems. Reproduction and feeding locations may be separated

by short (a few meters) or long (hundreds of kilometers) distances.

Primary producers Organisms in an ecosystem that produce biomass from inorganic

compounds (algae, grass, plants, plankton) and start the food chain. They are also known

as autotrophs.

Reach A section of a river of defined length.

Scouring A process by which swiftly moving water scrubs river sides and the river bed,

washing out primary producers from the benthic region and transporting them in the water

column. In the first paper of this thesis (Chapter 2), scouring is modelled by increasing the

jumping rate of benthic individuals when the flow rate increases.
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Appendix C

Supplementary material to Chapter 3:

Matlab codes and pseudocodes

In this appendix, the matlabr codes that were used to generate random dendritic networks

and to assess the effect of a single obstacle on population persistence are provided. Short

function files are written in pseudocodes. However, the code for the main file is given

verbatim since pseudocode extending over several pages is visually not appealing. In section

1, the main code is provided. In section 2, pseudocodes for the function files used within the

main code are given. In section 3, we list the codes for two modified functions that we used to

generate random networks. We do not write corresponding pseudocodes, first to respect the

authors’ copyrights, and also because we used them as posted on the MathWorks website.

We note that the actual Matlab codes for all the functions that we used are available as

supplementary material to [42] on the journal’s website.

C.1 The main Code

The main file to generate figures of Chapter 2 is SingleObstcaleMainFile. Running this

file generates two-dimensional plots of λ and DCIp versus the obstacle location (within the

levels).
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I first generate a network according to the triplet (0, β, 1−β) where β is the probability

of having one adjacent upstream reach to each given reach. A linear network is generated

with β = 1, while a complete binary tree is generated with β = 0. For random networks, I

use β = 0.5 and generate 50 random networks; values of λ and DCIp are then averaged over

these networks.

The main sections of this code are the following:

• first I generate a network and extract its adjacency matrix to build from it other

population dynamics matrices. One can also plot the tree to visualize it.

• second, I define some growth quality values for each reach.

• then I introduce obstacles by changing passability and mortality values as needed.

Here, one can choose to have a closed or an open network. The connectivity matrix

is generated for each case, and both the dominant eigenvalue λ and the connectivity

index DCIp are calculated, then averaged over levels and networks (if applicable).

• the results are plotted in two figures: one for λ vs. obstacle location, and one for DCIp

vs. obstacle location.

The functions called within the main file are described in pseudocodes in section 2.
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c l e a r a l l ; c l c ;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Generate random network ( us ing GenerateRandomTree .m code )%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
ngen=2; %number o f g ene ra t i on s added to the f i r s t node , the t r e e he ight

w i l l then be ngen+1
counte r be ta =0;

f o r beta=0 % generate d i f f e r e n t network t o p o l o g i e s ( complete binary tree ,
random and l i n e a r )
counte r be ta=counte r be ta +1;

prob vec = [ 0 beta 1−beta ] ; % the dendr t i c network i s generated
accord ing to t h i s p r o b a b i l i t y t r i p l e t

max nodes =127; % we can l i m i t the number o f nodes to a maximum . Here I am
us ing the number o f nodes in a complete b iary t r e e o f 7 l e v e l s .

i f beta==0 | | beta==1
NbNetworks=1;

e l s e NbNetworks=50; % choose how many random networks to generate with
beta =0.5 . You w i l l then need to average the va lue s over a l l o f them .

end

f o r k=1:NbNetworks

[ parents , nkids , nparents ]= GenerateParentVector ( prob vec , ngen , max nodes )
; % Generate the parents vec to r o f the t r e e

% parents : i s a vec to r ( a i ) where e n t r i e s are the parents o f node i
% nkids : i s the number o f l e a v e s or nodes in the l a s t l e v e l
% nparents : i s the a vec to r where e n t r i e s are the number o f nodes in

each l e v e l

parent=parents ;
n = length ( parent ) ; % number o f nodes in the network
[M1, post ]=AdjMatrixSO ( parents , n ) ; % Get the Ajacency Matrix M1

without r e o r d e r i n g

%%% Plot the t r e e
%%%−−−−−−−−−−−−−−
% The f o l l o w i n g 7 l i n e s can be commented out i f one does not wish to

p l o t the t r e e
f i g u r e (1 ) ; t r i m t r e e p l o t ( parents ) ; % Plot the t r e e
[ x , y , h ] = t r i m t r e e l a y o u t ( parents ) ; % Get the x and y coo rd ina t e s o f

the nodes ; h i s the he ight o f the t r e e
x = x ’ ;
y = y ’ ;
name1 = c e l l s t r ( num2str ( ( 1 : n ) ’ ) ) ; % c r e a t e l a b e l s f o r the nodes
t ext ( x ( : , 1 ) , y ( : , 1 ) , name1 , ’ Vert i ca lAl ignment ’ , ’ bottom ’ , ’

Hor izontalAl ignment ’ , ’ r i g h t ’ ) % Label the nodes
t i t l e ({ ’ Dendr i t i c Network ’ } , ’ FontSize ’ ,12 , ’FontName ’ , ’ Times New Roman ’
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) ;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Def ine the network c h a r a c t e r i s t i c s%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
NbConnections=n−1; % maximum number o f connect i ons ( edges ) in the

network . In our context , t h i s w i l l correspond to the maximum
number o f o b s t a c l e s that one can int roduce in the system . In our
paper , we only look at one o b s t a c l e .

M11=t r i u (M1)−eye ( s i z e (M1) ) ; % Get the upper t r i a n g u l a r part o f
adjacency matrix

[ x11 , y11 ]= f i n d (M11==1) ; % Find the coo rd ina t e s v e c t o r s o f non ze ro s
e lements o f adjacency matrix which correspond to the coo rd ina t e s (
i , j ) o f the nodes connected by an edge

counter rho =0; % t h i s counter i s u s e f u l when one wants to t e s t
d i f f e r e n t va lue s o f rho automat i ca l l y

f o r rho=1 % rho i s the g rad i en t o f hab i ta t q u a l i t y . In our paper ,
we use va lue s 1 ( f o r homogeneous reaches ) , 0 . 8 (when reach q u a l i t y

i n c r e a s e s downstream ) and 1 .1 (when reach q u a l i t y i n c r e a s e s
upstream )
counter rho=counter rho +1;

[ LengthVector , L]=LengthVec ( nparents , post , rho ) ; % Assoc i a t e a
l ength / weight to each node accord ing to the g rad i en t rho . We
l e t a l l r eaches in the same l e v e l have the same length . L i s
the sum of the l eng th s o f r eaches in the network

rho LocAtt=rho ; % grad i en t f o r l o c a l a t t r i b u t e s
r h o s u r v i v a l =1; % grad i ent f o r s u r v i v a l . the va lue 1 i s f o r

homogeneous s u r v i v a l throughout the network .
l o c0 =0.5 ; % i n i t i a l va lue o f l o c a l a t t r i b u t e s
[ LocAttrib , s ]=WidthVelocityLocAttVecSO ( nparents , post , rho LocAtt ,

r ho s u r v i va l , l o c0 ) ; % generate a vec to r f o r l o c a l a t t r i b u t e s
or cond i t i ons , and a vec to r o f s u r v i v a l p r o b a b i l i t i e s at

d i f f e r e n t reaches

r=exp ( LocAttrib ’ ) ; % l o c a l growth vec to r
r s=diag ( r+s ’ , 0 ) ; % diagona l matrix combining growth and s u r v i v a l

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Introduce o b s t a c l e s %%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
prob =0.5; % p r o b a b i l i t y o f moving at a l l
d e l t a =0; % o b s t a c l e induced morta l i ty . In our paper , we use

va lue s 0 ( f o r no morta l i ty ) and 0 .5 ( f o r 50% morta l i ty o f
i n d i v i d u a l s )

counter =0;

f o r NbObstacles =0:1 ; % 0 i s f o r no obs t ca l e s , 1 i s f o r one
o b s t a c l e . The code can be ed i t ed to account f o r more than one
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o b s t a c l e .
i f NbObstacles==0

B= [ ] ; % p r e a l l o c a t e the p r o j e c t i o n matrix
lambda = [ ] ; % p r e a l l o c a t e the lambda vec to r
counter=counter +1;

alpha =1; % alpha i s the p a s s a b i l i t y o f each o b s t a c l e .
When there are no o b s t a c l e s in the system , alpha i s
always 1 ( complete ly pas sab l e ) .

DCIP( counter , 1 ) =1; % When there are no obs tac l e s , the
c o n n e c t i v i t y index i s always 1 .

%%% Def ine the populat ion dynamics r e l a t e d matr i ce s and
choose to open or c l o s e the system at the bottom

%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
% U: i s a lower t r i a n g u l a r matrix with upstream movement

p r o b a b i l i t i e s between nodes
% D: i s an upper t r i a n g u l a r matrix with downstream

movement p r o b a b i l i t i e s between nodes
% M ti ld : i s the un inh ib i t ed movement matrix ; cor re sponds

to M in the paper
% O: i s the o b s t a c l e s matrix
% O t i l d : i s the f a i l i n g o f pas s ing matrix
% Delta : i s the o b s t a c l e induced mor ta l i ty matrix
% Delta1 , Delta2 : are as de f ined ion the paper . Delta3=

Delta1+Delta2
% C: i s the c o n e c t i v i t y matrix

%%% Depending on the s i t u a t i o n , ad jus t the f o l l o w i n g
func t i on f o r c l o s e d or open networks

%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
[U,D, M ti ld ,O, O t i ld , Delta , Delta1 , Delta2 , Delta3 ,C]=

MatricesNoObstaclesSO (M1, n , prob , nkids , d e l t a ) ;

B=C∗ r s ; %updating matrix from a genera t i on ( with
migrat ion ) to the other

lambda ( counter , 1 )=max( e i g (B) ) ; % the dominant e i g enva lue
f o r each case

e l s e i f NbObstacles>0 && NbObstacles<= NbConnections
alpha =0.5 ; % 50% p a r t i a l p a s s a b i l i t y
a lpha u=alpha ;
a lpha d=alpha ;

counter=counter +1;
NbSections=NbObstacles +1;
m= [ ] ;

%%% Choose the p o s s i b l e o b s t a c l e l o c a t i o n s . Can a l s o be s e t
manually f o r a s i n g l e obs tac l e , but i s automated to be
e a s i l y ed i t ed f o r mu l t ip l e o b s t a c l e s
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%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
m=nchoosek ( 1 : n−1, NbObstacles ) ; %get a l l p o s s i b l e

o b s t a c l e s l o c a t i o n s accord ing to the g iven number o f
o b s t c a l e s wanted ( combination proce s s )

B= [ ] ;
qmax=s i z e (m, 1 ) ; % maximum number o f o b s t a c l e l o c a t i o n s

f o r q=1:qmax
%%% Build the o b s t a c l e s a s s o c i a t e d matr i ce s with

o b s t a c l e s
%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
[U,D, M ti ld ,O, O t i ld , Delta , Delta1 , Delta2 , Delta3 ,C]=

MatricesWithObstaclesSO (M1, n , prob , x11 , y11 , alpha u
, alpha d , q ,m, d e l t a ) ;

B=C∗ r s ; % updating matrix
lambda ( counter , q )=max( e i g (B) ) ; % f i n d the

dominant e i g enva lue o f matrix B

%%% Construct a matrix conta in ing the d i f f e r e n t groups
o f nodes ( s e c t i o n s ) formed by the o b s t a c l e s

%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i f a lpha==1

DCIP( counter , q ) =1;
e l s e

[ S , SectionLengthVec , C2]=
Sec t i onsAndPassab i l i t i e sMatr i c e sSO ( NbSections ,
NbConnections , x11 , y11 , LengthVector ,O, parent ,
parents , ngen , n , alpha ) ; % Construct p a s s a b i l i t y

matrix to c a l c u l a t e DCIp
% S : i s a matrix regrouping nodes to form s e c t i o n s

separated by the o b s t a c l e s . I t i s only used
to cons t ruc t C2 .

% SectionLengthVec : i s a vec to r whose e n t r i e s are
the l eng th s o f the two s e c t i o n s formed by
in t roduc ing the o b s t a c l e

% C2 : i s the p a s s a b i l i t y between s e c t i o n s matrix
used to c a l c u l a t e DCIp

[DCIP( counter , q ) ]= DCIpMult ipleObstacles ( NbSections
, SectionLengthVec , C2) ; % Ca lcu la te DCIp f o r
each o b s t a c l e l o c a t i o n

end
end

e l s e i f NbObstacles> NbConnections
f p r i n t f ( ’The Nb o f o b s t a c l e s should be sma l l e r than

the Nb o f Connections ’ )
end

end
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DCIpAvrg = [ ] ;
LamAvrg = [ ] ;

%%% Average DCIp and lambda over l e v e l s
%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
[ DCIpAvrg1 , LamAvrg1]=AverageOverLevelsDCIpLambdaSO ( nparents , post ,

DCIP ( 2 , : ) , lambda ( 2 , : ) ) ;
DCIpAvrg ( : , k ) =[DCIP(1 , 1 ) ; DCIpAvrg1 ’ ] ; % put va lue s in one vec to r
LamAvrg ( : , k ) =[lambda (1 , 1 ) ; LamAvrg1 ’ ] ;

end
%%% Average over the d i f f e r e n t random networks
%%%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
DCIpAvrgNet=sum(DCIpAvrg , 2 ) . / sum(DCIpAvrg˜=0 ,2) ;
LamAvrgNet=sum(LamAvrg , 2 ) . / sum(LamAvrg˜=0 ,2) ;

end
DCIPAvrg( counter beta , : )=DCIpAvrgNet ’ ; % transpose to row ve c to r s
LAMAvrg( counter beta , : )=LamAvrgNet ’ ;

%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Plot the r e s u l t s %%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%
f i g u r e (2 ) ;
h1=p lo t ( 0 : ngen , DCIPAvrg( counter beta , : ) ) ;
c l a b e l ( [ beta 0 : ngen ; l ength (DCIPAvrg( counter beta , : ) ) DCIPAvrg(

counter beta , : ) ] , h1 , ’ LabelSpacing ’ ,1000) ;
y l a b e l ( ’ DCI p ’ )
x l a b e l ( ’ Obstac le l o c a t i o n ( Leve l s ) ’ )

s e t ( gca , ’ Xtick ’ , 0 : 6 , ’ XTickLabel ’ ,{ ’No Obstac le ’ , ’ 1 ’ , ’ 2 ’ , ’ 3 ’ , ’ 4 ’ , ’ 5 ’ , ’ 6 ’ })
;

t i t l e ( { [ ’ \ rho =’ , num2str ( rho ) , ’ , p a s s a b i l i t y \ alpha =’ , num2str ( alpha ) , ’ ,
mor ta l i ty e=’ , num2str ( d e l t a ) ] } )

hold on ;

f i g u r e (3 ) ;
h2=p lo t ( 0 : ngen ,LAMAvrg( counter beta , : ) ) ;
c l a b e l ( [ beta 0 : ngen ; l ength (LAMAvrg( counter beta , : ) ) LAMAvrg( counter beta

, : ) ] , h2 , ’ LabelSpacing ’ ,1000) ;
y l a b e l ( ’ \ lambda ’ )
x l a b e l ( ’ Obstac le l o c a t i o n ( Leve l s ) ’ )

s e t ( gca , ’ Xtick ’ , 0 : 6 , ’ XTickLabel ’ ,{ ’No Obstac le ’ , ’ 1 ’ , ’ 2 ’ , ’ 3 ’ , ’ 4 ’ , ’ 5 ’ , ’ 6 ’ })
;

t i t l e ( { [ ’ \ rho =’ , num2str ( rho ) , ’ , p a s s a b i l i t y \ alpha =’ , num2str ( alpha ) , ’ ,
mor ta l i ty e=’ , num2str ( d e l t a ) ] } )

hold on ;
end
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C.2 Pseudocodes for function files

Algorithm C.2.1: GenerateParentVector(probvec, ngen,maxnodes)

% Generate the parents vector for each tree graph

maxkids = length(probvec)− 1 % maximal number of children

cumprob =
[
cumsum(probvec)1

]
% distribution function

parents = 0
extinct = 0
nkids = 1 % number of children in the last generation

for i← 1 to ngen

do





% indices of individuals in the previous generation

gprevi = length(parents)− nkids+ 1 : length(parents)
npar ← nkids
nparents(i) = npar % Count the number of reaches/nodes in every level

% generate a set of numbers of children for all individuals according to the distribution

runi = rand(1, npar) % a uniform sample

% add the kids to the tree

nkids = 0
for j ← 1 to maxkids

do





% find indexes of the parents who give birth to j children

jpi = gprevi(find((runi > cumprob(j)) and (runi ≤ cumprob(j + 1))))
if not isempty(jpi)

then





parents←
[
parentsrepmat(jpi, 1, j)

]

parents← sort(parents)
parentsi← parents % redefine the same vector to cut if needed

% cut the tree if the number of nodes exceeds the maximum number of nodes

you want to have

if length(parents) > maxnodes

then




parents←

[
parentsi(1 to maxnodes)

]

parents← sort(parents)
nkids← nkids+ length(jpi) ∗ j − length

(
parentsi(maxnodes+ 1 to end)

)

else

{
parents← sort(parents)
nkids← nkids+ length(jpi) ∗ j

% exit if no individuals left

if nkids← 0

then

{
extinct = 1
break

if nkids 6= 0
then nparents←

[
nparentsnkids

]
% Add the number of nodes/reaches of the last generation

else nparents← nparents
if extinct
then return (Extinct in generation i)
else return (Stopped in generation ngen)return (parents, nkids, nparents)
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Algorithm C.2.2: AdjMatrixSO(parents, n)

% Get the adjacency matrix of the graph

parent← parents
j = find(parent)
A1 = sparse(parent(j), j, 1, n, n)
A1 ← A1 +A1′ + speye(n, n)
M1 = full(A1)[
ignore, post

]
= etree(A1)

return (M1, post)

Algorithm C.2.3: LengthVec(nparents, post, rho)

% This routine sets all reaches in the same level to the same length

l = 1
t = 1
i = 1
l0 = 10
while l ≤ length(nparents) and nparents(l) 6= 0

do





for j ← post(t) to post(t) + nparents(l)− 1
do LengthV ector(j) = ρi−1 ∗ l0

i← i+ 1
t← t+ nparents(l)
l← l + 1

L← sum(LengthV ector)
return (L,LengthV ector)

Algorithm C.2.4: WidthVelocityLocAttVecSO(nparents, post, rhoLocAtt, rhosurvival, loc0)

% Use the gradient ρ to generate a vector of local qualities and survival probabilities

for each reach

l = 1
t = 1
i = 1
s0 = 0.5
% Make all reaches at the same level have the same survival and local attributes

while l ≤ length(nparents) and nparents(l) 6= 0

do





for j ← post(t) to post(t) + nparents(l)− 1

do

{
s(j) = (ρsurvival)

i−1 ∗ s0
LocAttrib(j) = (ρLocAtt)

i−1 ∗ loc0
i← i+ 1
t← t+ nparents(l)
l← l + 1

return (LocAttrib, s)
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Algorithm C.2.5: MatricesNoObstaclesSO(M1, n, prob, nkids, δ)

% Generate the population dynamics related matrices for a closed network without obstacles

O ←M1

Õ ← zeros(n, n)
M1(1 : size(M1) + 1 : end)← 0
d = prob/2
u = prob/2
Upper ← triu(M1)
D = d ∗ Upper
Lower ← tril(M1)
Sum = sum(Lower)
U ← zeros(size(Lower))
for i← 1 to size(Lower, 1)

do




if Sum(:, i) 6= 0
then U(:, i) = u ∗ (Lower(:, i)/(Sum(:, i)))
else U(:, i) = zeros(1, n)′

M̃ = U +D % movement restricted matrix

∆← zeros(n, n)

∆1 = Õ ∗∆ ∗ M̃
∆2 = O ∗ M̃
∆3 = ∆1 + ∆2

∆3 = eye(n)− diag(sum(∆3))
C = ∆2 + ∆3

% For an Open system at the bottom (root) set the first entry to be 0

C(1, 1) = 0

return (U,D, M̃,O, Õ,∆,∆1,∆2,∆3, C)
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Algorithm C.2.6: MatricesWithObstaclesSO(M1, n, prob, x11, y11, αu, αd, q,m, δ)

% Generate the population dynamics related matrices for a closed network with obstacles

O ←M1

Õ ← zeros(n, n)
for i← 1 to size(m, 2)

do





O(x11(m(q, i)), y11(m(q, i))) = αd

O(y11(m(q, i)), x11(m(q, i))) = αu

Õ(x11(m(q, i)), y11(m(q, i))) = 1− αd

Õ(y11(m(q, i)), x11(m(q, i))) = 1− αu

% Mortality associated to obstacles Matrix

∆← zeros(n, n)
∆(x11(m(q, i)), y11(m(q, i))) = δ
∆(y11(m(q, i)), x11(m(q, i))) = δ

M1(1 : size(M1) + 1 : end) = 0
d = prob/2
u = prob/2
Upper ← triu(M1)
D = d ∗ Upper
Lower ← tril(M1)
Sum = sum(Lower)
U ← zeros(size(Lower))
for i← 1 to size(Lower, 1)

do




if Sum(:, i) 6= 0
then U(:, i) = u ∗ (Lower(:, i)/(Sum(:, i)))
else U(:, i) = zeros(1, n)′

M̃ = U +D

∆1 = Õ ∗∆ ∗ M̃
∆2 = O ∗ M̃
∆3 = ∆1 + ∆2

∆3 = eye(n)− diag(sum(∆3))
C = ∆2 + ∆3

% For an Open system at the bottom (root) set the first entry to be 0

C(1, 1) = 0

return (U,D, M̃,O, Õ,∆,∆1,∆2,∆3, C)
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Algorithm C.2.7: SectionsAndPassabilitiesMatricesSO(NbSections,NbConnections, x11, y11,
LengthV ector,O, parent, parents, ngen, n, α)

% Build the sections matrix S, and the passabilities between sections matrix C2

to calculate DCIp
S ← zeros(NbSections, (2 ∗ n))
count = 0
S1 ← [ ]
S2 ← [ ]
for j ← 1 to NbConnections

do





if O(x11(j), y11(j)) = 1

then





if isempty(find(S = x11(j)))

then





count← count+ 1
S1 ← [ ]
S(count, :) = [S1 x11(j) y11(j) zeros(1, (2 ∗ n)− length(S1)− 2)]
S1 = S(count, :)
S1 ← S1(S1 6= 0)

else if not isempty(find(S = x11(j)))

then





[
t, f
]
← find(S = x11(j))

t← t(1)
S1 ← S(t, :)
S1 ← S1(S1 6= 0)
S(t, :) = [S1 x11(j) y11(j) zeros(1, (2 ∗ n)− length(S1)− 2)]

else if O(x11(j), y11(j)) = α

then





if isempty(find(S = x11(j)))

then





count← count+ 1
S1 ← [ ]
S(count, :) = [S1 x11(j) zeros(1, (2 ∗ n)− length(S1)− 1)]
S1 = S(count, :)
S1 ← S1(S1 6= 0)

if isempty(find(S = y11(j)))

then





count← count+ 1
S2 ← [ ]
S(count, :) = [S2 y11(j) zeros(1, (2 ∗ n)− length(S2)− 1)]
S2 = S(count, :)
S2 ← S2(S2 6= 0)

else if not isempty(find(S = y11(j)))

then





[t, f ] = find(S = x11(j))
t← t(1)
S2 = S(t, :)
S2 ← S2(S2 6= 0)
S(t, :) = [S2 y11(j) zeros(1, (2 ∗ n)− length(S2)− 1)]
S(t, :)← S2

% Construct a vector containing the length of each section formed by the obstacles

SectionLengthV ec← [ ]
for j ← 1 to size(S, 1)

do





SS = S(j, :)
SS ← SS(SS 6= 0)
SS = unique(SS)
for i← 1 to length(SS)
do

{
L(i) = LengthV ector(SS(i)) SectionLengthV ec(j) = sum(L)

L← [ ]
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% Construct the passabilities matrix

C2← ones(NbSections,NbSections)
for i← 1 to NbSections

do





SS1 = S(i, 1)
for j ← 1 to NbSections

do





if j = i
then C2(i, j) = 1
else if j > i

then





SS2← S(j, 1)
if O(SS1, SS2) 6= 0
then C2(i, j) = O(SS1, SS2) ∗O(SS2, SS1) % entries of C2 are powers of

alphad ∗ alphau
else if O(SS1, SS2) = 0

then





path← [ ][
p1
]

= NodesDown(parent, SS1, parents, ngen)[
p2
]

= NodesDown(parent, SS2, parents, ngen)[
a, ai, bi

]
= intersect(p1, p2)

if not isempty(find(a 6= 1))

then





a← max(a(find(a 6= 1)))
c← find(p1 = a)
p1← p1(1 to c)
b← find(p2 = a)
p2← p2(1 to b)

path = [p1 fliplr(p2)]
for k ← 1 to length(path)− 1
do pp(k) = O(path(k), path(k + 1)) ∗O(path(k + 1), path(k))

C2(i, j) = prod(pp)
pp← [ ]

C2 = triu(C2)− eye(length(C2)) + triu(C2)′

return (S, SectionLengthV ec, C2)
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Algorithm C.2.9: NodesDown(parent, y1, parents, ngen)

% Find the nodes location downstream of a given node

p← [ ] % preallocate p
p(1)← parent(y1)
if p(1) 6= 0

then





p1 ← p(1)
j = 2
while j ≤ (length(p) + 1)

do





for i← j

do





if parents(p(i− 1)) 6= 0

then

{
p(i)← parents(p(i− 1))
p1 = [p1 p(i)]

else p1 ← p1
j ← j + 1

p1 ← [y1 p1] % downstream ancestors of node t1

else p1 ← y1
% We can also find the path from node t1 all the way down to node 1,

then all the way up to the same node t1

p2 = sort(p1)
p2 ← [p1 p2(2 to end)]
return (p1, p2)

Algorithm C.2.10: DCIpMultipleObstacles(NbSections, SectionLengthV ec, C2)

% Calculate the connectivity index DCIp

a← zeros(NbSections,NbSections)
l← SectionLengthV ec
L← sum(l)
for i← 1 to NbSections

do

{
for j ← 1 to NbSections
do a(i, j) = l(i) ∗ l(j) ∗ C2(i, j)

DCIP = sum(sum(a))/(L2)
return (DCIP )

118



Algorithm C.2.11: AverageOverLevelsDCIpLambdaSO(nparents, post,DCIPk, Lambdak)

% Average values of DCIp and lambda over levels to get one value for each level

t = 1
l = 2 % when averaging over the second row of lambda and DCIp; use 1 when there is one row

i = 1
while l ≤ length(nparents) and nparents(l) 6= 0

do





j ← post(t) to post(t) + nparents(l)− 1
DCIpAvrg(i) = sum(DCIPk(j))/nparents(l)
LamAvrg(i) = sum(Lambdak(j))/nparents(l)
i← i+ 1
t← t+ nparents(l)
l← l + 1

return (DCIpAvrg, LamAvrg)
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C.3 Matlab codes needed for plotting a tree graph

C.3.1 Code for ‘trimtreelayout’ function

f unc t i on [ x , y , h , s ] = t r i m t r e e l a y o u t ( parent , post )
% TRIMTREELAYOUT A modi f i ed standard func t i on TREELAYOUT.
% Produces d i f f e r e n t he i gh t s f o r the l e a v e s . They appear in
% t h e i r r e s p e c t i v e l a y e r in s t ead o f the deepest l a y e r . The
% format i s the same as f o r TREELAYOUT, see below .
%
% [ x , y , h , s ] = t r i m t r e e l a y o u t ( parent , post )
%
%
% TREELAYOUT Lay out t r e e or f o r e s t .
% [ x , y , h , s ] = t r e e l a y o u t ( parent , post )
% parent i s the vec to r o f parent po inte r s , with 0 f o r a root .
% post i s a pos to rder permutation on the t r e e nodes .
% ( I f post i s omitted we compute i t here . )
% x and y are v e c to r s o f c oo rd ina t e s in the un i t square at which
% to lay out the nodes o f the t r e e to make a n i c e p i c t u r e .
% Optional ly , h i s the he ight o f the t r e e and s i s the
% number o f v e r t i c e s in the top−l e v e l s epa ra to r .
%
% See a l s o ETREE, TREEPLOT, ETREEPLOT, SYMBFACT.

% Copyright 1984−2000 The MathWorks , Inc .
% $Revis ion : 5 .11 $ $Date : 2000/06/08 2 0 : 1 8 : 46 $
%
% Modif ied by RG 01−Nov−1 to p l o t the l e a v e s in the r i g h t l a y e r
%

% This i s based on the C code in s p t r e e s . c by John Gi lbe r t .
% Leaves are spaced evenly on the x axis , and i n t e r n a l
% nodes are cente red over t h e i r descendant l e a v e s with
% y coord inate p r o p o r t i o n a l to he ight in the t r e e .

n = length ( parent ) ;

pv = [ ] ;
i f ( s i z e ( parent , 1 )>1) , parent = parent ( : ) ’ ; end
i f ( nargin <2) & ˜ a l l ( parent==0 | parent >(1:n) )

% This does not appear to be in the form generated by ETREE.
i f ( any ( parent>n) | any ( parent<0) | any ( parent˜= f l o o r ( parent ) ) . . .

| any ( parent ==[1:n ] ) )
e r r o r ( ’Bad vec to r o f parent p o i n t e r s . ’ ) ;

end
[ parent , pv ] = f i x p a r e n t ( parent ) ;

end

i f narg in < 2 ,
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% Create the adjacency matrix A o f the g iven tree ,
% and get the pos to rder with another c a l l to e t r e e .

j = f i n d ( parent ) ;
A = spar s e ( parent ( j ) , j , 1 , n , n ) ;

A = A + A’ + speye (n , n) ;
M=f u l l (A) ;
[ ignore , post ] = e t r e e (A) ;

% post
end ;

% Add a dummy root node #n+1, and i d e n t i f y the l e a v e s .

parent = rem( parent+n , n+1) + 1 ; % change a l l 0 s to n+1s
i s a l e a f = ones (1 , n+1) ;
i s a l e a f ( parent ) = ze ro s (n , 1 ) ;

% In postorder , compute he i gh t s and descendant l e a f i n t e r v a l s .
% Space l e a v e s evenly in x ( in pos to rder ) .

xmin = n (1 , ones (1 , n+1) ) ; % n+1 c o p i e s o f n
xmax = ze ro s (1 , n+1) ;
he ight = ze ro s (1 , n+1) ;
nkids = ze ro s (1 , n+1) ;
n l eave s = 0 ;

f o r i = 1 : n ,
node = post ( i ) ;
i f i s a l e a f ( node ) ,

n l eave s = n l eave s +1;
xmin ( node ) = n l eave s ;
xmax( node ) = n l eave s ;

end ;
dad = parent ( node ) ;
%RG

% he ight ( dad ) = max ( he ight ( dad ) , he ight ( node ) +1) ;
xmin ( dad ) = min ( xmin ( dad ) , xmin ( node ) ) ;
xmax( dad ) = max (xmax( dad ) , xmax( node ) ) ;
nkids ( dad ) = nkids ( dad ) +1;

end ;

% RG compute he i gh t s
% t r a v e r s e the t r e e from the root downwards in a layer−manner
l a y i n d = n+1;
par ind = n+1;
whi l e (1 )

l a y i n d = f i n d ( ismember ( parent , l a y i n d ) ) ;
i f isempty ( l a y i n d )

break ;
end
par ind = [ par ind l a y i n d ] ;

121



he ight ( par ind ) = he ight ( par ind ) +1;
end
he ight ( 1 : n ) = he ight ( 1 : n)−1;

% Compute coord inate s , l e a v i n g a l i t t l e space on a l l s i d e s .

% t r e e h t = he ight (n+1) − 1 ; % p l o t s the t r e e upwards from root to l e a v e s with
root on the x a x i s

t r e e h t = he ight (n+1) ; % p l o t s the t r e e upwards from root to l e a v e s i n s i d e
the xy plane

de l tax = 1/( n l eave s +1) ;
de l tay = 1/( t r e e h t +2) ;
x = de l tax ∗ ( xmin+xmax) /2 ;
% y = de l tay ∗ ( he ight +1) ; % p lo t the t r e e downwards from root to l e a v e s
y = de l tay ∗ ( t reeht−he ight ) ; % p lo t the t r e e upwards from root to l e a v e s

% Omit the dummy node .

x = x ( 1 : n) ;
y = y ( 1 : n) ;

% Return the he ight and top separa to r s i z e .

h = t r e e h t ;
s = n+1 − max( f i n d ( nkids ˜=1) ) ;

i f ˜ isempty ( pv )
x ( pv ) = x ;
y ( pv ) = y ;

end

% −−−−−−−−−−−−−−−−−−−−−−−−−−−−
f unc t i on [ a , pv ] = f i x p a r e n t ( parent )
%FIXPARENT Fix order o f parent vec to r
% [A,PV] = FIXPARENT(B) takes a vec to r o f parent nodes f o r an
% e l i m i n a t i o n tree , and re−orde r s i t to produce an equ iva l en t vec to r
% A in which parent nodes are always higher−numbered than c h i l d
% nodes . I f B i s an e l i m i n a t i o n t r e e produced by the TREE
% funct ions , t h i s s tep w i l l not be nece s sa ry . PV i s a
% permutation vector , so that A = B(PV) ;

n = length ( parent ) ;
a = parent ;
a ( a==0) = n+1;
pv = 1 : n ;

n i t e r = 0 ;
whi l e (1 )

k = f i n d ( a<(1:n ) ) ;
i f isempty ( k ) , break ; end
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k = k (1) ;
j = a ( k ) ;

% Put node k be f o r e i t s parent node j
a = [ a ( 1 : j−1) a ( k ) a ( j : k−1) a ( k+1:end ) ] ;
pv = [ pv ( 1 : j−1) pv ( k ) pv ( j : k−1) pv ( k+1:end ) ] ;
t = ( a >= j & a < k ) ;
a ( a==k ) = j ;
a ( t ) = a ( t ) + 1 ;

n i t e r = n i t e r +1;
i f ( n i t e r>n∗(n−1)/2) , e r r o r ( ’Bad vec to r o f parent p o i n t e r s . ’ ) ; end

end

a (a>n) = 0 ;
a ;

C.3.2 Code for ‘trimtreeplot’ function

f unc t i on t r i m t r e e p l o t (p , c , d )
% TRIMTREEPLOT A modi f i ed standard func t i on TREEPLOT. Plot s the
% l e a v e s d i f f e r e n t l y from TREEPLOT. They appear in t h e i r
% r e s p e c t i v e l a y e r in s t ead o f the deepest l a y e r so that the t r e e
% appears as ”trimmed ” . The format i s the same as f o r TREEPLOT,
% see below .
%
% t r i m t r e e p l o t (p [ , c , d ] )
%
% TREEPLOT Plot p i c t u r e o f t r e e .
% TREEPLOT(p) p l o t s a p i c t u r e o f a t r e e g iven a vec to r o f
% parent po inte r s , with p( i ) == 0 f o r a root .
%
% TREEPLOT(P, nodeSpec , edgeSpec ) a l l ows op t i ona l parameters nodeSpec
% and edgeSpec to s e t the node or edge co lo r , marker , and l i n e s t y l e .
% Use ’ ’ to omit one or both .
%
% See a l s o ETREE, TREELAYOUT, ETREEPLOT.

% Copyright ( c ) 1984−98 by The MathWorks , Inc .
% $Revis ion : 5 . 8 $ $Date : 1997/11/21 2 3 : 4 4 : 59 $
%
% Modif ied by RG 01−Nov−1 to use t r i m t r e e l a y o u t in s t ead o f
% TREELAYOUT

% RG use another t r e e l a y o u t
%[ x , y , h]= t r e e l a y o u t (p) ;
[ x , y , h]= t r i m t r e e l a y o u t (p) ;

f = f i n d (p˜=0) ;
pp = p( f ) ;
X = [ x ( f ) ; x (pp) ; repmat (NaN, s i z e ( f ) ) ] ;
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Y = [ y ( f ) ; y (pp) ; repmat (NaN, s i z e ( f ) ) ] ;
X = X( : ) ;
Y = Y( : ) ;

i f narg in == 1 ,
n = length (p) ;
i f n < 500 ,

p l o t (x , y , ’ ro ’ , X, Y, ’ r− ’ ) ;
e l s e ,

p l o t (X, Y, ’ r− ’ ) ;
end ;

e l s e ,
[ ignore , c l en ] = s i z e ( c ) ;
i f narg in < 3 ,

i f c l en > 1 ,
d = [ c ( 1 : c len −1) ’− ’ ] ;

e l s e ,
d = ’ r− ’ ;

end ;
end ;
[ ignore , d len ] = s i z e (d) ;
i f c len>0 & dlen>0

p l o t (x , y , c , X, Y, d) ;
e l s e i f c len >0,

p l o t (x , y , c ) ;
e l s e i f dlen >0,

p l o t (X, Y, d) ;
e l s e
end ;

end ;
x l a b e l ( [ ’ he ight = ’ i n t 2 s t r (h) ] ) ;
a x i s ( [ 0 1 0 1 ] ) ;
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Appendix D

Supplementary Material to Chapter
4: Comparison of results between a
complete binary tree with 7 nodes and
a complete binary tree with 7 levels

This appendix complements and supports results for Chapter 4. Since a detailed description and presenta-
tion of all the cases studied is beyond the scope of the paper, we provide and compare the numerical results
for the case of a complete binary tree of height 7 and one of size 7. The table below serves as a road map
to easily locate the corresponding page to each case. We note that different cases depend on the homogene-
ity of reaches within a network, the closeness of the network and the downstream transport of the disturbance.

Case of a single disturbance ρ = 1 ρ < 1 ρ > 1
Closed network Table D.1 Table D.3 Table D.5
Open network Table D.2 Table D.4 Table D.6

Case of two disturbances ρ = 1 ρ < 1 ρ > 1
Closed network Table D.7 Table D.9 Table D.10
Open network Table D.8
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Table D.1: The case of a closed homogeneous network

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ = 1

closed

No transport

No Disturbance 1 2 3
1.85

1.9

1.95

2

2.05

2.1

2.15

2.2

Disturbance location (Levels)

λ
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1.9
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2

2.05
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ρ =1, buffering ν =0.01, Intrinsic quality γ=0.5, Disturbance q=−5, β =0
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126



Table D.2: The case of an open homogeneous network

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ = 1

open

No transport

No Disturbance 1 2 3
1.85

1.9

1.95

2

2.05

2.1

Disturbance location (Levels)

λ

ρ =1, buffering ν =1, Intrinsic quality γ=0.5, Disturbance q=−5, β =0

−5

−5
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No Disturbance 1 2 3 4 5 6 7
2.04

2.06

2.08

2.1
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−5
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1.9
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2
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Table D.3: The case of a closed heterogeneous network (ρ < 1)

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ < 1

closed

No transport

No Disturbance 1 2 3
1.65

1.7

1.75

1.8

1.85

1.9

1.95

2
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2.1
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λ
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Table D.4: The case of an open heterogeneous network (ρ < 1)

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ < 1

open

No transport

No Disturbance 1 2 3
1.68

1.7

1.72

1.74

1.76

1.78

1.8

1.82

1.84

1.86

Disturbance location (Levels)
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1.73
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1.715
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Table D.5: The case of a closed heterogeneous network (ρ > 1)

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ > 1

closed

No transport

No Disturbance 1 2 3
2

2.05

2.1
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2.3

Disturbance location (Levels)

λ

ρ =1.1, buffering ν =1, Intrinsic quality γ=0.5, Disturbance q=−5, β =0
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No Disturbance 1 2 3 4 5 6 7
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2.7

2.75
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Disturbance location (Levels)
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Table D.6: The case of an open heterogeneous network (ρ > 1)

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 7 levels (127 nodes)

ρ > 1

open

No transport

No Disturbance 1 2 3
2

2.05

2.1

2.15

2.2

2.25

Disturbance location (Levels)

λ

ρ =1.1, buffering ν =1, Intrinsic quality γ=0.5, Disturbance q=−5, β =0

−5

−5
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No Disturbance 1 2 3 4 5 6 7
2.6

2.65

2.7

2.75

2.8

2.85

Disturbance location (Levels)
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ρ =1.1, buffering ν =1, Intrinsic quality γ=0.5, Disturbance q=−5, β =0
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No Disturbance 1 2 3
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λ
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Table D.7: Matrix plots for two disturbances: the case of a closed homogeneous
network

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 3 levels (15 nodes)

ρ = 1
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1
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Table D.8: Matrix plots for two disturbances: the case of an open homogeneous
network

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 3 levels (15 nodes)

ρ = 1
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Table D.9: Matrix plots for two disturbances: the case of a closed heterogeneous
network (ρ < 1)

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 3 levels (15 nodes)

ρ < 1
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Table D.10: Matrix plots for two disturbances: the case of a closed heterogeneous
network

Cases Complete binary tree with 7 nodes (3 levels) Complete binary tree with 3 levels (15 nodes)
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