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Abstract 

The knowledge of flow hydrodynamics within the next decades is of particular 

importance in many practical applications. In this study, a methodological 

improvement has been made to the evaluation of the flow hydrodynamics under 

climate change. This research, indeed, proposes an approach which includes the 

methods that can consider the climate change impact on the flow in estuaries, gulfs, 

etc. It includes downscaling methods to project the required climate variables 

through the next decades. Here, two statistical downscaling methods, namely, 

Nearest Neighbouring and Quantile-Quantile techniques, are developed and 

implemented in order to predict the wind speed over the study area. Wind speed has 

an essential role in flow field and wave climatology in estuaries and gulfs.  

In order to make the proposed methodology computationally efficient, the flow in 

the estuary is simulated by a large-scale model. The finite volume triangular C-grid 

is analysed and shown to have advantages over the rectangular (finite difference) 

one. The dispersion relation analysis is performed for both gravity and Rossby 

waves that have crucial effects in oceanic models. In order to study the unstructured 

characteristic of the triangular grids, various isosceles triangles with different vertex 

angles are considered. Moreover, diverse well-known second-order time stepping 

techniques such as Leap-Frog, Adams-Bashforth and improved Euler are studied in 

combination with the C-grid semi discrete method. The fully discrete method is 

examined through several numerical experiments for both linear and non-linear 

cases. The results of the large-scale model provide the boundary conditions to the 

local coastal model.   

In order to model the flow over a local coastal area, a well-balanced positivity 

preserving central-upwind method is developed for the unstructured quadrilateral 

grids. The quadrilateral grid can effectively simulate complex domains and is 

shown to have advantages over the triangular grids. The proposed central-upwind  
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scheme is well-balanced and preserve the positivity. Therefore, it is capable of 

modelling the wetting and drying processes that may be the case in many local 

coastal areas. It is also confirmed that the proposed method can well resolve 

complex flow features. The local model incorporates the outputs of the downscaling 

and large-scale flow models and evaluates the flow hydrodynamics under changing 

climate. 
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Chapter 1  

Introduction 

The knowledge of flow characteristics in the next decades is an essential requirement for 

sustainable development of coastal areas and should be considered in the planning, design, 

construction, and operation of harbours as well as the protection of offshore and coastal 

structures.  The environmental impacts of the potential modifications of water level, 

velocity and wave regimes should be considered as well, because they may impact 

ecosystems and marine activities such as fishing. In order to do so, we need to know how 

important climatic variables such as wind speed will evolve in the future, and how they 

will impact water level, velocity and wave regimes. In this study, we develop and/or 

improve a suite of models to simulate the flow under the changing climate. These models, 

indeed, include downscaling models for projecting the required climate variables as well as 

large and local scale hydrodynamic models.   

1.1. Research Objectives, Significance and background 

Flow hydrodynamics play an essential role in various practical aspects of civil and 

environmental engineering, ranging from environmental and hydrodynamic studies of 

lakes, estuaries and coastal regions to designing the coastal and harbour structures. 

Given that flow hydrodynamics are likely to change in the future because of global 

warming, it is essential to determine how much this will impact (positively or negatively) 

human activities and ecosystem health. Therefore, evaluation of the environmental impacts 

is an important issue. For instance, there are firm regulations on the level of required 

dilution of the concentrated outfall of desalination plants in order to protect aquatic life and 

the ecosystem.  There is a growing number of plants all around the world that discharge 

their industrial outfalls in lakes, estuaries, gulfs, etc. A good projection of flow 

hydrodynamics in the threatened environments is a fundamental requirement for studying 

the environmental impact assessment and taking the appropriate adaptation measures. The 

main objective of this research is to contribute to the improvement of a suite of models that 
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are used for evaluation of future impacts of climate change on flow hydrodynamics in 

estuaries in support of environmental impact studies. 

As an example of environmental impact assessment study, the environmental impacts of 

desalination plants have been investigated through a number of research studies. Didier 

(2003) developed the COHERENS model for simulating tidal-modulated dispersion of 

brine and used it in a coastal desalination plant in Singapore. Jenkins and Wasyl (2005) 

studied oceanographic considerations for desalination plants in southern California coastal 

waters using SEDXPORT model. Al-Mutaz et al. (2006) studied brine dispersion at Al-

Jubail and Al-Khobar plants using several simplifying assumptions. Okely et al. (2006) 

studied the impact of the Perth Seawater DesalinationPlant (Australia) using ELCOM-

CAEDYM. Alameddine and El-Fadel (2007) simulated the heated effluent from a 

desalination-power plant in the Gulf region using CORMIX model. Vaselali et al. (2009) 

investigated the effect of a tidally oscillating flow on the dispersion of brine waste 

discharge into the Gulf using the Mike-21 model for far field. Malcangio and Petrillo 

(2009) used the MIKE 3-D model to simulate brine discharge in a coastal region in the 

south of Italy. 

In the current study, in order to evaluate future impacts of climate change, various climate 

change scenarios will be considered and the projected results of general circulation models 

(GCMs) will be downscaled and employed in numerical simulations. In addition, improved 

numerical schemes for flow simulation in both large and local scale will be developed.  

1.1.1. Wind Speed Downscaling 

Wind characteristics in the future will be obtained by downscaling the outputs of three 

different GCMs, namely, a coupled physical model (CM3) and earth system models 

(ESM2M and ESM2G).The ensemble average of these models will also be considered. The 

models were generated in the CMIP5 experiment (http://pcmdi-cmip.llnl.gov/cmip5/), 

which is an integrated set of experiments that offer a multimodel perspective of simulated 

climate change and climate variability. Within the core set of CMIP5 runs, there are four 

future projection simulations forced with specified concentrations, which are referred to as 

Representative Concentration Pathways (RCPs) (Taylor et al. 2012; Hemer et al. 2013). 
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The RCPs are used to initiate climate model simulations for developing climate scenarios 

for use in a broad range of climate-change-related research and assessment. There are four 

RCPs for various radiative forcing, referred to as RCP85, RCP60, RCP45, and RCP26 

(IPCC Expert Meeting Report 2007). 

Near-surface wind speeds have a particular importance for a wide variety of practical 

applications such as coastal engineering and wind energy resource estimation (Pryor et al. 

2005a; Viles and Goudie 2003). Wind plays an essential role in wave climatology as it 

impacts several flow characteristics. It is well known that a mismatch exists between the 

spatial resolution of climate variables simulated by general circulation models (GCMs) and 

the resolution required by most practical applications (Carter et al. 1994; Chong-yu 1999). 

Downscaling is used as a mean for converting coarse-scale output of GCMs to finer scales 

for specific applications (Jolley and Wheater 1996; Horvath et al. 2011; Legates 2002). 

Downscaling can be performed either dynamically or statistically. In dynamical 

downscaling, a regional climate model (RCM) with a higher spatial resolution is executed 

on a limited domain, using boundary conditions provided by the GCM (Raisanen et al. 

2004). The statistical downscaling approach develops an empirical relationship that relates 

large-scale climate variables to the observed climate variable (Pryor et al. 2005b; Wilby 

and Wigley 1997; Wilby et al. 2004). 

The vast majority of downscaling studies deal with temperature and precipitation (Wilby et 

al. 2003; Rowell 2005; Argüeso et al. 2013; Vasiliades et al. 2009; Hashmi et al. 2011), 

and focus on the estimation of the mean value of the predictands. The knowledge of mean 

wind speed value is insufficient in most applications (wind energy, wave height estimation, 

forces on structures) because of inherent wind variability in small time-scales. Indeed, 

wind speed exhibits variability at much smaller spatial and temporal scales than the outputs 

of general circulation models (de Rooy and Kok 2004). Proper projection of wind 

variations as well as peak values is required since they have essential impacts in various 

practical applications. In Shirkhani et al. (2013), a regression-based downscaling technique 

was used to downscale wind speed at the Agadez city located in Niger, West Africa. 

Results indicated that both linear and nonlinear regression techniques are incapable of 

predicting wind speeds variations even when bias correction is applied. Pryor et al. (2005b) 
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proposed a probabilistic approach for wind speed projection in Northern Europe. Instead of 

directly using GSM-simulated wind speed and observed wind speed as predictors and 

predictands, they used the mean and standard deviation of large-scale and local-scale data. 

Monahan (2012) assessed the statistical predictability of wintertime wind speed and 

direction in the subarctic northeast Pacific off the west coast of Canada. He demonstrated 

that daily wind fluctuations are generally more predictable than monthly-mean variability, 

and that monthly averages of the predicted daily winds generally represent the monthly-

mean surface winds better than the predictions directly from monthly mean predictors. 

Devis et al. (2013) implemented a statistical regression approach to downscale large-scale 

wind speed data to wind speed distribution at the hub-height of tall wind turbines in 

Northern Europe. The regression analysis is based on the parameters of the PDF of both 

large-scale and local-scale wind speed. 

This study uses the Quantile-Quantile and the nearest neighbor techniques to downscale 

wind speed. The employed downscaling techniques in this research allow the estimation of 

the monthly PDF of daily mean wind speed. They have the advantage of being 

nonparametric as no distribution is assumed for the predictand and predictors. For each of 

the mentioned techniques, observations will be split into a calibration and validation sets. 

In addition, results will be assessed by comparing the monthly PDFs of the downscaled 

wind field to that of the observation on both the calibration and validation period using 

both visual observation and the Kolmogorov-Smirnoff test. 

The results of the wind speed downscaling, can be used for many practical purposes. Here, 

we use them as an input to the numerical flow model in order to consider the climate 

change impact on the flow hydrodynamics.  

1.1.2. Large-Scale Flow Model: Finite Volume Triangular C-Grid Scheme 

The focus of this part ofthe study is to develop an appropriate large-scale numerical model 

based on shallow water (SW) equations in order to simulate the flow over the estuaries and 

gulfs. The SW equations, which resulted from the Navier–Stokes equations, play a vital 

role in environmental and hydrodynamic studies of lakes, estuaries and coastal regions. In 

particular, various oceanic waves such as gravity, inertia and inertia-gravity waves have an 
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important role in the ocean flows. Indeed, an ideal ocean model needs to be capable of 

simulating a wide range of oceanic waves.  

 In numerical modeling of SW system, due to the coupling between the momentum and 

continuity equations, there are many possibilities of variable placement for certain choice 

of grids. This may lead to spurious oscillation in the numerical solutions (Le Roux et al. 

2007). The effect of variable placement on a variety of grids has been studied for solving 

shallow water equations (SrdjanDobricic 2006; Despotisand  Tsangaris 1996; Popinet and 

Rickard 2009; Langtangen et al. 2002; Walters and Carey 1984).Mesinger and Arakawa 

(1976) proposed various staggered grids. These grids were analyzed, and among them, the 

C-grid was found to be promising (Akawara and Lamb 1977; Walters and Carey 1984). In 

the C-grid approach, the water surface elevation (pressure) is stored at the circumcenter of 

the cells while the normal velocity components are retained at the finite volume cell edges. 

There has been an increased trend in using the C-grid approach with different numerical 

schemes such as finite difference, finite element and finite volume (Casulli and Walters 

2000; Walters et al. 2009; Walters and Casulli  2001; Popinet and Rickard 2009). The C-

grid approach has been widely used in different oceanic models such as Princeton Ocean 

Model (Blumberg and Mellor 1987), MICOM (Bleck and Smith 1990), MIKE3HS 

(Pietrzak et al. 2002), MITgcm (Marshall et al. 1997; Adcroft et al. 2004), ROMS 

(Shchepetkin and McWilliams 2003; 2005) and UnTRIM (Jankowski, 2007; 2009).  

The dispersion relation and Fourier analyses are useful tools to study the effect of spatial 

and temporal discretization schemes on the quantities which analytical ones should be 

preserved by an ideal numerical model. The dispersion relation and Fourier analyses, in 

addition to indicating the limitations and advantages of the discretization schemes, are 

useful for choosing parameters such as the Courant–Friedrich–Lewy (CFL) number. The 

Fourier and dispersion relation analyses have been used for shallow water equations using 

finite difference (Adcroft et al. 1999) ; (Sankaranarayanan and Spaulding 2003), finite 

elements (Kinnmark and Gray 1985; Jaber and Mohtar 200; Le Roux and Pouliot 2008; Le 

Roux 2005) and finite volume methods (Gossard and Kolar 2000; Mohammadian 2010). 
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Dispersion relation analysis of finite difference C-grid on structured rectangular grids for 

SW with Coriolis force term was well investigated and documented. Dukowicz (1995) 

obtained the dispersion relation of various grids, including the C-grid, for inertia-gravity 

waves in terms of accuracy. Adcroft et al. (1999) performed dispersion relation analysis for 

a finite difference C-grid and reported spurious modes due to the Coriolis term. They 

suggested a new treatment by augmenting the C-grid variables using D-grid ones, and they 

proposed the CD-grid. Le Roux (2005) used dispersion relation analysis for the finite 

element method and compared the results to a finite difference C-grid and CD-grid. He 

reported poor behaviour of finite difference structured C-grid in modelling inertia-gravity 

waves due to the Coriolis mode, particularly for low-resolution grids. Using dispersion 

relation analysis, Thuburn (2007) also reported artificial slowing of inertial waves in the 

numerical results for the finite difference structured C-grid. He showed that numerical 

Rossby wave dispersion is sensitive to the details of the discretization of the Coriolis terms. 

However, to the best knowledge of the authors, the behaviour of the  finite volume 

triangular C-grid either for the gravity or the inertia-gravity waves has not been analyzed.  

Since the temporal discretization can also affect the behaviour of the triangular C-grid 

scheme, its performance in combination with different time-stepping methods is also of 

essential importance. Mohammadian and Le Roux (2008) studied the behaviour of a class 

of upwind schemes in shallow water systems. In the current study, different time-stepping 

techniques are assessed in combination with the finite volume C-grid scheme: forward 

Euler, Improved Euler, Leap-Frog and second-order Adams–Bashforth temporal schemes. 

Indeed, the Euler scheme is employed as a very basic method. Improved Euler is a second 

order method which tries to improve the forward Euler method by combining it using 

implicit time stepping. Gray and Lynch (1997) analyzed Leap-Frog and Adams–Bashforth 

techniques for solving the long-wave surface water equations using the finite element 

method in terms of stability and accuracy. The Leap-Frog scheme is a second-order 

scheme which has been implemented in many practical models, e.g., POM (Mellor 2004), 

and has a wide range of applications in oceanic and atmospheric contexts (Aiki and 

Greatbatch 2014; Iwasaki et al. 2014). The Adams–Bashforth second-order method is also 

a well known temporal scheme which has been used in the MITgcm Model. 
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First, the dispersion relation is obtained and analyzed for the semi-discrete C-grid scheme. 

In this regard, the wave amplitude, phase speed and group velocity of the C-grid spatial 

discretization scheme are compared to those of analytical analysis. In presence of Coriolis 

term, which has an essential role in large scale ocean modelling, in order to generalize the 

study, we consider isosceles triangular cells with various vertex angles that may represent a 

general sketch of arbitrary triangular grids. We then analyze the behaviour of the semi-

discrete scheme in combination of various well-known second-order time stepping 

techniques. Different linear and non-linear numerical tests are simulated in order to verify 

the analytical dispersion analysis and investigate the performance of the proposed fully 

discrete methods. 

1.1.3. Local Coastal Flow Model: Quadrilateral Central-upwind scheme 

For modelling the coastal flow, a well-balanced positivity preserving central-upwind 

scheme for unstructured quadrilateral grids is developed. An appropriate local flow model 

should be capable of correctly simulating the sharp waves. Moreover, it should be 

positivity preserving and well-balanced. 2D SWEs are commonly used to simulate a wide 

range of problems in water resources engineering, modelling oceans, rivers and coastal 

areas, etc. SWEs, generally, admit several steady-state solutions. One of the practically 

most important steady states is a so-called "lake at rest" state. A good numerical method 

for the SWEs should be well-balanced, that is, it should be capable to exactly preserve the 

"lake at rest" steady states. It should also preserve positivity of the water depth  . 

Many numerical methods for SWEs were developed in past decades. We refer the reader, 

for example, to finite difference (Casulli 1990; Xing and Shu 2005; Casulli and Walters 

2000), finite element (Hanert et al. 2005; White et al. 2008; Triki 2014) and finite volume 

(Casulli and Walters 2000; Bonaventura et al. 2006; Mohamed 2014) methods. There are 

also high order schemes developed for hyperbolic systems (Liu et al. 1994; Bassi 

andRebay 1997; Giraldo et al. 2002; Xing et al. 2010) but they are comparatively  

computationally expensive.  In this paper we focus on the finite volume methods which are 

based on the integral form of  SWEs and thus are naturally designed to conserve the mass.  
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Central-upwind schemes are finite volume methods that are both well-balanced and 

positivity preserving. Central-upwind schemes are Riemann-problem-solver- free 

Godunov-type methods that were originally introduced in Kurganov and Tadmor (2000) 

for general multidimensional systems of hyperbolic conservation law and further 

developed in (Kurganov et al. 2001; Kurganov and Tadmor 2002; Kurganov and Lin 2007; 

Kurganov and Petrova 2005). In (Kurganov and Levy 2002; Kurganov and Petrova 2007), 

the central- upwind schemes for SWEs were developed in the  1D and 2D cases using 

Cartesian grids. In (Bryson et al. 2011), the central-upwind schemes were extended to 

unstructured triangular meshes, and in (Beljadid et al. 2014), they were also generalized for 

polygon cell-vertex meshes.  

The main goal of this part of the study is to develop a second-order well-balanced 

positivity preserving central-upwind scheme for SWEs on unstructured quadrilateral grids. 

Such grids have been widely used in finite volume methods for various applications such 

as solving incompressible Navier–Stokes, diffusion equations, semilinear elliptic and 

elliptic systems, see, e.g., (Chou et al. 2003; Sheng and Yuan 2008; Feng et al. 2012; Xie 

and Xiao 2014) and references therein. In particular, quadrilateral grids have been used to 

develop finite volume methods for the 2D SWEs, see, e.g., (Kuiryaet al. 2012; Wu et al. 

2011; Chou et al. 1999; Suli1992; Kernkampet al. 2011; Begnudelli and Sanders 2007). 

Unstructured quadrilateral grids are popular since they allow one to relatively easily 

implement local and adaptive mesh refinement techniques (Liang et al. 2008; Greaves 

2004), increase the formal order of spatial accuracy of the scheme, as well as discretize 

second- and higher-order terms (Wu et al. 2011; Alcrudo and Garcia-Navarro 1993). 

Comparing to the triangular grids, one of the main advantages of the quadrilateral ones is 

that quadrilateral cells have more neighbouring cells and thus the quadrilateral time 

evolution procedure is typically more accurate.  

The proposed quadrilateral central-upwind scheme is an extension of the triangular central 

-upwind scheme from (Bryson et al. 2011).  However, some of the ingredients of the 

triangular scheme cannot be directly carried to the quadrilateral case. For example, one 

cannot obtain a continuous piecewise linear approximation of the bottom topography. 

Instead, we introduce a new bottom topography approximation: In each quadrilateral cell 

http://www.sciencedirect.com/science/article/pii/S0045793014003260
http://www.sciencedirect.com/science/article/pii/S0045793014003260
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the bottom topography function   is replaced with four continuous linear pieces, each of 

which connects the values of   at two of the neighbouring cell vertices with the 

approximate value of   at the geometric center of the cell. Another novelty of our 

quadrilateral scheme is a new water surface reconstruction correction technique, required 

to guarantee the positivity of the water depth at the reconstruction step of the central-

upwind scheme. To this end, we first perform a piecewise linear reconstruction of the 

water surface and then, in the cells where some values of the reconstructions fall below the 

corresponding values of the bottom topography, we replace the linear piece with four 

continuously matched linear pieces whose shape is similar to the bottom topography 

approximant in this cell. As we prove in Theorem 1, this will guarantee positivity of water 

depth  . To ensure the well-balanced property of the proposed scheme, we design a special 

quadrature for the cell average of the geometric source term, which leads to a perfect 

balance of the source and fluxes for the "lake at rest " state. To the best of our knowledge, 

the designed central-upwind scheme is among the first well-balanced positivity preserving 

schemes on unstructured quadrilateral grids.  

1.2. Thesis Outline 

The first step in the current study was to develop a multi-model multi-scenario approach in 

order to project the wind speed over the coastal area. Indeed, the wind speed as an 

important climate variable which can affect the flow hydrodynamics, was required to be 

projected under the changing climate. In order to decrease the uncertainties associated with 

the GCM outputs, we used the outputs of three different GCMs as well as the ensemble 

average under various emission scenarios. We also used the Quantile-Quantile and nearest 

neighbour methods. With respect to the validation results, the performance of the Quantile-

Quantile was shown to be better and capable of projecting the extreme events. Developing 

this approach and its application to estimate the significant wave height through the Qatar 

coastal areas led to the publication in the Natural Hazards Review of ASCE which will be 

presented in Section 2. 

In the next step, we implemented a dispersion relation analysis in order to analyze the 

performance of the triangular finite volume C-grid scheme. We also proposed different 
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fully-discrete models by combining the C-grid semi-discrete method with different time-

stepping techniques and investigated the behaviour of the fully-discrete models. The 

dispersion relation analysis has been divided into two major parts. In the first part, the 

finite volume C-grid scheme for gravity waves, i.e. without considering the Coriolis force 

term were investigated. The focus was on the short fast gravity waves and results showed 

that the scheme is capable of modeling those kind of waves in both linear and non-linear 

cases. The results also showed that the Adams-Bashforth scheme is more accurate while 

the Leap-Frog is more stable to be used in combination with the unstructured C-grid semi-

discrete method. The outcomes of this part of the study was published as a research paper 

in Advances in Water Resources that can be found in Section 3. 

As the next step, the finite volume triangular C-grid in presence of Coriolis term was 

considered. It should be noted that the Coriolis term is of particular importance in large 

scale flow simulation. The dispersion relation analysis showed a great improvement in 

Coriolis modes compared to the structured rectangular C-grid, especially for the low 

resolution case. Both linear and non-linear SW equations were then considered with 

different source terms such as surface wind stress, bottom friction and topography changes. 

The proposed scheme was examined through various numerical tests and results 

demonstrated that it is capable of modelling various kind of waves such as gravity and 

inertia-gravity waves. This led to our next publication in Advances in Water Resources 

which is presented in Section 4.  

As for the local flow model, a well-balanced positivity preserving central-upwind scheme 

for quadrilateral grids was developed. A quadrilateral grid was employed and its potential 

advantage over the triangular one was shown. A new method for bottom topography 

reconstruction was proposed, which along with the new method for water surface 

modification ensures positivity preserving. In addition, a new quadrature was designed in 

order to make the model well-balanced. This was the focus of our fourth publication in 

Computer and Fluids which is presented in Section 5.  

In Section 6, in fact, as a proof of the concept for the methodology proposed in this thesis, 

the flow hydrodynamics through the Persian Gulf is simulated using the improved models 
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developed in this study. The objective is to show the ability of the developed models to 

consider the effect of climate change in simulation of flow hydrodynamics. This work is in 

preparation to be submitted and published as a peer-reviewed journal paper.  

Finally, in Section 7, we summarize the concluding remarks of this study.   
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Chapter 2 

Projection of Significant Wave Height in a Coastal Area under RCPs Climate 

Change Scenarios1 

Abstract  

 This article provides multimodel and multiscenario projections of significant wave height 

for the Qatar coast. Significant wave height is used for practical purposes such as offshore 

and coastal structure design as well as transport of marine and lake pollutants. It is mainly 

driven by near-surface wind speed. In this paper, the outputs of the different general 

circulation models (GCMs), under RCP (representative concentration pathways) emission 

scenarios RCP26, RCP45, RCP60, and RCP85, were used to project the monthly 

probability distribution of wind speed over the coastal areas. The simulations are part of 

the Coupled Model Intercomparison Project-Phase5 (CMIP5) experiment. Two statistical 

downscaling techniques are used: the Quantile-Quantile transformation and nearest 

neighbor search. Observed wind speed at the Doha Airport station was used as a proxy for 

wind speed over Qatar coast. The GCM-simulated wind speeds as well as minimum and 

maximum temperatures were used as predictors while the observed wind speed is used as 

predictand in the nearest neighbor method. In the Quantile-Quantile approach, the GCM-

simulated wind speed is the sole predictor. These two techniques were assessed by 

comparing the probability distribution of the observed and corrected (downscaled) wind-

fields. Finally, the projected wind speed was used to estimate the expected changes in 

significant wave height under climate change. Results show that: (1) both methods can 

reasonably reproduce the shape of the daily wind-speed probability distribution function at 

the study location but the nearest neighbor method is inappropriate for extreme wind speed 

estimation in the future; and (2) the Quantile-Quantile method suggests that significant 

wave height can increase up to 40% on the Qatar coast. 

                                                           
1This part of the study has been published as: H. Shirkhani, O. Seidou, A. Mohammadian, H. Qiblawey, 
“Projection of Significant Wave Height in a Coastal Area under RCPs Climate Change Scenarios”, 
Natural Hazards Review, ASCE, 2015, DOI: 10.1061/(ASCE)NH.1527-6996.0000192.  
. 
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2.1. Introduction  

Near-surface wind speeds have a particular importance for a wide variety of practical 

applications such as coastal engineering and wind energy resource estimation (Pryor et al. 

2005a; Viles and Goudie 2003). Wind plays an essential role in wave climatology as it 

impacts several wave characteristics. Knowledge of wave characteristics is an essential 

requirement for marine activities such as planning, design, construction and operation of 

harbors as well as protection of offshore and coastal structures. Wave height is affected by 

wind speed, direction, fetch length, and water depth (Andreas and Wang 2007) but wind 

speed is the characteristic that has the greatest effect on wave height. Indeed, a higher wind 

speed directly results in a higher wave height. Therefore, the accuracy of any wave height 

estimation will be affected by accuracy of the wind speed estimation. 

The main objective of this study is the estimation of the impact of global warming on the 

monthly probability distribution function (PDF) of daily wind speeds for the Qatar gulf. 

Projected changes in wind speed will be used to estimate changes in significant wave 

heights in the study area. Wind characteristics in the future will be obtained by 

downscaling the outputs of three different models, namely, a coupled physical model 

(CM3) and earth system models (ESM2M and ESM2G), as well as the ensemble average. 

The models were generated in the CMIP5 experiment (http://pcmdi-cmip.llnl.gov/cmip5/), 

which is an integrated set of experiments that offer a multimodel perspective of simulated 

climate change and climate variability. Within the core set of CMIP5 runs, there are four 

future projection simulations forced with specified concentrations, which are referred to as 

Representative Concentration Pathways (RCPs) (Taylor et al. 2012; Hemer et al. 2013). 

The RCPs are used to initiate climate model simulations for developing climate scenarios 

for use in a broad range of climate-change-related research and assessment. There are four 

RCPs for various radiative forcing, referred to as RCP85, RCP60, RCP45, and RCP26 

(IPCC Expert Meeting Report 2007). All RCP scenarios are considered in this paper. 



PhD Thesis: Methodological Developments for an Improved Evaluation of Climate Change Impact 

on Flow Hydrodynamics in Estuaries  

 

14 
 

It is well known that a mismatch exists between the spatial resolution of climate variables 

simulated by general circulation models (GCMs) and the resolution required by most 

practical applications (Carter et al. 1994; Chong-yu 1999). Downscaling is used as a mean 

for converting coarse-scale output of GCMs to finer scales for specific applications (Jolley 

and Wheater 1996; Legates 2002; Horvath et al. 2011). Downscaling can be performed 

either dynamically or statistically. In dynamical downscaling, a regional climate model 

(RCM) with a higher spatial resolution is executed on a limited domain, using boundary 

conditions provided by the GCM (Raisanen et al. 2004). The statistical downscaling 

approach develops an empirical relationship that relates large-scale climate variables to the 

observed climate variable (Pryor et al. 2005b; Wilby and Wigley 1997; Wilby et al. 2004). 

The vast majority of downscaling studies deal with temperature and precipitation (Wilby et 

al. 2003; Rowell 2005; Argüeso et al. 2013; Vasiliades et al. 2009; Hashmi et al. 2011), 

and focus on the estimation of the mean value of the predictands. The knowledge of mean 

wind speed value is insufficient in most applications (wind energy, wave height estimation, 

forces on structures) because of inherent wind variability in small time-scales. Indeed, 

wind speed exhibits variability at much smaller spatial and temporal scales than the outputs 

of general circulation models (de Rooy and Kok 2004). Proper projection of wind 

variations as well as peak values is required since they have essential impacts in various 

practical applications. In Shirkhani et al. (2013), a regression-based downscaling technique 

was used to downscale wind speed at the Agadez city located in Niger, West Africa. 

Results indicated that both linear and nonlinear regression techniques are incapable of 

predicting wind speeds variations even when bias correction is applied. Pryor et al. (2005b) 

proposed a probabilistic approach for wind speed projection in Northern Europe. Instead of 

directly using GSM-simulated wind speed and observed wind speed as predictors and 

predictands, they used the mean and standard deviation of large-scale and local-scale data. 

Monahan (2012) assessed the statistical predictability of wintertime wind speed and 

direction in the subarctic northeast Pacific off the west coast of Canada. He demonstrated 

that daily wind fluctuations are generally more predictable than monthly-mean variability, 

and that monthly averages of the predicted daily winds generally represent the monthly-

mean surface winds better than the predictions directly from monthly mean predictors. 
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Devis et al. (2013) implemented a statistical regression approach to downscale large-scale 

wind speed data to wind speed distribution at the hub-height of tall wind turbines in 

Northern Europe. The regression analysis is based on the parameters of the PDF of both 

large-scale and local-scale wind speed. 

This paper uses the Quantile-Quantile and the nearest neighbor techniques to downscale 

wind speed at the International Doha Airport station located near to the shore of Qatar 

within the short-term (years 2026–2050), medium-term (years 2051–2076), and long-term 

(years 2076–2100) climate-change periods. The employed downscaling techniques in this 

paper allow the estimation of the monthly PDF of daily mean wind speed. They have the 

advantage of being nonparametric as no distribution is assumed for the predictand and 

predictors. For each of the mentioned techniques, observations will be split into a 

calibration and validation sets. In addition, results will be assessed by comparing the 

monthly PDFs of the downscaled wind field to that of the observation on both the 

calibration and validation period using both visual observation and the Kolmogorov-

Smirnoff test. After the downscaling exercise, the 100-year wind speed is estimated and the 

downscaled wind speed resulting from Quantile-Quantile technique is used to estimate 

wave height under the RCPs climate change scenarios. 

2.2. Material and Methods  

2.2.1. Data and Area of Study 

The main objective of this paper is to downscale the GCM output of wind speed to the 

specific location in Qatar coast where observation data of wind speed are available. The 

observation data were downloaded from the National Climatic Data Center of the National 

Oceanic and Atmospheric Administration (NCDC 2015). Observation data include 43 

years (1973–2012) of mean daily measurements of wind speed as well as maximum and 

minimum temperatures at the Doha International Airport located in Qatar. The airport is 

situated at 25°15′39″ N; 51°33′54″ E, respectively. 

The CM3, ESM2M, and ESM2G were developed by the Geophysical Fluid Dynamics 

Laboratory (GFDL) of the NOAA. The outputs were generated as a contribution to the 

CMIP5 experiment. They include simulations of the historical period (1860–2005) and 
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future periods (2006–2100) under the four future RCP scenarios that are described briefly 

in Table 2.1.  

(a)  

(b)  

Fig. 2.1 - Ensemble average of raw GCMs data for different RCPs: (a) annual mean wind speed 

within short-term, medium-term, and long-term futures; (b) monthly mean wind speed, where 

shaded area represents the range of changes projected by different models; the model ensemble 

averages for each RCP are shown with thick lines 
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Table 2.1 - Overview of Representative Concentration Pathways (RCPs) 

Scenario 
name 

Scenario description 

RCP85 Rising radiative forcing pathway leading to 8.5       in 2100 

RCP60 
Stabilization without overshoot pathway to 6       at stabilization after 

2100 

RCP45 
Stabilization without overshoot pathway to 4.5       at stabilization after 

2100 

RCP26 
A so-called “peak” scenario: its radiative forcing level first reaches a value 

around 3.1  W/m2midcentury, returning to 2.6       by 2100 

 

 

Fig. 2.2 - Study area through the Qatar coast (Doha), with weather station indicated in the figure 

(adapted from http://d-maps.com/carte.php?num_car=56002&lang=en; http://d-

maps.com/carte.php?num_car=66536&lang=en; http://d-

maps.com/carte.php?num_car=3494&lang=en) 
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In this paper, daily mean wind speed as well as maximum and minimum temperatures were 

extracted. The annual mean of wind speed of the ensemble average for all RCP scenarios 

are plotted in Fig. 2.1(a) for short-term, medium-term, and long-term future periods. 

Significant fluctuations in mean daily wind speed can be observed in that figure. Fig. 

2.1(b) also illustrates the historical and future monthly mean wind speed of the ensemble 

average. 

The study area location is also presented in Fig. 2.2. The ultimate objective of this paper is 

to provide estimates of wind speed and significant wave height changes over the Qatar 

gulf, but no off-shore wind speed observations are available. The closest weather station to 

the study area is the Doha International Airport and therefore the observed daily mean 

wind speed at that station is used as a proxy for wind speeds on the Qatar coast. 

2.3. Downscaling Methods 

Statistical downscaling methods share some key assumptions that are inherent within them. 

For instance, the relationship that is found by the downscaling method is assumed to be 

stationary in time, i.e., remain the same for future periods (Fowler et al. 2007). The validity 

of this assumption can best tested by model validation. Hewitson and Crane (2006) assess 

the impact of this assumption on projected climate change and find that it is small. The 

objective of the procedures described in this section is to apply a transformation to GCM 

outputs so that the magnitude and distribution of the downscaled variable become closer to 

those of observations at a given point. The 1973–2012 wind speeds as well as maximum 

and minimum temperature simulated data sets under RCPs scenarios were downloaded. 

The time-series of each variable were extracted for the place in which the observation data 

is available. Both Quantile-Quantile and nearest-neighbor methods, which will be 

discussed in the next section, are employed to project the monthly probability distribution 

of wind speed in the future. 

2.3.1. Quantile-Quantile Transformation 

The Quantile-Quantile transformation (JakobThemeßl et al. 2011; Maraun et al. 2010), also 

referred to as quantile-mapping or quantile-matching, aims to make the statistical 
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distribution of a given climate variable as close as possible to the statistical distribution of 

the observed variable within the historical period. The transformation for a given month 

and a given climate variable is performed as follows:  

1. First, the historical data are split into calibration and validation periods. The daily 

time series of each month are extracted for both periods from both observations and GCM 

simulations. 

2. An empirical cumulative distribution function, FOBS, is developed using the 

observations from the calibration period. The estimate of the distribution is nonparametric 

and uses a normal kernel function, and is evaluated at equally spaced points that cover the 

range of the data set. The number of points is set to one-tenth of the size of the data set. 

Another cumulative distribution function, FGCM, is also developed by applying the same 

technique to the GCM outputs on the calibration period. 

3. Once FOBS and FGCM are obtained for the calibration period, corrected 

(downscaled) GCM simulations are generated for the validation period and future periods 

using the following transformation: 

              
                      (2.1) 

where    = variable extracted from the raw GCM simulation; and      = corrected 

climate variable. 

4. In order to evaluate the performance of Eq. (5.1), obtained in the previous step, it is 

applied to the validation period. It should be assessed if the developed relationship can also 

improve the match between GCM outputs and observations within the validation period. 

To this end, monthly distributions of the modeled climate variable are visually compared 

with those of historical validation period (which have not been used for developing the 

relationship in Step 3). In addition, the validation results are quantitatively examined by 

using a kolmogorov-smirnov (KS) test. 

5. If the results of the validation step is satisfactory, the developed relationship is 

employed to project the climate variable within the future period. 
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2.3.2. Nearest Neighbor Search 

In addition to the Quantile-Quantile method, future value of wind speed is generated using 

the nearest neighbor approach. Given that precipitation is rare in Qatar, the authors used 

temperature as a similarity index for daily climate in the future. The underlying assumption 

is that two days from the same month and similar temperatures will have similar wind 

speeds. In this approach for each day    in the future period, a day    is selected in the 

historical period so that (1) it is from the same month as   ; and (2) the absolute difference 

between the average temperature of df and the average temperature of    is minimal. Then, 

for projecting future wind speed, the measured wind speed of dh is assigned to df. The 

average of maximum and minimum temperature resulting from the Quantile-Quantile 

method is used in this approach as future values for temperature. Finally, at the end of the 

process, a PDF of downscaled wind speed is generated for each month. 

2.3.3. Wave Height Calculation 

As this paper’s study area of interest is the Qatar coastal areas, the wave-height calculation 

procedure for shallow water is considered. There are several equations that can be used for 

estimation of the significant wave height. For instance, one may use the formula from 

Coastal Engineering Manual (CEM). The equation employed here for estimating the 

significant wave height for shallow waters is as follows (U.S. Department of Army Corps 

of Engineers 1984): 

                 
  

  
  

 

 
     

 

 
 

        
  

  
 

          
  

  
  

 
 
 

 

 
   

 

 
    (2.2) 

where  = shallow water significant wave height (  );  =32.2       ;   = effective depth 

(  );    = wind stress factor (    ); and   = fetch length (  ). The wind speed may be 

converted to a wind stress factor by the following equation:  

                      (2.3) 
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where  = wind speed (   ). As Eq. (2.2) states, the significant wave height, in addition to 

the wind speed, depends on water depth ( ) and fetch length ( ). Since the main objective 

of this study is investigation of the impact of wind speed changes on the significant wave 

height, the other two parameters are considered in a range of   = [10.00 to 50.00]  and   

= [5.00 to 50.00]  . Finally, the significant wave height is calculated using Eq. (2.2), 

given the 100-year wind speed of each month for both historical (1973–2010) and future 

(2026–2100) periods. 

2.4. Results 

2.4.1. Downscaling Results 

Using the previously described downscaling methods, the monthly distribution of wind 

speed was projected for short-term, medium-term, and long-term futures. In downscaling 

the wind speed, the multimodel analysis is used for the Quantile-Quantile method while 

only ESM2M model output is downscaled by nearest neighbor method. As will be shown 

later in this section, nearest neighbor technique is not promising for projection of extreme 

events and therefore, only the Quantile-Quantile method is used in multimodel and 

multiscenario approaches for projection of extreme events. 

The calibration and validation results for both Quantile-Quantile and nearest neighbor 

methods are presented on Figs. 2.3 and 2.4. In Fig. 2.3, the empirical PDF of wind speed is 

plotted for each month within both calibration and validation periods for models ensemble 

as well as CM3 model under various RCP scenarios. Fig. 2.4 also shows the same results 

for nearest neighbor method but for the ESM2M model. It can be visually assessed that the 

distribution of the projected data is almost identical to the distribution of the observations. 

Therefore, the model performance is acceptable within the validation period (also for other 

GCM models not shown here), and the model can be used for future period. In order to 

assess the downscaling methods, the monthly distribution of raw (uncorrected) and 

downscaled (corrected) ESM2M output are compared with the observation data in Fig. 2.5 

(calibration period not shown). It can be seen that the corrected probability distribution of 

wind speed is much closer to the observations than the distribution of the uncorrected 

GCM outputs. 
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(a)

(b) 

Fig. 2.3 - Monthly distribution of observed and projected daily mean wind speed using Quantile-

Quantile transformation for calibration and validation period: (a) ensemble average; (b) CM3 
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Fig. 2.4 - Monthly distribution of observed and projected daily mean wind speed using nearest 

neighbor method for calibration and validation period (ESM2M) 

 

 

 

Fig. 2.5 - Comparison of raw and corrected (downscaled) wind speeds for ESM2M with 

observation within validation period 



PhD Thesis: Methodological Developments for an Improved Evaluation of Climate Change Impact 

on Flow Hydrodynamics in Estuaries  

 

24 
 

The performance of the downscaling method is further studied for the Quantile-Quantile 

method using Taylor diagrams. Taylor diagrams are a suitable way to compare different 

models using three related parameters: standard deviation, correlation with observed data, 

and root mean square (RMS). Fig. 2.6(a) shows the monthly mean wind speed for observed 

data, as a reference, along with the raw and corrected (downscaled) GCM models within 

the historical period. It shows that Quantile-Quantile method improves the raw GCM data 

and the performance is good for all the models. Fig. 2.6(b) illustrates the box plot of daily 

mean wind speed for the observations as well as raw and corrected GCM models. It also 

confirms the ability of the employed technique. 

Moreover, for quantitative assessment of presented downscaling methods, two-sample KS 

tests were performed to compare the distribution of observed and downscaled (ESM2M) 

climate variables (wind speed, minimum temperature, and maximum temperature) on both 

the calibration and validation periods. The null hypothesis of the KS-test is  

 

Table 2.2 - KS Test Results for ESM2M under RCP85 Scenario 

 

Month 

Quantile-Quantile transformation Nearest neighbor 

Wind speed Maximum temperature Minimum temperature Wind speed 

Calibration Validation Calibration Validation Calibration Validation Calibration Validation 

Before After Before After Before After Before After Before After Before After Before After Before After 

January 0.12 1.00 0.03 0.43 0.72 1.00 0.08 0.30 0.41 1.00 0.02 0.05 0.12 0.97 0.03 0.97 

February 0.56 1.00 0.03 0.30 0.56 1.00 0.13 0.43 0.41 1.00 0.03 0.30 0.56 0.72 0.02 1.00 

March 0.28 1.00 0.02 0.43 0.87 1.00 0.08 0.43 0.41 1.00 0.03 0.13 0.28 0.72 0.02 1.00 

April 0.12 1.00 0.03 0.13 0.72 1.00 0.20 0.43 0.41 1.00 0.03 0.30 0.12 0.87 0.02 0.97 

May 0.03 1.00 0.01 0.61 0.15 1.00 0.47 0.23 0.45 1.00 0.06 0.33 0.03 0.44 0.01 0.98 

June 0.03 1.00 0.00 0.61 0.15 1.00 0.62 0.15 0.45 1.00 0.15 0.33 0.03 0.89 0.00 0.32 

July 0.03 1.00 0.01 0.77 0.32 1.00 0.15 0.23 0.45 1.00 0.06 0.62 0.03 0.98 0.01 0.90 

August 0.03 1.00 0.01 0.61 0.32 1.00 0.15 0.15 0.45 1.00 0.23 0.33 0.03 0.76 0.01 0.98 

September 0.00 0.89 0.00 0.13 0.13 1.00 0.08 0.43 0.08 1.00 0.89 0.08 0.00 0.45 0.00 0.20 

October 0.00 0.89 0.01 0.13 0.08 1.00 0.08 0.43 0.30 1.00 0.58 0.20 0.00 0.65 0.01 0.20 

November 0.00 0.89 0.01 0.13 0.13 1.00 0.20 0.43 0.20 1.00 0.75 0.13 0.00 0.54 0.01 0.13 

December 0.00 0.89 0.01 0.13 0.13 1.00 0.08 0.30 0.30 1.00 0.43 0.13 0.00 0.13 0.00 0.08 
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Fig. 2.6 - (a) Taylor diagrams for raw and corrected (downscaled) monthly mean wind speeds, 

comparing observations with the various models and model ensemble simulations for the historical 

period; (b) box plot for raw and corrected (downscaled) daily mean wind speed versus 

observations. 

 

that the two distributions are identical. The null hypothesis is rejected when the p-value of 

theKS-test is below 0.05. Results of this test are presented for all four RCPs in Table 2.2. 

There is no rejected hypothesis between observed and projected values for either Quantile-

Quantile or nearest neighbor methods. There is a dramatic increase of the p-value when the 

downscaling is applied, especially for wind speed. Therefore, it can be concluded that both 

the Quantile-Quantile and the nearest neighbor methods significantly improve the shape of 

the PDF of GCM-simulated climate variables. They were therefore used to downscale wind 

speeds at the Doha International Airport station from 2026 to 2100. The monthly corrected 
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PDFs for the Quantile-Quantile method for a variety of future time spans, various models, 

and different RCP scenarios for are illustrated in Figs. 2.7–2.9, respectively. In addition, 

downscaled monthly and daily mean wind speeds are compared with the observation data 

in Figs. 2.10(a–d) for both Quantile-Quantile transformations and the nearest neighbor 

method (ESM2M). 

 

 

Fig. 2.7 - Time spread of monthly distribution for projected mean daily wind speed (Quantile-

Quantile) for ESM2M under the RCP26 scenario 
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Fig. 2.8 - GCM spread of monthly distribution for long-term projection of mean daily wind speed 

(Quantile-Quantile) under the RCP85 scenario 

 

Fig. 2.9 - Scenario spread of ensemble average for monthly distribution of short-term projection of 

mean daily wind speed (Quantile-Quantile) 
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(a)

(b) 

Fig. 2.10 - Observed and downscaled (ESM2M) wind speed for the 1981–2010 period: (a) monthly 

mean, Quantile-Quantile; (b) monthly mean, nearest neighbor; (c) daily mean time series, Quantile-

Quantile; (d) daily mean time series, nearest neighbor 
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(c) 

 

(d) 

Fig. 2.10 - Continued 

 

The next step in the analysis is to extract the 100-year maximum wind speed for each 

month from the corrected PDF, then use these values to calculate significant wave heights. 

It was found that the extreme winds calculated by the nearest neighbor method were not 
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sensitive to the GCM scenario. That problem originates from the fact that, by construction, 

the nearest neighbor approach is unable for simulating values outside the historical range. 

It is therefore not recommended for the downscaling of extremes. As a result, only the 

Quantile-Quantile method was used for multimodel and multiscenario projections of 

extreme wind speed events. The observed and projected 100-year wind speed of the 

ensemble average for each month using the Quantile-Quantile method is illustrated in Fig. 

2.11. Good agreement can be seen between observed and projected 100-year wind speeds 

in the historical period. 

To have a better view of Quantile-Quantile method’s performance, the projected mean and 

100-year wind speed for all models are compared to the observations over the historical 

period in Table 2.3. It shows that the CM3 model’s errors are less than 5% for all months 

except for February, when it is 8%. The errors of ESM2M are acceptable for all months, 

except for June and October, when they are almost 10%. The results of ESM2G show 

errors either close to or more than 10% in June, July, and October. The relative errors of 

the downscaled ensemble average are acceptable and lower than 5.5%, except in June. The 

changes in significant wave heights, which are due to the wind speed changes within future 

time spans, will be discussed in the next section. 

2.4.2. Wave Height under Climate Change 

The downscaled wind speeds were used to estimate climate change’s impact on significant 

wave height along the Qatar coast. A multimodel, multiscenario estimation of significant 

wave height changes will be analyzed during various future spans in this section. Equipped 

with the projected 100-year wind speed values from the Quantile-Quantile method and 

employing Eqs. (2) and (3), one can estimate the changes of significant wave height for a 

range of depths and fetch lengths. For instance, for the ensemble average under the RCP85 

scenario within the short-term future, the contour plot of significant wave changes with 

respect to the historical period [Fig. 2.12(a)] is presented in Fig. 2.12(b) for each month. 

The water depth varies between 5 and 50 m while the fetch length has a range of 5–50 km. 

It shows that up to a 10% increase is expected in April, November, and December, while 

either it does not change significantly or decreases for other months. As Fig. 2.12(b) 
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shows, for various values of water depths and fetch lengths, the variety of changes in 100-

year wave height is not high (up to 5%). Therefore, for thorough multimodel and 

multiscenario analyses, the average changes of 100-year significant wave height over the 

range water depth and fetch length is considered for each month. 

 

 

Fig. 2.11 - Monthly 100-year wind speed (Quantile-Quantile) within calibration and validation 

periods for ensemble average 

 

Figs. 2.13(a–d) show the changes in 100-year significant wave heights during short-term, 

medium-term, and long-term futures for various models under RCP scenarios. As for the 

RCP26 scenario, the ensemble average and CM3 show more than 40 and 25% increases in 

wave height in the medium-term future in November. Ensemble average also confirms 

around a 10% increase in December for all future time spans. Moreover, under all RCP 

scenarios, almost all models and ensemble averages confirm an increase between 5 and 

15% in February. 

The ESM2M shows high jumps in June and October over almost all the future periods and 

under various RCPs; however, neither the other models nor ensemble averages confirm 

those changes. However, ESM2M has a relative large error in October within the historical 

period. The high changes of ESM2G in June and July are not also reliable since ESM2G 
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has a high error rate within the historical period. CM3 under the RCP 45 scenario also 

shows an increase between 10 and 25% in November. 

Table 2.3 - Comparison of Observed and Downscaled Mean (100-year) Wind Speed, and Future 

Change in Wind Speed (m/s) for RCP85 Scenario Using Quantile-Quantile 

Month 

Mean (100-year) wind speed over historical period (1973–2010) Relative error (%) 

Observation 
Ensemble 

average 
ESM2M ESM2G CM3 

Ensemble 

average 
ESM2M ESM2G CM3 

January 3.9 (8.1) 4 (7.7) 3.9 (8.2) 3.9 (7.9) 3.9 (7.8) 1.7 (4.1) 0.4 (1) 0.7 (2.5) 0.2 (2.9) 

February 4.4 (9.1) 4.4 (9.5) 4.6 (9.5) 4.3 (9.4) 4.4 (9.8) 0.4 (5.4) 4.1 (4.6) 2.6 (4) 0.6 (8) 

March 4.6 (9.1) 4.6 (9.5) 4.6 (8.8) 4.6 (9.4) 4.6 (9.5) 1.8 (4.8) 1.5 (2.3) 1.7 (4.3) 1.7 (4.8) 

April 4.3 (9.5) 4.3 (9.6) 4.4 (10.1) 4.2 (10.3) 4.2 (9.3) 1.6 (1.4) 2.2 (5.9) 3.5 (8.1) 2.5 (1.9) 

May 4.6 (9.6) 4.5 (9.6) 4.3 (9.2) 4.6 (9.6) 4.5 (9.6) 2.5 (0.5) 6.4 (4.5) 0.6 (0.5) 2.5 (0.5) 

June 5 (10.3) 4.9 (10.2) 5 (10.4) 5 (11.8) 5 (10.4) 1.1 (1.2) 0.1 (1) 0.4 (14.4) 1.1 (0.7) 

July 4.2 (9.3) 4.5 (10.2) 4.5 (10.2) 4.5 (10.2) 4.3 (9.4) 7.8 (10) 6.6 (9.9) 6 (9.9) 3 (1.4) 

August 3.8 (8.8) 3.9 (8.9) 3.8 (8.5) 3.9 (8.3) 3.9 (8.5) 0.8 (0.9) 2.3 (4.1) 0.2 (5.8) 0.9 (4.1) 

September 3.3 (7.5) 3.3 (7.5) 3.3 (7.5) 3.3 (7.5) 3.3 (7.5) 1.5 (0) 0.1 (0) 1.7 (0.7) 0.6 (0.7) 

October 3.2 (7.5) 3.3 (7.4) 3.3 (8.2) 3.5 (8.5) 3.2 (7.6) 1.5 (0.3) 0.5 (9.7) 7.1 (14.1) 1.8 (2.1) 

November 3.7 (8.3) 3.6 (8.7) 3.6 (7.9) 3.6 (8.3) 3.6 (7.9) 0.8 (4.9) 2.7 (4.6) 2.5 (0) 1.7 (4.6) 

December 3.6 (7.7) 3.7 (7.9) 3.7 (8.1) 3.7 (8.2) 3.6 (8.1) 3.2 (3.7) 3.3 (6) 2 (6.7) 0.3 (6) 

 

These results suggest that damaging waves could occur due to strong winds on the Qatar 

coast and that Qatar’s coastal areas would be subject to an increased coastal flooding 

hazard in the future. The 100-year significant wave height is projected to increase by more 

than 0.8 m (up to 40% in November, where Fig. 2.12(a) corresponds to a 2-m wave 

height). The risk of damages from storm waves to coastal structures will therefore increase, 

and these structures will need to be retrofitted to maintain the level of safety for which they 

were designed. The new level of risk should also be considered for both new offshore and 

onshore facilities. Strong winds and waves can also generate other types of hazards in 

coastal areas. They can disturb the sea floor and increase the amount of suspended 
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sediments near the surface. This would increase the amount of sunlight reflected by the 

water and enhance the green signal from chlorophyll-rich plankton. The economic and 

environmental impacts of changed wind characteristics may be estimated with more 

detailed impact models of the areas that would be forced with modified climate variables. 

(a) 

(b) 

Fig. 2.12 - Contour plots of (a) 100-year significant wave heights (m) from historical wind 

observations; (b) short-term 100-year significant wave height changes (%) for ensemble average 

under RCP26 
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The ESM2M shows high jumps in June and October over almost all the future periods and 

under various RCPs; however, neither the other models nor ensemble averages confirm 

those changes. However, ESM2M has a relative large error in October within the historical 

period. The high changes of ESM2G in June and July are not also reliable since ESM2G 

has a high error rate within the historical period. CM3 under the RCP 45 scenario also 

shows an increase between 10 and 25% in November. 

These results suggest that t damaging waves could occur due to strong winds on the Qatar 

coast and that Qatar’s coastal areas would be subject to an increased coastal flooding 

hazard in the future. The 100-year significant wave height is projected to increase by more 

than 0.8 m (up to 40% in November, where Fig. 2.12(a) corresponds to a 2-m wave 

height). The risk of damages from storm waves to coastal structures will therefore increase, 

and these structures will need to be retrofitted to maintain the level of safety for which they 

were designed. The new level of risk should also be considered for new both offshore and 

onshore facilities. Strong winds and waves can also generate other types of hazards in 

coastal areas. They can disturb the sea floor and increase the amount of suspended 

sediments near the surface. This would increase the amount of sunlight reflected by the 

water and enhance the green signal from chlorophyll-rich plankton. The economic and 

environmental impacts of changed wind characteristics may be estimated with more 

detailed impact models of the areas that would be forced with modified climate variables. 
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(c) 

 

(d) 

Fig. 2.13 -Multimodel average changes of 100-year significant wave height for a range of depths 

and fetch lengths under (a) RCP26; (b) RCP45; (c) RCP60; (d) RCP85 emission scenarios 
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2.5. Conclusions  

In the current study, the monthly distribution of wind speed was statistically downscaled to 

station-level scale using Quantile-Quantile transformation and nearest neighbor search 

methods. Observed daily wind speed data at International Doha Airport station were used 

as predictand while climate variables including wind speed and maximum and minimum 

temperature from CMIP5 models under RCP emission scenarios were used as predictors. 

The empirical probability density functions derived from observations and downscaled 

GCM outputs were favorably compared using visual analysis and a two-sample 

Kolmogorov-Smirnoff test. In addition, the probability distribution of raw and downscaled 

GCM data were compared to the observations, which revealed that both models are 

capable of constructing the probability distribution of wind speed. It was, however, found 

that the nearest neighbor approach was not suitable for the estimation of future extreme 

wind speeds. Downscaling results indicated that under RCP26/RCP45 scenarios, changes 

between 20 and 40% in the 100-year significant wave height might take place. The 

increase of wind speed in future will result in higher waves with greater significant wave 

heights. These waves will affect the Qatar coast both economically and environmentally, 

and vulnerable areas must be assessed to adjust them to the new level of risk. 
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Chapter 3 

Analysis of triangular C-grid finite volume scheme for shallow water flows2 

Abstract 

In this paper, a dispersion relation analysis is employed to investigate the finite volume 

triangular C-grid formulation for two-dimensional shallow-water equations. In addition, 

two proposed combinations of time-stepping methods with the C-grid spatial discretization 

are investigated. In the first part of this study, the C-grid spatial discretization scheme is 

assessed, and in the second part, fully discrete schemes are analyzed. Analysis of the semi-

discretized scheme (i.e. only spatial discretization) shows that there is no damping 

associated with the spatial C-grid scheme, and its phase speed behavior is also acceptable 

for long and intermediate waves. The analytical dispersion analysis after considering the 

effect of time discretization shows that the Leap-Frog time stepping technique can improve 

the phase speed behavior of the numerical method; however it could not damp the shorter 

decelerated waves. The Adams–Bashforth technique leads to slower propagation of short 

and intermediate waves and it damps those waves with a slower propagating speed. The 

numerical solutions of various test problems also conform and are in good agreement with 

the analytical dispersion analysis. They also indicate that the Adams–Bashforth scheme 

exhibits faster convergence and more accurate results, respectively, when the spatial and 

temporal step size decreases. However, the Leap-Frog scheme is more stable with higher 

CFL numbers. 

Keywords: Dispersion relation analysis; Fourier analysis; C-grid scheme; Shallow water; 

Ocean modeling 

 

 

                                                           
2This part of the study has been published as: H. Shirkhani, A. Mohammadian, O. Seidou, H. Qiblawey, 

“Analysis of triangular C-grid finite volume scheme for shallow water flows”, Advances in Water Resource, 

2015, 10.1016/j.advwatres.2015.04.011.  
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3.1. Introduction 

The shallow water (SW) equations, which resulted from the Navier–Stokes equations, play 

a vital role in environmental and hydrodynamic studies of lakes, estuaries and coastal 

regions. In numerical modeling of SW systems, due to the coupling between the 

momentum and continuity equations, there are many possibilities of variable placement for 

certain choice of grids. This may lead to spurious oscillation in the numerical solutions (Le 

Roux et al. 2007). The effect of variable placement on a variety of grids has been studied 

for solving shallow water equations (SrdjanDobricic 2006; Despotisand  Tsangaris1996; 

Popinet and Rickard 2009; Langtangen et al. 2002; Walters and Carey 1984). 

Among various finite-volume semi-discrete schemes, the triangular C-grid exhibited a 

good performance in the solution of shallow water equations. However, its capability to 

simulate geostrophic waves is sometimes problematic (Ringler et al. 2010). In this 

approach, the water surface elevation (pressure) is stored at the circumcenter of the cells 

while the normal velocity components are retained at the finite volume cell edges. This 

method also can be introduced as the RT0 lumped finite element scheme (Waltersa et al. 

2009). There has been an upward trend in the use of an unstructured C-grid mesh for 

modeling atmospheric and oceanic problems (SrdjanDobricic 2006; Stuhne and Peltier 

2009; Thuburn et al. 2009; Wolfram and Fringer 2009;Lazure and Dumas 2008; Schwab 

and Beletsky 1998). The C-grid approach has been employed in some well-known models 

such as MITgcm(Marshall et al. 1997; Adcroft et al. 2004), ROMS (Shchepetkinand 

McWilliams 2003, 2005) and UnTRIM(Jankowski 2007, 2009), which are broadly used for 

a wide range of applications. Considering the growing interest in the unstructured 

triangular C-grid scheme, assessing the semi-discrete technique as well as its performance 

in combination with time-stepping methods is of essential importance. It should be noted 

that the performance of a spatial discretization scheme in combination with time-stepping 

techniques in fully discrete systems is also crucial. Mohammadian and Le Roux (2008) 

studied the behaviour of a class of upwind schemes in shallow water systems. In the 

current study, three different time-stepping techniques are assessed in combination with the 
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finite volume C-grid scheme: Euler forward, Leap-Frog and Adams–Bashforth second-

order temporal schemes. Indeed, the Euler scheme is employed as a very basic method. 

Gray and Lynch (1997) analyzed Leap-Frog and Adams–Bashforth techniques for solving 

the long-wave surface water equations using the finite element method in terms of stability 

and accuracy. The Leap-Frog scheme is a second-order scheme which has been 

implemented in many practical models, e.g., POM (Mellor 2004), and has a wide range of 

applications in oceanic and atmospheric contexts (Aiki and Greatbatch 2014; Iwasaki et al. 

2014). The Adams–Bashforth second-order method is also a well known temporal scheme 

which has been used in the MITgcm Model. 

The dispersion relation and Fourier analyses are useful tools to study the effect of spatial 

and temporal discretization schemes on the quantities which analytical ones should be 

preserved by an ideal numerical model. The dispersion relation and Fourier analyses, in 

addition to indicating the limitations and advantages of the discretization schemes, are 

useful for choosing parameters such as the Courant–Friedrich–Lewy (CFL) number. The 

Fourier and dispersion relation analyses have been used for shallow water equations using 

finite difference (Adcroft et al. 1999) and (Sankaranarayananand Spaulding 2003), finite 

elements (Kinnmark and Gray1985; Jaber andMohtar 200;Le Roux and Pouliot 2008; Le 

Roux 2005) and finite volume methods (Gossard and Kolar 2000;Mohammadian 2010). 

However, the discretization of shallow water equations using the triangular C-grid scheme 

has not been studied, and the current paper is dedicated to the two-dimensional dispersion 

and Fourier analyses of the finite volume C-grid scheme for gravity waves. Szpilka and 

Kolar (2003) used the Fourier and dispersion analysis to propose a numerical analogs to 

these analysis for classic finite difference and finite element discretizations of the shallow 

water equations. 

The main objectives of this paper are: (i) dispersion analysis for the finite-volume 

triangular C-grid solutions of two-dimensional linearized shallow water equations and, (ii) 

examination of fully discrete schemes based on the combination of the C-grid spatial 

discretization method with different time-stepping techniques. First, the dispersion relation 

is obtained and analyzed for the semi-discrete C-grid scheme. In this regard, the wave 

amplitude, phase speed and group velocity of the C-grid spatial discretization scheme are 
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compared to those of analytical analysis. Then, various temporal schemes, namely, the 

Forward Euler, Leap-Frog and Adams–Bashforth techniques, are examined in combination 

with C-grid spatial discretization method. Different linear and non-linear numerical tests 

are simulated in order to verify the analytical dispersion analysis and investigate the 

performance of the proposed fully discrete methods. 

3.2. Governing Equations 

The two-dimensional inviscid linear form of shallow water equations in Cartesian 

coordinates can be expressed in the following form: 

  

  
   

  

  
 

  

  
            (3.1) 

  

  
  

  

  
            (3.2) 

  

  
  

  

  
            (3.3) 

Where   stands for the surface elevation with respect to the reference level of    ,   and 

  are the velocity variables,   is the gravitational acceleration and   is the constant 

average depth. Because the governing equations are linear, by considering the behavior of 

one Fourier mode, the solution can be examined. Then, the solutions of equations (3.1) to 

(3.3) in the form of                 ,                   and                 are 

sought, where   and   are wave numbers in the   and   directions respectively. Replacing 

the wave form of     and   in governing equations (3.1) to (3.3) results in a square matrix 

for the amplitudes      and   . For a nontrivial solution, the determinant of the matrix should 

be equal to zero, which leads to a relationship between the wave numbers   and   and the 

frequency  . The relationship is called the dispersion relation and is obtained as follows: 

                         (3.4) 

The first solution is    , which corresponds to the geostrophic mode, and the other two 

solutions are as follows: 

                         (3.5) 
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In which     stands for the analytical solution and corresponds to the free surface 

gravitational mode. As equation (3.5) shows,   is purely real, and therefore all modes are 

naturally stable and neither amplify nor decay.  

3.3. Spatial Discretization and Analysis 

In the C-grid approach, surface elevation is located at the cell’s circumcenter, while the 

normal velocities are considered at the cell mid-edges; see Fig. 3.1 (left). To obtain the 

equations for the normal component of momentum at each edge, the dot product of the 

edge normal vector       will be taken with the momentum equations (3.2) and (3.3), which 

leads to: 

  

  
  

  

  
            (3.6) 

Where 
 

  
 is the edge normal gradient and             . The edge normal vector   is 

defined at the middle of the three different edge types of each cell, as shown in Fig. 3.3.  

The edge normal gradient of free surface at each cell mid-edge is defined as follows: 

 
  

  
   

     

  
         

 (3.7) 

Where    is the distance between the circumcenters of two neighbor cells,         is the 

edge type index and   provides the index of the cell in the direction of   , while   provides 

the index for the cell in the opposite direction ; see Fig. 3.1 (right).  
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Fig. 3.1 - Normal velocity and water surface elevation locations are presented by the symbols ○ 

and →, respectively (left); estimation of normal gradient of water surface elevation at face j (right). 

 

The continuity equation (3.1) also can be written in the following form: 

  

  
  

  

  
            (3.8) 

Considering the triangular cell shown in Fig. 3.1 (left) as the control volume for the water 

surface elevation, the discretized form of continuity equation (3.1) is given as follows: 

  

  
 

 

 
     
 
              (3.9) 

Where   is the area of the cell,    is the length of the  th edge of the cell and    is the 

normal component of velocity at the  th edge of each cell. It must be noted that the C-grid 

semi-discrete scheme is formally second-order accurate.   

For the Fourier analysis, a uniform mesh made up of equilateral triangles, as shown in Fig. 

3.2a, is sufficient. As is shown in Fig. 3.2b (left), the normal velocity  may be located on 

three possible edge types; i.e., either on the horizontal one or the other two biased ones. 

Similarly, Fig. 3.2b (right) shows that the water surface elevation can be placed at two 

different locations i.e. either the up-ward or down-ward triangles. 



PhD Thesis: Methodological Developments for an Improved Evaluation of Climate Change Impact 

on Flow Hydrodynamics in Estuaries  

 

44 
 

 

Fig. 3.2 - (a) Triangular mesh grid made up of equilateral triangles of length h. (b) Gradient (left) 

and divergence (right) stencils of the C-grid spatial discretization. 

 

Fig. 3.3 - Discretization of spatial term in momentum equation. 
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Having Equations (3.7) and (3.9) as discrete forms of governing Equations (3.6) and (3.8), 

similar to the continuum case the dispersion relationship for the discrete form is found 

using the Fourier analysis. The discrete solutions corresponding to                     

and                    are sought, where       and   are amplitudes,         coordinates 

are expressed in terms of distance to a reference circumcenter and the periodic solution 

form of the normal components can be stated as follows: 

                                      
 

 
                       

 

 
  

For the C-grid, the discretized equations include two momentum equations at two possible 

types of circumcenters (       ) and three continuity equations at three possible types of 

edges              .  Substituting the periodic solution of   and   in the discrete equations 

leads to a square matrix system of amplitudes as: 

 
    

 

 
 

 

 
  

   
    

   
   

 
 
         (3.10) 

Where                    ,              ,    is square identity matrix and we also have: 

  
 

  
 
    
 

 
 
 

 
 
 

 

       

 

 
 
 

 

 
  

 
 

 
 

 
 

 
  

 
 
 
      

    
    
    

  

       
  

 ,       
 

 
  

  

  
 
,        

 

 
  

  

  
 
 

The dispersion relationship is then obtained by setting the determinant of the     matrix 

system to zero, which leads to: 
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It should be noted that in limit as mesh spacing     , only      correspond to a 

continuous solution, while      correspond to spurious modes.  

Considering     that correspond to the continuous solution, the dispersion relation for the 

semi-discretized equations is obtained by vanishing the     matrix in equation (3.10) : 

      

                 
   
 
           

   
 
              

 
   (3.11) 

Where      and    
   

 
. We can examine the obtained dispersion relation (3.11) as a 

function of     and       

As equation (3.11) shows, the two roots of   have no imaginary parts and have the same 

real parts with different signs, i.e., the two waves move in different directions as in the 

continuous system. The imaginary part of  , which deals with damping, equals zero here. 

In other words, all waves, including both short and long waves, are transferred without 

damping. However, this is not always desirable, since most discretization schemes have a 

phase speed error for high frequencies, which may lead to oscillatory results unless they 

are effectively damped. Of essential importance is the observation that we have zero 

frequency, i.e.,     at the following values of                           , which 

implies zero phase speed for all waves. Therefore, all waves do not propagate, which may 

lead to numerical oscillation. However, it can be shown that all of these waves are shorter 

than the shortest resolvable wave of the C-grid mesh for which we have           

     .  

For a 2-dimensional wave, phase speed is generally defined as           . 

Therefore, the phase speed for both analytical and discrete cases can be written based on 

the dispersion relations (3.5) and (3.11)as follows: 

    
   

      
          (3.12) 

    
   

      
          (3.13) 
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Where     and     are the analytical and computed phase speed, respectively. Then, the 

phase speed ratio is defined as a ratio of the computed phase speed to the analytical one: 

   
   

   
 

   

          
        (3.14) 

For an ideal discretization scheme, the phase speed ratio is     , which would be the 

case in the absence of numerical dispersion. Fig. 3.4 shows the surface function of    

depending on     and     . As previously mentioned, since                 

corresponds to the shortest resolvable wave,     and     vary over      .It can be seen 

that the phase speed ratio is          for both long and intermediate waves with     

and     roughly lower than     , and suddenly decreases for shorter waves. Therefore, the 

long and intermediate waves, which transfer most of the energy, travel at almost the same 

speed as continuous waves. On the other hand, the shorter waves are travelling slower than 

expected. As mentioned above, since theses waves are not damped, they may lead to 

numerical oscillation in the results.  

The group velocity is the velocity at which the energy is carried by the waves. It is defined 

as    
  

  
     

  

  
  and can be estimated for both continuous and discrete cases as follows: 

     
    

  
     

    

  
          (3.15) 

     
    

  
     

    

  
          (3.16) 

Where     and    are given by (3.5) and (3.11), respectively. The group velocity for 

continuous and semi-discrete forms is illustrated in Fig. 3.5. As is shown, the group 

velocity for the semi-discrete form is mostly consistent with the analytical solutions except 

for higher values of   and   .  
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Fig. 3.4 - Phase speed ratio for C-grid spatial discretization. 

 

In addition to the group velocity, the directional derivatives       and       are 

calculated, where  is a unit vector in the   ,    and    directions as shown in Fig. 3.6. 

They correspond to the waves travelling in the   ,    and diagonal axes for     

        and         , respectively.  

As Fig. 3.7 shows, for small and intermediate    and     , the group velocity is consistent 

with the analytical solution. However, at the values of (               (wave of length 

  ) they equal zero, which means although the waves are propagating, the associated 

energy is not. It can be also seen that in the OD direction we have a wrong (negative) sign 

for wave length greater than    and smaller than   . 
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Fig. 3.5 - The group velocity vectors of (a) the continuous case and (b) C-grid spatial discretization. 

 

  

 

Fig. 3.6 - Definition of the directions OX, OY and OD on a Cartesian coordinate.  
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Fig. 3.7 - Computational and analytical directional derivative (Gcp.d and Gan.d) in OY, OX and 

OD directions. 

 

3.4. Temporal Discretization and Analysis 

A Fourier analysis is now conducted for both the spatial and temporal schemes. In this 

section, first, by using various temporal schemes in combination with the C-grid spatial 

scheme, the governing equations (3.6) and (3.8) are discretized. Then, by submitting the 

periodic solution of the form                    and                    into the 

discretized form and vanishing the matrix, we can obtain the corresponding dispersion 

relation. In this study, forward Euler, Leap-Frog and Adams-Bashforth temporal schemes 

are examined in combination with the C-grid spatial scheme.  

3.4.1. Forward Euler Scheme 

Using the forward Euler method and at a given time-step           , the temporal 

terms of Equations (3.6) and (3.8) can be written as follows: 
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          (3.17) 

  

  
 

       

  
          (3.18) 

and the spatial discretized terms are evaluated at time step  . We can obtain the following 

matrix form: 

 
          
          

   
    

    
   

 
 
        (3.19) 

Where         is the propagation factor,    
  

  
   and  

     

 
 is the CFL number 

where   
  

 
  is the shortest distance among the grid points. The dispersion relation is 

then obtained for the propagation factor by setting the detriment of the matrix in the left-

hand side of equation (3.19) equal to zero for a non-trivial solution. The dispersion relation 

for the fully discretized scheme using the forward Euler method is as follows: 

    
  

 
              

   

 
           

   

 
              (3.20) 

3.4.2. Leap-Frog Scheme 

The temporal terms can be discretized as follows using the Leap-Frog temporal scheme: 

       

  
 

 

 
   

     
 
             (3.20) 

       

  
   

  

  
  
   

          (3.21) 

Note that in the Leap-Frog method, the spatial terms are estimated at the time step    .  

 
            

            
   

    

    
   

 
 
       (3.22) 
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The dispersion relationship is obtained by vanishing the left-hand side matrix of (3.22). 

However, the explicit form of the dispersion relation is too long to be written, and will be 

shown graphically and discussed  in the following section. 

 

3.4.3. Adams-Bashforth second order Scheme 

Employing the Adams-Bashforth temporal scheme leads to the following fully discretized 

form of the governing equation: 

         

  
 

 

 
 
 

 
   

     
 
     

 

 
 
 

 
   

   
 
          (3.23) 

         

  
 

 

 
  

  

  
  
   

 
 

 
  

  

  
  
 
        (3.24) 

This fully discrete scheme can be written in the following matrix for: 

 
            

  

 
 

 

 
   

    
  

 
 

 

 
           

   
    

    
   

 
 
      (3.25) 

Similarly, the dispersion relation for this scheme is obtained by canceling the determinant 

of the left-hand side of the matrix, but it is too long to be written, and will be shown 

graphically and discussed  in the following section. 

3.4.4. Dispersion Relation Analysis 

In order to analyze the fully discrete schemes, the dispersion relation of each method is 

investigated. The phase speed ratio and amplification factor     for each fully discrete 

scheme is presented in Figs. 8 to 10.  

Since the Euler forward time stepping technique is a basic method, the results are only 

shown for the Leap-Frog and Adams-Bashforth schemes. As the figures show, for a small 

CFL number (       ), the results of fully discrete systems are close to those of the 

semi-discrete form. Since the semi-discrete form can be considered as the fully discrete 

method when    . 
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Based on the dispersion relationship analysis, it can be concluded that the performance of 

the different schemes depends on the CFL number. As the dispersion relation (3.20) of the 

forward Euler scheme shows, for all wave numbers and CFL numbers the amplification 

factor is      . Therefore, even with a small CFL number (       ), the Euler scheme 

may lead to unstable results.  

 

 

Fig. 3.8 - The phase speed ration as a surface function for CFL = 0.1. 

In the Leap-Frog scheme, the amplification factor is very close to one for small and 

medium CFL numbers (       and    ), while it suddenly decreases for high wave 

numbers at the high CFL condition.  The Adams-Bashforth scheme exhibits more sensitive 

performance with regard to the CFL number. The amplification factor is close to one for a 
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small CFL number of    , but in the high CFL numbers it significantly decreases for all 

wave numbers. 

The phase speed ratio is also presented for different fully discrete systems. As previously 

mentioned, the performance of all schemes is very close to that of the semi-discrete form 

when the phase speed ratio is close to one for the long waves (small wave numbers), while 

it departs from one when the wave number increases.  However, increasing the CFL 

number results in a different performance of the fully discrete schemes. 

 

 

Fig. 3.9 - As for Fig. 3.8 but for CFL = 0.5. 
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In fact, the phase speed ratio decreases in the Euler (not shown) and Adams-Bashforth 

methods. Indeed, for the higher CFL numbers, the waves are traveling much slower than 

expected, especiallyforthe higher wave numbers. This may result in oscillatory results for 

these two methods with high CFL numbers (       ). On the other hand, in the Leap-

Frog scheme, for         the phase speed ratio is increased. In fact, this leads to the 

phase speed ratio being close to one for a wide range of wave numbers and it improves the 

phase speed ratio of the high wave numbers. However, one should note that the phase 

speed ratio is a little higher than one for some medium wave numbers. For        , the 

phase speed ratio is still increasing, and it reaches    . In this case, for the low wave 

numbers (long waves) the phase speed ratio is higher 

 

 

Fig. 3.10 -As for Fig. 3.8 but for CFL = 0.9. 
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than one, while it is less than one for the higher wave numbers (shorter waves). It should 

be noted that when the phase speed ratio is higher than one, the waves are travelling in 

higher speed than expected.  

As dispersion relation analysis shows, the combination of the Leap-Frog temporal scheme 

with the C-grid spatial scheme improves the phase speed ratio performance of the semi-

discrete form. In addition, it shows that the amplification factor is almost equal to one, not 

only for a small CFL number (       ) but also for a higher CFL number (       ). 

In the dispersion relation analysis, it should be considered that most of the energy is 

transferred via long waves. Therefore, the waves with a high number do not transfer much 

energy. In addition, the results show that both numerical schemes have a phase speed error 

for higher wave numbers, as most of the numerical schemes have. However, these waves 

do not transfer a significant amount of energy in the domain, and there may be oscillatory 

results unless the numerical scheme damps them efficiently. 

3.5. Numerical Tests 

The results of the various numerical tests where the governing equations are (3.6) and (3.8) 

will be presented in this section. It should be noted that the numerical results of some tests, 

which are not presented here, confirm that the Euler method is unstable even for small CFL 

numbers. Therefore, the results of the Euler method are not presented in this section. 

3.5.1. Validation of Analysis 

The first test aims to validate the analytical dispersion analysis obtained in the previous 

section for various temporal schemes. The grid used for the numerical tests is made up of 

equilateral triangles, as shown in Fig. 3.1. The domain extent is             , and the 

length of the triangles selected is      . The fluid is initially at rest and, except for the 

left boundary, a zero normal velocity is specified at the other lateral boundaries.  The 

condition       is prescribed at each time step at the left lateral boundary, with   

      and        
 

  
. The results of the numerical tests for different CFL numbers are 

presented in Figs. 11 and 12 for the Leap-Frog and Adams-Bashforth schemes, 
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respectively. In these figures, the vertical sections of the wave propagation are shown after 

      and       . The time step is set to                           for gravitational 

CFL numbers of                    , respectively. 

Based on the dispersion analysis, the phase speed ratio for the Adams-Bashforth and Leap-

Frog scheme, as shown in Figs. 8 to 10, is close to 1 for small values of wave numbers. 

Therefore, the wave front propagates at the analytical speed of            . The 

computed wave front speeds observed in Figs. 11 and 12 are in good agreement with the 

analytical one.  

 

Fig. 3.11 - Cross sections of the water surface elevation at times 2000 s and 4000 s for the Leap-

Frog method 
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Fig. 3.12 - Cross sections of the water surface elevation at times 2000 s and 4000 s for the Adams–

Bashforth method. 

 

 There is also good agreement between the numerical dispersion shown in Figs. 3.8 to 3.10 

and the numerical test results presented in Figs. 3.11 and 3.12. For both the Leap-Frog and 

Adams-Bashforth schemes, we have a phase speed ratio of      for most of the wave 

numbers, specifically for the small values of   and   . This implies that        , which 

means the waves are traveling slower than expected, and leads to dispersion effects as 

oscillation prior to the front wave, as can be seen in Figs. 3.11 and 3.12.  For the Leap-Frog 

scheme, since by increasing the CFL number the phase speed ratio gets closer to 1, the 

dispersion effects lessen. Hence, as shown in Fig. 3.11, for         the oscillation 
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appearing downstream of the wave front is less compared to that of        . On the 

other hand, as previously shown in Figs. 8 to 10, for the Adams-Bashforth scheme the 

phase speed ratio significantly departs from   by increasing the CFL number. Therefore, as 

shown in Fig. 3.12, there are more oscillations observed for         in comparison with 

       . For the higher CFL numbers (e.g.,        ) the oscillation leads to unstable 

results, which are not presented here. The isolines of the wave propagation at        are 

presented in Fig. 3.13 for        . This confirms that both numerical schemes are able 

to preserve the symmetry characteristic of the solution.  

 

 

Fig. 3.13 -Isolines of water surface elevation of wave propagation at time 5000 s and CFL = 0.1. 

 

3.5.2. Seiche Wave (Standing Wave) 

In the second numerical test, a seiche is simulated as an example of shallow-water waves. 

In fact, a seiche is standing wave formed by the superposition of two waves of equal 

wavelength and propagating in opposite directions. Such a situation happens in confined 

water bodies such as a lake by reflection from lateral boundaries. The water surface 

elevation of the seiche in a closed, long and non-rotating rectangular basin of length   and 

uniform depth   has a simple trigonometric exact solution: 

                                 (3.26) 
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Where   is the wave amplitude,   is the along-basin coordinate,   is time,          is 

the wave number,   is the wavelength,          is the angular wave frequency, and   is 

the wave period. The angular frequencyand wave number can be calculated based on the 

wave propagation speed      , 

               (3.27) 

In this numerical test, the fourth oscillation mode of the seiche is considered, where 

   
  

 
and    

  

 
. Indeed, in the fourth mode of the seiche the wave length is equal to 

half of the basin length. Different values for the closed basin length   results in a seiche 

with a specific wave number and length. The length of the triangles selected is          

and the initial water surface                              is prescribed, with    

     and         
 

  
. 

For various wave numbers, the results of the numerical test are presented in Figs. 3.14 and 

3.15 for both numerical schemes with        .In the results, the entire seiche is 

presented at     , as well as the oscillation of the midpoint of the domain at       

  .  

Fig. 3.15 shows the results of the Leap-Frog method with         and wave number 

  
 

 
. Comparing to Fig. 3.14 for         with the same wave number, the phase speed 

error is improved by increasing the CFL number. This confirms the results of the 

dispersion relation analysis in Fig. 3.10. 

In Fig. 3.16, the results for a wave number of   
 

 
 is presented for different CFL 

numbers, and it shows that as expected for the long waves, the phase speed error increases 

by increasing the CFL number. 
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 Fig. 3.14 - Water surface elevation of the seiche wave for the domain midpoint at time 5T < t < 6T 

for          . 
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Fig. 3.15 - As Fig. 3.14 but with CFL = 0.9 and k = π/2 for the Leap-Frog scheme. 

 

  

Fig. 3.16 - Water surface elevation of the seiche (standing wave) versus time for k = π/8 with 

different CFL numbers. 
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3.5.3. Gravity Wave 

In the third numerical test, the pure gravity wave with Gaussian initial distribution is 

investigated. In a closed basin, for a water surface initial condition in the form of        

   
      

 and zero initial velocity in the domain, the exact solution of this problem can be 

found in the polar coordinates system as follows (Le Roux 2001): 

                             
 
 ,      (3.28) 

Where    
                   
 
 

   
           

 
 

,   is the radius of the domain,         ,   is the 

Bessel function of first kind and    are estimated from the roots of           .  

In this numerical test, a domain with           and the length of the triangles   

     is considered, with    ,     and       . In Fig. 3.17, the results of the water 

surface elevation for the Adams - Bashforth and Leap-Frog schemes are compared with the 

exact solution (       ). As can be seen, they are in good agreement for both schemes.  

 

 

Fig. 3.17 - Comparison of numerical and exact solution of pure gravity wave at time 60 s 

with CFL = 0.1. 
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In Fig. 3.18, the contour and results of the water surface presented after reflecting off the 

basin walls for both numerical schemes confirm that they are capable of preserving the 

symmetry of the solution.  

 

 

Fig. 3.18 - Water surface elevation after water reflects off the side walls of the basin at time 400 s 

with CFL = 0.1 using (a) Adams–Bashforth and (b) Leap-Frog schemes. 

 

In order to investigate the effect of the spatial C-grid scheme in the proposed combination 

of temporal schemes, the numerical test for a pure gravity wave is done with the same time 

step while the length of the triangle of the mesh decreases. The    error of the water 

surface is calculated for each case and presented in Table 3.1. The results show that when 

the spatial grid size decreases, despite the fact that the CFL number increases, both 

numerical schemes converge. Table 3.1 shows that the numerical method with the Adams-

Bashforth temporal scheme converges faster than that of the Leap-Frog scheme.  
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Table 3.1 - Spatial evolution of L2 error. 

h (m) Δt (s) CFL 
L2 error 

Leap-Frog Adams–Bashforth 

20 0.15 0.04 0.0000638 0.0000614 

10 0.15 0.08 0.0000192 0.0000107 

5 0.15 0.16 0.0000187 0.0000087 

 

In addition, the evolution of      error in log-log scale for gravity test is illustrated in Fig. 

3.19. In fact, the     error is calculated for various values of triangle length while CFL is 

kept constant and small in order to exclude the error due to time discretization. As can be 

seen, the results of the Leap-Frog and Adams - Bashforth are almost the same. This, 

indeed, implies that the error of temporal scheme is almost eliminated in this test. 

Therefore, the order of spatial accuracy associated with the C-grid scheme is obtained 

approximately equal to     , which is very promising.  

 

 

Fig. 3.19 - Evolution of L2 error in Log–Log scale for pure gravity wave at t = 60 s. 
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Similarly, the numerical tests are performed with the same triangle length of       and 

various time step sizes, and the    error of the water surface is estimated for each case at 

      . Since for lower time steps more iterations are required and the error due to the 

temporal scheme accumulates, the    error per time step for each case is presented in Table 

3.2. As can be seen, both numerical schemes converge to the analytical solution, while the  

 

Table 3.2 - Temporal evolution of L2 error. 

h (m) Δt (s) CFL 
L

2
 error per time step 

Leap-Frog Adams–Bashforth 

8 0.51 0.35 83.7E−08 Unstable 

8 0.45 0.30 9.7E−08 Unstable 

8 0.3 0.20 6.4E−08 Unstable 

8 0.15 0.10 2.9E−08 2.7E−09 

8 0.075 0.05 1.5E−08 1.7E−09 

8 0.0375 0.03 0.8E−08 0.9E−9 

 

time step decreases. The results indicate that the error has a lower order of magnitude for 

the Adams-Bashforth method, and therefore the rate of convergence is faster. However, it 

should be noted that the Leap-Frog scheme is stable for larger time steps and CFL 

numbers, while the Adams-Bashforth method exhibits instability for higher time steps and 

CFL numbers.  

3.5.4. Grid structure effect 

The mesh structure can directly affect the numerical solutions and therefore, the impact of 

mesh shape and structure on the quality of the solutions is also analyzed in this study. For 

this aim, the organized-unstructured triangular as well as fully-unstructured triangular 

meshes are employed as are shown in Fig. 3.20. In order to specify the shape of the 

organized-unstructured grid, the following skewness parameter is used as an indicator of 

mesh quality (Roldán et al. 2013):    

         
                           

         
      (3.29) 
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where the optimal cell size is defined as the area of an equilateral triangle with the same 

circumscribed circle. For an acceptable, good and excellent mesh, the skewness parameter 

must be in range of       ,          and         , respectively. The pure gravity 

tests are performed and water levels at       are then compared to the exact solution. 

Table. 3.3 presents    errors for three organized-unstructured meshes. As results show, the 

errors for all three cases are lower than           and the c-grid spatial discretization 

method in the proposed combination with both time-stepping techniques performs well.   

 

 

Fig. 3.20 - Organized-unstructured triangular meshes with (a) excellent, (b) good, (c) acceptable 

shape and (d) fully-unstructured triangular mesh. 
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The evolution of    error in log-log scale for a organized-structured with good shape and 

fully-unstructured meshes are illustrated in Fig. 3.21. As is shown, the order of spatial 

accuracy associated with the C-grid scheme is obtained approximately equal to    and    , 

respectively.  

 

Table 3.3 -L
2
 error for different mesh types. 

 

 

L
2
 error 

Mesh (a) Mesh (b) Mesh (3) 

Adams–Bashforth 1.08E−06 2.00E−05 2.54E−05 

Leap-Frog 9.08E−06 2.80E−05 3.32E−05 

 

This implies that the mesh structure and quality can effectively influence the solutions and 

the rate of convergence. Three dimensional view of the water elevation at        is 

illustrated in Fig. 3.22 for both organized and fully unstructured triangular meshes. It 

shows that the scheme preserves the symmetry of the solution over the entire domain.  
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Fig. 3.21-  Evolution of L2 error in log–log scale for pure gravity wave at t = 60 s (a) for 

organized-unstructured mesh with good shape (b) fully-unstructured triangular mesh. 

 

 
Fig. 3.22-  Three dimensional view of water surface at t = 60 s using (a) good organized-

unstructured triangular mesh (b) fully-unstructured triangular mesh. 
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3.5.5. Non-linear parabolic flood waves 

In order to find out the behavior of the proposed combination of the Adams-Bashforth time 

stepping technique with the C-grid approach, in this test, the non-linear shallow water 

system is employed for modeling parabolic flood wave. The analytical solution of this 

example is given by Thacker (1981): 

  
  

     
          (3.30) 

  
  

     
          (3.31) 

      
  

     
 

     

  
  

  

     
 
 

        (3.32) 

where the    is the peak of the initial water surface elevation and    is calculated as a 

function of parameter    as follows: 

          
             (3.33) 

Here, a         rectangular domain is considered with     and      . The 

initial velocity is considered zero over the entire domain and        
     

  
   is the 

initial water level. It should be noted that following the work of Perot (2000), Casulli 

(1999) and Casulli and Zanolli (2002) the non-linear shallow water equations are spatially 

discretized using the C-grid approach (Appendix) and Adams-Bashforth time stepping 

scheme is employed for temporal discretization. Fig. 3.23a shows the analytical and 

numerical solutions of water surface elevation the wave at the     . The results show 

good agreement and the 3D view of the wave in Fig. 3.23b also confirms that the 

symmetric forms of the solution is preserved by the method.  
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Fig. 3.23 - (a) Comparison of analytical and numerical solutions of a parabolic flood wave at t = 7 s 

(b) three dimensional view of the parabolic flood at t = 25 s. 

 In order to obtain the order of spatial accuracy of the proposed scheme for the non-linear 

shallow water equations, we consider the same example with a rectangular domain of 

               . The evolution of the    error in the log-log scale is illustrated in Fig. 

3.24. As can be seen, the obtained order of accuracy is     , which is promising.  

 

Fig. 3.24 - Evolution of the L2-error for parabolic flood wave in log–log scale. 
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Fig. 3.25 - Comparison of the computed (dots) and analytical (lines) water surface elevation for 

parabolic flood wave at different time stage. 

 

We also examine the proposed model in terms of conservation properties. To this end, we 

consider the long time simulation of the flood wave up to       . The evolution of the 

computed water surface elevation is compared to the analytical solution in Fig. 3.25. It 

must be noted that for an appropriate visualization, the water surface elevation is shown in 

logarithmic scale. One can see that the obtained results are in good agreement with the 

analytical ones. In addition, it can be seen that the proposed scheme preserves the 

maximum water surface elevation through the simulation time and that there is no 

significant damping associated with the results. Moreover, the numerical scheme preserves 

the symmetric shape of the solution. It also can be seen that even at      , where the 

water depth becomes very close to zero, the scheme performs well and there is no noise in 

the solution.   
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Table 3.4 - Comparison of computed and analytical maximum water surface elevation at different 

time stages. 

t 5 10 20 25 40 80 100 

Proposed scheme 0.79653 0.49487 0.19679 0.13558 0.05787 0.01511 0.00972 

Analytical 0.79673 0.49494 0.19679 0.13555 0.05771 0.01508 0.00970 

True relative error % 0.02 0.02 0.00 0.03 0.28 0.16 0.15 

 

For a quantitative comparison, the computed and analytical maximum water surface 

elevations at various times along with the corresponding true relative errors are presented 

in Table 3.4. The results show that the errors are negligible and confirm the capability of 

the model.   

3.5.6. Non-linear wind-induced currents in a rectangular basin  

This numerical example, which has various practical applications in mixing, stratification 

and chaotic advection, has been widely used in the literature (Pattantyus-Abraham et al., 

2008; Wang et al., 2001; Liang et al., 2006). In this example we examines the proposed C-

grid scheme with a consideration of various source terms in momentum equations which 

are of essential importance in practical applications. This particular example is useful for 

checking the ability of the proposed scheme to account correctly for non-uniform bed 

topography, wind surface stress bed friction.  

In this test we consider a square lake with a domain extension of               

             , which can represent a shallow lake. Except for the near-shore field, one 

can assume a mild linear bottom slope from the shore line toward the center of the lake. 

This form of bottom topography will result in topographic gyres in the flow circulation 

pattern. In this example we set the still water depth at          at the center point  of the 

lake while we consider          through the shore lines. Fig. 3.26 shows the still water 

depth that represents the bottom topography of the lake.  
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Fig. 3.26 - Contour lines of still water depth over the model-lake. 

 

The bed friction terms are given by               and               , where 

   is an empirical coefficient based on bed roughness. We use the following equation 

based on the Chezy friction law:  

   
 

  
 

where  is the Chezy friction coefficient. Triangular grids with an approximate cell area of 

        are used and CFL is set to        . A no-flow boundary with a free-slip 

condition is applied at the basin wall. The north and east wind components of        is 

assumed that is             , and the wind direction changes from north-east to 

north-west every     s. The Chezy parameter of the bed friction is taken as   

       
 

   . 
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Fig. 3.27 - Steady-state water surface elevation and horizontal velocity field for (left) North-East 

wind direction att = 2 h and (right) North-West wind direction at t = 4 h. 

 

The results obtained from the C-grid scheme while the Adams-Bashforth method is used 

for time marching. Fig. 3.27 shows the steady-state water surface elevation   and 

horizontal velocity field corresponding to the  north-east and north-west wind directions at 

       and       , respectively. One can see the flow pattern is as expected where a 

pair of primary topographic gyres is observed perpendicular to the wind direction.  
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Fig. 3.28 - Horizontal velocity field (left) and water surface elevation (right) after wind direction 

changes at t = 3 h. 

Fig. 3.28 displays the water surface elevation   and the horizontal velocity filed at the 

transient time when the wind direction changes from north-east to north-west. As can be 

seen, the results are free of spurious modes and demonstrate the ability of the proposed 

scheme in simulations of wind-induced circulation with an uneven bathymetry. 

3.6. Discussion and Conclusion 

While the finite volume triangular classic C-grid scheme is employed in many numerical 

models and is very common, the current study seems to be the first one of the dispersion 

relation analysis of this spatial scheme. In this paper, the numerical solution of two-

dimensional linearized shallow water equations is assessed. First, the dispersion relation of 

a semi-discrete scheme was obtained for shallow water system and then analyzed. The 

results showed that the dispersion relation of the spatial scheme is purely real; i.e., there is 

no imaginary part. Therefore, all waves, including long and short waves, were not damped 

in the numerical solution. The phase speed ratio was also close to one for the long and 

intermediate waves. However, the spatial scheme decelerates the shorter waves. Despite 
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the fact that the short waves do not transfer much energy in the domain, since they are not 

effectively damped by the numerical scheme they may lead to oscillatory results.  

In the second section, the fully discrete schemes are analyzed. They were developed based 

on the proposed combination of three different temporal schemes: namely, the forward 

Euler, Leap-Frog and Adams-Bashforth methods, with the C-grid spatial discretization 

scheme. In fact, the implementation of various time-stepping methods can change the 

semi-discrete performance. For all numerical schemes, with a small CFL number 

(CFL=0.1) the phase speed ratio is very close to the semi-discrete one.  

In regard to the amplification factor, for the forward Euler scheme we have      , which 

means that the scheme is not stable unless there is a small CFL number. The dispersion 

relation analysis for the Leap-Frog method showed that the time-stepping scheme improves 

the phase speed behavior of the spatial discretization and makes it much closer to one for a 

wide range of wavelengths, including the shorter waves. In addition, the amplification 

factor is almost equal to 1, which shows that the numerical scheme does not damp the 

results. For higher CFL numbers (CFL=0.9), the Leap-Frog scheme accelerates the 

intermediate waves, while it is very close to one for long waves. The Adams-Bashforth 

scheme exhibits higher phase speed errors with higher CFL numbers (CFL>0.1) for a 

wider range of wave lengths, including the intermediate waves. However, the results show 

that it could also damp the results for shorter waves.  

Three numerical tests were performed in order to first confirm the analytical results and, 

second, assess the convergence rate and accuracy of the proposed fully discrete methods. 

The first experiment was intended to confirm the results of analytical dispersion results by 

propagating a pure gravity wave in a channel. The results of the test showed that the wave 

front propagated at the same speed as the analytical results indicated. In addition, it showed 

the dispersion effects prior to the front, which confirms that numerical schemes decelerate 

the waves (    ). It also showed that by increasing the CFL number, the oscillation 

decreases for the Leap-Frog scheme, while it increases for the Adams-Bashforth scheme. 

This clearly confirmed the analytical dispersion results. In the second test, a seiche in a 

rectangular closed basin was simulated as an example of shallow water waves. The results 
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of the numerical methods were compared with the exact solution. The results were 

examined with different wave numbers, and showed that the phase speed error increases 

for the shorter waves, as the analytical analysis indicated. However, the results showed that 

the phase speed error for the shorter waves with higher CFL numbers is decreased using 

the Leap-Frog time-stepping technique. In the third numerical test, numerical schemes 

were implemented for simulation of a pure gravity wave with Gaussian initial distribution. 

The results of both the Leap-Frog and Adams-Bashforth methods were compared to the 

analytical Bessel function solution and they were in good agreement. The spatial and 

temporal evolutions of the numerical solution were estimated based on the   error. The 

results showed that the proposed combination of spatial and temporal techniques 

converges, while the time step and spatial step decrease. In addition, the results showed 

that the error of the Adams-Bashforth scheme is lower and that the Leap-Frog scheme is 

stable for higher CFL numbers. The above analysis shows how the proposed method can 

help either in assessing the performance of the spatial discretization techniques or in the 

selection of the time-stepping technique in combination with it. In addition, the results of 

non linear tests confirm the ability of the C-grid approach, in the proposed combination 

with the Adams-Bashforth time stepping technique, to simulate the non-linear behavior of 

shallow water flows.  

To summarize, the following points should be emphasized on to highlight the contributions 

of this study: (i) Finite volume unstructured C-grid scheme was analyzed based on 

dispersion relation for the semi-discrete case, (ii) The effects of Adams-Bashforth and 

Leap-Frog time-stepping methods on the behaviour of the C-grid scheme were investigated 

using the dispersion relation analysis, (iii) Results showed that the Leap-Frog improves the 

phase speed behaviour of the C-grid semi-discrete scheme, (iv) The Adams-Bashforth 

method was shown to be more accurate, while the Leap-Frog is more stable for higher CFL 

numbers, (v) The effect of the grid structure was investigated considering perturbed 

organized-unstructured grids as well as fully-unstructured grids, (vi) The asymptotic order 

of accuracy of the both linear and non-linear cases were estimated for various grid types 

and (vii) The behaviour of proposed scheme was found to be satisfactory for the various 
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numerical examples with consideration of various source terms which are of essential 

importance in practical applications.  

 

 

Appendix  

Considering the bottom topographical changes, the nonlinear shallow water equations in 

presence of surface wind stress and bed friction terms are as follows:  

  

  
 

  

  
     
 
              (A.1) 

      

  
              

    

  
 

 

 
                   (A.2) 

with, 

                  (A.3) 

where  is the total depth,    is the still water depth at the basin,     and     are bed 

friction stresses,          is the surface wind stress vector, and   is water density. 

In order to take into account the bottom topographical changes, we estimate the gradient 

term in (A.2) as follows (Skoula 2006): 

   
    

  
   

     

  
 

 

 
 
          

  
       (A.4) 

the nonlinear advection term of the momentum equation at cell face   can be discretized as 

follows: 

         
 

  
    

       
           (A.5) 

Where    
  and    

  are thedistances between face   and the centers of cells 1 and 2 which 

share face  , respectively.  is defined as the component of advection of momentum in the 
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direction of the normal vector    within cell   and is obtained by integrating the advection 

term over the cell area to yield: 

   
 

  
         
 
            (A.6) 

In equation (A.6), the   and  components of Cartesian velocity vector         are 

required at the cell faces. To this end, first the approximation of the velocity vector at the 

cell center    is required:  

   
 

  
          

  
           (A.7) 

Then,   is given by a linear interpolation of the velocity vectors at the cell centers on 

either side of face  : 

   
 

  
    

       
            (A.8) 

It should be noted that wherever the total depth value is required at the cell face  , we use a 

linear interpolation of the total depths at the center of cells       which share the face  : 

      
 

  
    

        
             (A.9) 
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Chapter 4 

Dispersion Relation Analysis of Finite Volume Triangular C-grid Scheme for 

Shallow Water Equations with Coriolis Force3 

Abstract  

An ideal numerical model for ocean modelling should be able to simulate various types of 

waves and currents. The Coriolis term has an essential impact on the generation and 

derivation of many inertia-gravity waves as well as slow Rossby waves which propagate 

slowly and transfer considerable amount of energy through the oceans. Obtaining a balance 

between Coriolis force and other forces such as wind stress, bottom friction and gravity is 

very challenging and of essential importance. Generally, typical upwind finite volume 

methods are not capable of simulating these balances. From the dispersion analysis of the 

finite difference structured C-grid scheme it has been shown that the Coriolis mode leads 

to spurious numerical solutions. In this paper, dispersion analysis is employed in order to 

investigate the finite volume triangular C-grid scheme in shallow water equations for 

various types of triangles that may appear in an arbitrary triangular grid. In the presence of 

the Coriolis term, an improvement for triangular C-grid scheme is shown over the 

rectangular one for both low and high resolution cases. Moreover, we analyze the 

performance of triangular C-grid in combination of various time stepping techniques such 

as Adams-Bashforth, Leap-Frog and Improved Euler. Results show that the Leap-Frog 

scheme can improve the behaviour of the semi discrete method, specially for the higher 

CFL number. By considering various source terms in the shallow water equations, such as 

surface wind stress, bottom friction and uneven bottom topography, the proposed scheme 

is examined through different linear and non-linear numerical examples. The results 

confirm the theoretical analysis and demonstrate that the model can preserve the analytical 

solutions without considerable damping, even for long slow waves. The obtained results 

                                                           
3This part of the study has been published as: H. Shirkhani, A. Mohammadian, O. Seidou, H. Qiblawey, 

“Dispersion Relation Analysis of Finite Volume Triangular C-grid Scheme for Shallow Water Equations with 

Coriolis Force”, 2015, (Submitted).  
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show the ability of the proposed finite volume C-grid scheme to obtain a balance between 

the Coriolis force and other forces  to simulate  various oceanic waves. 

Keywords: Shallow water equations, Dispersion relation analysis, Finite volume 

triangular C-grid, Coriolis Force, Ocean waves. 

4.1. Introduction 

In recent years much attention has been paid to ocean modelling as an essential 

requirement in coastal and environmental engineering. In particular, various oceanic waves 

such as gravity, inertia and inertia-gravity waves play an important role in ocean models. 

Indeed, an ideal ocean model needs to be capable of simulating a wide range of oceanic 

waves. Shallow water equations are of essential interest and have considerable application 

for modelling oceanic waves. In numerical modelling of shallow water equations, one 

needs to couple the momentum and continuity equations. In order to do so, there are many 

possibilities of variable placement for certain choice of grids. Choosing the location of the 

variable is a delicate problem since may lead to spurious oscillation in the numerical 

solutions (Le Roux et al. 2007). Mesinger and Arakawa (1976) proposed various staggered 

grids. These grids were analyzed, and among them, the C-grid was found to be promising 

(Akawara and Lamb 1977; Walters and Carey 1984). There has been an increased trend in 

using the C-grid approach with different numerical schemes such as finite difference, finite 

element and finite volume (Casulli and Walters 2000; Walters et al. 2009; Walters and 

Casulli  2001; Popinet and Rickard 2009). The C-grid approach has been widely used in 

different oceanic models such as Princeton Ocean Model (Blumberg and Mellor 1987), 

MICOM (Bleck and Smith 1990), MIKE3HS (Pietrzak et al. 2002), MITgcm (Marshall et 

al. 1997; Adcroft et al. 2004), ROMS (Shchepetkin and McWilliams 2003; 2005) and 

UnTRIM (Jankowski, 2007; 2009).  

Using the dispersion relation and Fourier analyses, one can investigate the effect of 

choosing variable location in the different discretization schemes. Indeed, an ideal 

numerical scheme should be able to preserve the analytical quantities of the dispersion 

relation. The Fourier and dispersion relation analyses have been used for shallow water 

equations for a wide range of numerical methods such as finite difference (Adcroft 1999; 
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Sankaranarayanan and Spaulding 2003), finite element (Le Roux and Pouliot 2006; Le 

Roux 2005) and finite volume methods (Gossard and Kolar 2000; Mohammadian 2010; 

Bernard et al. 2009).  

Dispersion relation analysis of finite difference C-grid on structured rectangular were well 

investigated and documented. Dukowicz (1995) obtained the dispersion relation of various 

grids, including the C-grid, for inertia-gravity waves in term of accuracy. Adcroft et al. 

(1999) performed dispersion relation analysis for a finite difference C-grid and reported 

spurious modes due to the Coriolis term. They suggested a new treatment by augmenting 

the C-grid variables using D-grid ones, and they proposed the CD-grid. Le Roux (2005) 

used dispersion relation analysis for the finite element method and compared the results to 

a finite difference C-grid and CD-grid. He reported poor behaviour of finite difference 

structured C-grid in modelling inertia-gravity waves due to the Coriolis mode, particularly 

for low-resolution grids. Using dispersion relation analysis, Thuburn (2007) also reported 

that there are artificial slowing for inertial waves in the numerical results for the finite 

difference structured C-grid. He showed that numerical Rossby wave dispersion is 

sensitive to the details of the discretization of the Coriolis terms. Rostand and Le roux 

(2008) and Le roux et al. (2007) analyzed the RT0 finite element for shallow water 

equations and reported the difficulties associated with that method. Shirkhani et al. (2014) 

investigated the behaviour of the Finite volume triangular C-grid scheme for the shallow 

water equations. They  investigated fast gravity waves and reported good performance of 

the numerical model for both linear and non-linear cases. However, to the best knowledge 

of the authors, the behaviour of the  finite volume triangular C-grid in presence of Coriolis 

term has not been analyzed.  

The main objective of this paper is to analyze the finite volume triangular C-grid scheme in 

presence of Coriolis term. In line with this goal, the linear shallow water equations with the 

Coriolis term, which has an essential role in large scale ocean modelling, are considered. In 

order to generalize the study, we consider isosceles triangular cells with various vertex 

angles that may represent a general sketch of an arbitrary triangular grids. The results of 

the semi discrete method analysis are compared first with the analytical one, which belongs 

to the continuous case, and second, with those of finite difference C-grid method. We then 



PhD Thesis: Methodological Developments for an Improved Evaluation of Climate Change Impact 

on Flow Hydrodynamics in Estuaries  

 

84 
 

analyze the behaviour of the semi-discrete scheme in combination of various well-known 

second-order time stepping techniques such as Adams-Bashforth, Leap-Frog and Improved 

Euler. Then, we examine the theoretical analysis and the performance of the proposed 

scheme through a number of numerical examples of both linear and non-linear shallow 

water equations. In addition to the Coriolis force, we consider wind stress, bottom friction 

and un-even topographical changes that are of essential importance in ocean modelling and 

practical applications.  

 Dispersion relation analysis confirms that the performance of the finite volume triangular 

C-grid scheme improves significantly compared to the finite difference C-grid. In addition, 

the results of the numerical experiments verify the theoretical analysis and show the 

capability of the proposed scheme in the simulation of both fast-short and slow-long 

oceanic waves. The results show that Leap-Frog time stepping technique is more stable and 

can also improve the behaviour of the semi-discrete method specially for higher CFL 

numbers. The results confirm that the proposed method is able to correctly take into 

account the effect of Coriolis force as well as other important terms in momentum 

equation. Moreover, it is shown that the proposed scheme also performs well for the non-

linear shallow water equations. 

The current paper is organized as follows. In Section 2 the linear and non-linear shallow 

water equations are introduced along with their dimensionless forms. Section 3 describes 

the finite volume triangular C-grid method used for spatial discretization. as well as the 

second-order Adams-Bashforth time-stepping technique. The dispersion relation analysis is 

shown in Section 4, and the proposed model is examined through the various numerical 

examples in Section 5. We finish the paper by remarking on the conclusions in Section 6. 

4.2. Shallow water equations 

In this section, we present the linear and non-linear versions of shallow water equations as 

well as their non-dimensional forms. The two-dimensional inviscid linear form of shallow 

water equations in Cartesian coordinates and in the presence of the Coriolis term can be 

written in the following form: 
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                (4.1) 

  

  
                   (4.2) 

where  stands for the surface elevation,  and   are the components of thedepth-averaged 

velocity vector         in the    and   directions,  is the Coriolis parameter,   is a 

unit vector in thevertical direction,  is the gravitational acceleration,   is the reference 

depth of the water, and   is the two-dimensional gradient operator. Since the main focus of 

this paper is on oceanic surface waves, we consider the Coriolis term, which plays an 

important role in the derivation of those waves. However, Equation (4.2) may include 

various source terms such as bed friction, wind stress and topographical changes. We will 

consider these terms in Section 5, where we examine the proposed method through various 

numerical examples. 

In order to take the Coriolis term into account, the  -plane approximation is considered: 

                (4.3) 

where is the meridional distance from the equator, and  , the linear coefficient of the 

variation of  with respect to  , is defined as follows: 

  
  

 
           

 

  
        (4.4) 

where  is the angular frequency of the Earth’s rotation and  is the mean radius of the 

Earth. 

In some numerical examples in this paper we employ the dimensionless form of the 

shallow water equations. Equations (4.1) and (4.2) on an equatorial  -plane can be stated 

in the dimensionless form using dimensionless variables        ,        ,        , 

        and       . Using the Lamb parameter   
     

  
, the characteristic length 

    , time     , and velocity      can be written as: 
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          (4.5) 

       

The non-linear shallow water equation read: 

  

  
                     (4.6) 

  

  
                      (4.7) 

where      is the total fluid depth and    is the non-linear advection term considered 

in the momentum equation. Similar to the linear shallow water equations, the non-linear 

model can also be converted into the dimensionless form on an equatorial  -plane by using 

dimensionless variables        ,        ,        ,        , and       , with 

characteristic parameters defined by Equation (4.5). 

4.3. Finite Volume Triangular C-grid Method 

In this section, the finite volume C-grid used for spatial discretization is introduced. We 

discretize the non-linear shallow water equations (4.6)-(4.7), which have a more general 

form and can be easily reduced to the linear model. 

4.3.1. Momentum equation  

In the C-grid approach, surface elevation is located at the cell’s circumcenter, while the 

normal velocities are considered at the cell mid-edges; see Fig. 4.1a. To obtain the 

equations for the normal component of momentum at each edge, the dot product of the 

edge normal vector          will be taken with the momentum equation (4.7), which 

leads to: 

  

  
                  

  

  
        (4.8) 

Where 
 

  
 is the edge normal gradient and           is the normal velocity defined at 

the cell edge. The edge normal vector   is defined at the middle of the three different edge 
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types of each cell. The edge normal gradient of the water surface elevation at each cell 

mid-edge is defined as follows: 

 
  

  
   

     

  
         (4.9) 

Where    is the distance between the circumcenter of two neighbour cells,         is the 

edge type index, and   provides the index of the cell in the direction of   , while 

  provides the index for the cell in the opposite direction(Fig. 4.1b). 

   

Uj
ηf

ηb

Dj

 

(a)       (b) 

Fig. 4.1 – (a) Normal velocity and water surface elevation locations are presented by the symbols 

and  , respectively. (b) Estimation of normal gradient of water surface elevation at face   

 

Following the work of Fringer et al. (2006),Casulli and Zanolli (2002), Perot (2000), 

Casulli (1999), and, the nonlinear advection term of the momentum equation at cell face   

can be discretized as follows: 

         
 

  
    

       
           (4.10) 

Where    
  and    

  are thedistances between face   and the centers of cells 1 and 2 which 

share face  , respectively.  isdefined as the component of advection of momentum in the 

direction of the normal vector    within cell   and is obtained by integrating the advection 

term over the cell area to yield: 

   
 

  
         
 
           (4.11) 
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In equation (4.9), the   and  components of Cartesian velocity vector         are 

required at the cell faces. These are also needed for Coriolis terms in momentum equation 

(4.8). To this end, first the approximation of the velocity vector at the cell center    is 

required:  

   
 

  
          

  
           (4.12) 

Then,   is given by a linear interpolation of the velocity vectors at the cell centers on 

either side of face  : 

   
 

  
    

       
            (4.13) 

4.3.2. Continuity Equation 

If   is the area of the triangular cell, continuity equation (4.6) also can be discretized in the 

following form: 

  

  
 

     

  
     
 
             (4.14) 

where   is the length of the  th side of the cell and    is the normal component of velocity 

at the  th side. The discrete form of linear continuity equation (4.1) can also be written as: 

  

  
 

 

  
     
 
              (4.15) 

4.4. Dispersion relation of continuous case 

For the purpose of dispersion relation analysis, it suffices that we consider the linear 

shallow water equations (4.1) and (4.2). Because the governing equations are linear, by 

considering the behaviour of one Fourier mode, the solution can be studied. Thus, the 

solutions in the form of                 ,                  , and                  are 

sought, where   and   are the wave numbers in the   and    directions, respectively. 

Replacing the wave form of    , and   in governing equations (4.1) and (4.2) results in a 

square matrix for the amplitudes      , and   . For a nontrivial solution, the determinant of 

the matrix should be equal to zero, which leads to a relationship between the wave 
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numbers   and   and the frequency  . The relationship is called the dispersion relation and 

is obtained as follows: 

                           (4.16) 

The first solution is    , which corresponds to the geostrophic mode that matches to the 

slow Rossby mode on a  -plane, and the other two solutions are as follows: 

                         (4.17) 

In which     stands for the analytical solution and corresponds to the inertia-gravity  

mode. As equation (4.18) shows,    is purely real, and therefore all modes are naturally 

stable and neither amplify nor decay. 

4.5. Dispersion relation of semi-discrete finite volume triangular C-grid 

For dispersion analysis of the semi-discrete case, we consider various isosceles triangle 

cells with different vertex angles, as is shown in Fig. 4.2a. Note that, as Fig. 4.2b shows, 

the employed grid cells for dispersion relation analysis, which are isosceles triangles with 

different vertex angles, as proxies can  adequately represent the behaviour of an arbitrary 

triangular grids. 

 

hx=2h sin(α)

h
y
 =

 h
 c

o
s
(α

)

α α 

hh

  

Fig. 4.2- Isosceles triangle cell grid with vertex angle α and side length of   (right) anda sample 

of fully unstructured mesh grid (right) which can be generally represented by grid cell shown in (a) 

with various values of α. 
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Considering the continuity equation (4.15) as well as momentum equation (4.8) without 

taking into account the non-linear advection term      , we can use Fourier analysis 

similar to the continuous  case in order to find the dispersion relation corresponds to the 

discrete form. The discrete solutions corresponding to                     and   

                 are sought, where    and   are amplitudes, and         coordinates are 

expressed in terms of distance to a reference circumcenter. 

 

Gradient Divergence 
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Fig. 4.3 - (a) Three possible location of normal velocity of gradient and (b) Two possible location 

for water surface elevation in the divergence stencils of the C-grid spatial discretization 

 

As is shown in Fig. 4.3a,the normal velocity   may be located on three possible edge 

types; i.e., either on the horizontal one or the other two biased ones. Using the linear 

version of (4.8) along with (4.12) and (4.13), discrete forms of three possible normal 

velocities can be obtained as follows,  
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              (4.18) 

  
      

         
      

 

   
           

with   
        

    
 and       

    

    
 . 

Similarly, as can be seen in Fig. 4.3b,the water surface elevation can be placed at two 

different locations. Using equation (4.15) we have: 

  
  

 

   
                       

  
  

 

   
                           (4.19) 

where               is the cell area and we generally have    
  

  
. 

Using equations (4.12) and (4.13) and by substituting the periodic solution of    and    into 

the discrete equations (4.18) and (4.19),one can obtain a square matrix system of 

amplitudes as: 

 
    

 

 
 

 

 
        

   
    

   
   

 
 
        (4.20) 

where                    ,              , and    is the     identity matrix, and we also 

have: 
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with: 
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,    

    

    
 

The dispersion relation then can be obtained by setting the determinant of the     matrix 

system (4.20) to zero. The dispersion relation will be a polynomial of degree 5 with the 

following form: 

   
     

     
     

               (4.21) 

where coefficients            are functions of     and    . In order to investigate the 

dispersion relation for various vertex angle, we consider three different cases, namely, 

     ,        ,      . 

4.5.1. Case1:       

In this case, which leads to an equilateral triangle,   ,    and   are zero in (4.22) that 

implies     is one the roots which corresponds to the slow Rossby wave and is identical 

to the continuous  case (4.17). The other roots are obtained as follows: 

                        
 

 
 .  

In the limit as mesh spacing     we can obtain: 

                     
     

 
          (4.22) 
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As one can see,      correspond to a continuous solution, while      can be considered as  

spurious modes. The explicit form of the dispersion relation for the semi-discretized 

equations is, however, too long to be written, and will be shown and discussed graphically. 

4.5.2. Cases 2 and 3:         and       

In this part, we consider the isosceles triangles with different vertex angles. The five roots 

of the dispersion relation are obtained as follows:  

                           
 

 
 .       (4.23) 

In these cases, the coefficient      in (4.22) and therefore the dispersion relation will not 

admit     as one of the solutions anymore. This implies that the slow mode of the 

discretized method is not identical to the continuous  case(4.17) and it may lead to spurious 

mode. However, the mode is expected to be small and bounded. Moreover, despite to the 

equilateral triangle in the first case, the inertia-gravity modes            do not 

coincide with the continuous case for infinitesimal mesh spacing i.e.    . The      also 

correspond to the spurious mode. 

4.6. Analysis of semi-discrete method 

In order to analyse the obtained dispersion relations of the semi-discrete triangular C-grid 

for various triangle cases, we compare the behaviour of their non-dimensional frequency 

      with those corresponding to the continuous case. Moreover, we reproduce the 

results of the dispersion relation analysis for  the finite-difference rectangular structured C-

grid scheme in order to compare it with the behaviour of the triangular schemes. To this 

end, by defining the Rossby radius as        ,  we can rewrite the continuous 

dispersion relation (4.16) as follows: 

 
 

 
 
 

    
 

 
 
 

                    (4.24) 

The dispersion relation of an rectangular structured C-grid scheme with square grid cells of 

size ,corresponding to the inertia-gravity mode can be written as follows (Dukowicz 

1994): 
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      (4.25) 

It must be mentioned that since the mesh spacing in the    and   directions are not 

equal for triangular grids, we define                and use it to estimate the      

values. We plot the non-dimensional frequencies along the selected axes which are 

presented in Fig 4.4. The directions    nad    represent the waves ravelling in    and 

   directions where      and      , respectively. We select diagonal axes     and 

    for the triangle case as well as     and     for the rectangle cell for        , 

         ,       and       , respectively. We consider two cases, namely low-

resolution mesh grids with         and a high-resolution one with      . While the 

values of     and     vary over      , the non-dimensional frequency       is plotted 

along the selected axes in Fig. 4.5.  

For the high resolution (            , one can see that the      which corresponds to the 

inertia-gravity waves in the continuous solution is monotonic in    and    directions for 

all the triangular cases.  In the     and     directions, the mode in      is almost 

monotonic except for the    and    close to  . It should be noted that for the triangle with 

       (or generally for      ) the maximum value of     along the    is higher 

than the other cases and closer to the continuous case while its lower along the    

direction. Similarly, for the triangle with       (or generally for      ) the 

maximum value of     along the    is higher than the other cases and closer to the 

continuous case while its lower along the    direction. It is due to the fact that by 

deviation of vertex angle from     the triangle lose its symmetry and yields better results 

only in one direction (which is resolved finer) compared to the equilateral triangle case. 

However, for all triangle cases in high resolution, since the     behaves monotonically as 

for the continuous case, they are expected to yield accurate results.     For the mode in 

      , as can be seen, it approximately shows a reflected image of     that can be 

considered as  a spurious mode. Again, due to the loss of symmetry for triangles with  

        and        , with respect to the equilateral case with      , the mode in 

       is not a perfect image of      in    and    directions, respectively. One should 
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note that as mesh spacing    , only for equilateral triangle case with       the mode 

in      coincides with the  continuous inertia- gravity mode.   

α α 

OY
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α 
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OD1OD2

 

Fig. 4.4 - Selected directions for the triangular (left) and rectangular cell(right) 

 

As it was found from the dispersion relation (4.24), for the triangles with         and 

      (or generally      ) there is no     mode which correspond to the slow 

Rossby (geostrophic) mode while there is a mode in     . The mode in     , as can be 

seen in Fig. 4.4, is very close to zero and bounded in all directions for both high and low 

resolution cases. It suggests that one can consider this     mode as a spurious mode 

which tends to the geostrophic mode as    . 

 

 
   

 

 
 
 

 
 

 
(a) 
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(b) 

 
(c) 

 
(d) 

Fig. 4.5 - Dispersion relation results of non-dimensional frequency     for (a) continuous, 

triangular C-grid with vertex angle of  (b)        , (c)      , (d)      . Left column 

(     ) is high resolution and Right column (       ) is low resolution. 
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For the low resolution case (right column), compared to the continuous case, the mode in 

    exhibits non-monotonic behaviour in    and    for all triangular cases in all 

directions   ,   ,     and    . Indeed, the mode in        is closer to the continuous 

case than the one in     . The     , however, is likely to yield closer results to the 

continuous case as     increases.  

Numerically, we found that for         the mode in      starts being monotonic in all 

directions as for the continuous case.  The non dimensional frequency       for all 

triangular cases as well as the structured rectangular (finite difference) case is illustrated in 

Fig. 4.6. As it can be seen, the mode in      is still not monotonic in all directions for the 

triangles with       as well as the finite difference C-grid. Moreover, the mode in      

for triangles with     is non-monotonic only in one direction while for structured 

rectangular case it is non-monomial in both    and    direction. In addition, triangular 

cases hold higher     values compared to the rectangular one. We also found that the 

     will be monotonic in    and    in all directions for the rectangular cases for     

     . It shows that generally,  one can expect triangular grids exhibit better performance 

than the structured rectangular case for the lower resolution.  

 

 

(a)        (b) 
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(c)        (d) 

Fig. 4.6 - Dispersion relation results of non-dimensional frequency     with         for 

triangular C-grid with vertex angle of  (a)        , (b)      , (c)       and (d) structured 

rectangular C-grid. 

4.7. Fully-discrete Schemes 

A Fourier analysis is now conducted to analyse the performance of the fully discretized 

finite volume triangular C-grid in combination with various time stepping techniques. 

Here, we employ three well-known second order temporal schemes, namely Improved 

Euler, Leap-Frog and Adams-Bashforth methods. To this end, first, by using various 

temporal schemes in combination with the C-grid spatial scheme, the governing equations 

(4.1) and (4.2) are discretized. Then, by submitting the periodic solution of the form 

                   and                    into the discretized form and vanishing the 

matrix, we can obtain the corresponding dispersion relation.  

4.7.1. Improved Euler Scheme 

Improved Euler method is an explicit predictor-corrector technique which tries to combine 

the advantages of the simplicity of Euler explicit method with the improved stability and 

accuracy of implicit methods. For the ordinary differential equation 
  

  
       , it reads:  
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         (4.26)  

where   stands for the computed solution at time       . Note that this predictor-

corrector procedure has no effect on the continuity equation since the term at the right hand 

side (RHS) is not a function of water elevation (pressure) term available . Therefore the 

time discretization of the continuity equation leads to the simple Euler scheme. This 

method, indeed, affect the momentum equation, where the Coriolis term at the RHS is a 

function of velocity. Therefore, this method tries to improve the time discretization of the 

Coriolis term.  The matrix form of the fully discrete scheme can be obtained after long 

mathematical manipulation and it is too long to be written. 

4.7.2. Leap-Frog Scheme 

The temporal terms can be discretized as follows using the Leap-Frog temporal scheme: 

                              (4.27) 

Note that in the Leap-Frog method, the spatial terms are estimated at the time     . We 

obtain the following matrix form for fully-discrete equations:  

 
             

             
   

    

   
   

 
 
       (4.28) 

Where         is the propagation factor,    
  

 
. The dispersion relationship for 

propagation factor   is obtained by vanishing the left-hand side coefficient matrix of (28). 

However, the explicit form of the dispersion relation is too long to be written, and will be 

shown graphically and discussed  in the following section. 

4.7.3. Adams-Bashforth second order Scheme 

Adams-Bashforth temporal scheme reads:  

             
 

 
             

 

 
             (4.29) 

This fully discrete scheme can be written in the following matrix form: 
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      (4.30) 

Similarly, the dispersion relation for this scheme is obtained by cancelling the determinant 

of the left-hand side of the matrix, but it is too long to be written, and will be shown 

graphically and discussed  in the following section. 

4.8. Analysis of fully-discrete method 

Using the obtained dispersion relations for the various fully discretized methods, we can 

achieve the phase speed ratio. We define the phase speed as     
 

      
  and then, the 

ratio of the computational phase speed which corresponds to the numerical method over 

the analytical solution which corresponds to the continuous case is defined as the phase 

speed ratio: 

    
   
  

   
            (4.31) 

From (4.24), one can rewrite equation (4.31) as follows: 

    
   

    
 

 
 
 
             

        (4.32) 

where   corresponds to      which is the computational inertia-gravity mode. 
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Fig. 4.7 - Phase Speed Ration     of various temporal schemes for         
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Fig. 4.8 - As of Fig. 4.7 but for         
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Fig. 4.9 - As of Fig. 4.7 but for        
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In order to analyse the effect of different time stepping techniques, we define     

   

  
   and consider the equilateral triangle case (     ) with resolution of      . 

The phase speed ratio of different methods for a wide range of CFL numbers are plotted in 

Fig. 4.7 to Fig. 4.9. The figures show the three dimensional views of the phase speed ratio 

(left column) as well as the variation along the selected axes   ,    and       (right 

column). For the low     number of    , as it is expected, the results of various 

techniques are close together and reflect the semi-discrete behaviour since the effect of the 

time stepping technique is low. Indeed, the phase speeds are close to the continuous case 

for low and medium wave numbers while the longer waves propagate slower. However, 

Adams-Bashforth methods holds higher ratios along the       axis for the longer waves.  

For the        , as can be seen in Fig. 4.8, the Improved Euler methods leads to the 

ratios close to one only for small wave numbers (short waves) while decelerates the wave 

with medium and large wave numbers. The phase speed ratio for Adams-Bashforth is close 

or higher than one for both short and medium waves while it drops lower than one for slow 

long waves, especially in       direction. The Leap-Frog scheme dramatically improves 

the phase speed behaviour of semi-discrete method and leads to ratios close or higher than 

one for all wave numbers along the    and    directions. In addition, it holds higher 

values along the       compared to the other schemes.  

For the        , one can see that the waves in Improved Euler method are propagating 

slower than the continues ones even for the medium wave numbers and the ratio drops 

faster by increasing the wave number. The behaviour of Leap-Frog and Adams-Bashforth 

methods are almost similar and they decelerate the waves with high wave numbers.  

Further to the phase speed behaviour, we investigate the damping error     associated to 

the Rossby mode. We found that there is no damping error for the Adams-Bashforth and 

Leap-Frog methods even for the higher     numbers (not shown). However, the damping 

error of Rossby wave for the Improved Euler method is plotted in Fig. 4.10 for various 

    numbers. One can see that the damping error for the low     number of     is 

negligible but it increases for the higher     numbers.  
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(a)      (b) 

 

(c) 

Fig. 4.10 - Damping Error     associated to the Rossby mode for Improved Euler scheme with (a) 

       , (b)         and (c)        . 

 

4.9. Numerical Tests 

In this section, we verify the theoretical analysis and show the ability of the proposed finite 

volume unstructured C-grid scheme. The first example verifies the theoretical analysis of 

semi and fully discrete methods. In all other numerical examples, we examine the proposed 

combination of finite volume triangular C-grid (with equilateral triangles) with the Leap-

Frog time-stepping technique. There are some important terms, such as Coriolis, wind 
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stress, bed friction, and bottom topographical changes which have an essential role in the 

derivation of oceanic waves which are considered in the following numerical tests.  

4.9.1. geostrophic balance 

This test was proposed in [Ref11] and later has been used in the literature [Ref]. In this 

test, we verify the theoretical analysis of dispersion relation for triangular C-grid with 

various vertex angles. We consider a rectangular domain with a source point of       at 

the middle of the domain and the water is initially at rest. We set the triangular grid 

resolution to       and keep         for all cases. The Leap-Frog and Adams-

Bashforth time stepping techniques are used and they lead to almost the same results. The 

Coriolis is set to          and with             and          we have     

      and    , respectively. The results of the free surface elevation   for various 

triangles with different vertex angle are presented in Fig. 4.11. As one can see, for the 

      the negative elevations appear in the domain around the source point which can 

be related to the non-monotonic behaviour of the non-dimensional frequency    , as is 

shown in Fig. 4.5. For        , however, there is no negative free surface elevation 

around the source point for the equilateral triangle (     ) case which is in agreement 

with the theoretical analysis presented in Fig. 4.5, where the non-dimensional frequency is 

monotonic along all the directions. For triangles with        and      , one can see 

the appearance of very small negative values which are mostly along the directions which 

the behaviour of       is non-monotonic. For the high resolution case    , all the cases 

show expected performance since the     is monotonic in all directions. 

4.9.2. Circular gravity wave propagation 

In this example we test the behaviour of the proposed combination of the triangular C-grid 

scheme with the Leap-Frog time-stepping technique for modelling fast surface gravity 

waves in a circular basin. The fast gravity modes are important in surface waves; however, 

they are less essential in large-scale rotating flows. Nonetheless, an ideal numerical scheme 

should be capable of simulating a typical gravity wave. 
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Fig. 4.11 - Water surface elevation around the source point for various grid resolution with vertex 

angle of         (left),         (midle) and       (right). 

 

In a closed circular basin, an initial Gaussian water surface in the form        

   
      

 and zero initial velocity in the domain are considered. The exact solution of this 

problem can be found in the polar coordinates system, as follows (Le Roux 2005): 

                             
 
 ,      (4.33) 
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where    
                   
 
 

   
           

 
 

,   is the radius of the domain,         ,   is the 

Bessel function of first kind, and    are estimated from the roots of           .  

In this numerical test, a circular domain with            and a triangular mesh grids 

with the triangle length of the         is assumed. We consider a flat bottom and a 

mean depth         which leads to        . We set        , and for the initial 

Gaussian water profile we assume       and            . Fig. 4.12 shows the time 

sequences of the water surface at different stages obtained from the analytical solution (left 

column) and the numerical method (right column). At stage (a) the wave is in its initial 

form, and then moves toward the boundary of the circular basin in stage (b). Stage (c) 

shows the wave immediately after being reflected by the basin boundary. Stages (d) and (e) 

show the wave when it moves back to its initial place for first and second time, 

respectively. Comparing the panels in the right and left columns, one can see that the 

numerical results are in good agreement with the analytical ones. This confirms that the 

proposed triangular C-grid scheme is able to keep the solution symmetric, free of 

numerical oscillations, and accurate. To compare the results quantitatively, the absolute 

peak values for all stages are compared and presented in Table 4.1. As is shown, the 

relative true error is less than 1%, which confirms a good agreement of the numerical 

results with the analytical ones.  

 

Table 4.1 - Comparison of numerical solution of absolute peak (maximum/minimum) values of 

water surface elevation for gravity wave with analytical solution.   

Time (s) 0 3000 7000 9000 13660 28600 

Analytical 99.54 16.05 23.15 15.10 80.76 95.57 

Proposed Scheme 99.39 16.00 23.11 15.04 80.19 94.77 

True relative error(%) 0.2 0.3 0.2 0.4 0.7 0.8 
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(a)  

(b)  

(c)  

(d)  

(e)  
Fig. 4.12 - Vertical cross sections (1D slices along    ) of the water elevation for surface gravity 

wave  : Results obtained by analytical solution (right) and using proposed numerical scheme (left). 

Water surface elevation when the wave is (a) at its initial condition of Gaussian distribution, (b) 
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moving toward the basin wall (c) moving back to the center after hitting the wall, (d) returned to 

the starting point for first and (e) second time. 

4.9.3. Equatorial Rossby waves 

In the previous test we examined the numerical method with a fast gravity wave, and now 

we test the ability of the model to resolve slow waves. In this section we examine the 

proposed triangular C-grid scheme with large-scale equatorial waves. Indeed,  we consider 

the exact solution of the linear  -plane equatorial shallow water equations, which is called 

symmetric equatorial Rossby waves of Index 1. As these waves are long and slow, they 

have an essential role in transferring energy in the ocean.  

When we assume the exact solution of an equatorial Rossby wave, a numerical method 

should be able to preserve the solution. However, many of the available schemes fail to do 

so (Beljadid et al. 2013).  

Linear case 

First we write the analytical solution of linear shallow water equations (4.1) and (4.2) for 

symmetric equatorial Rossby waves of Index 1. We assume a Rossby wave with a 

wavelength of              which propagates in a        domain. We set the 

mean depth       and gravity          , and we use equation (4.5) to estimate 

the characteristic length, time, and velocity. The non-dimensional domain      is 

obtained by     . The dispersion relation for this wave is as follows: 

      
 

 
           (4.34) 

where       is the wave number. The analytical solution of an equatorial Rossby wave 

with an amplitude of    is given by: 

      
     

    
            

 
  

  

      
  

    
            

 
  

        (4.35) 
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where   are the Riemann invariants and    is the smallest root in the dispersion relation 

(4.34). The water surface elevation for a Rossby wave with     obtained from 

analytical solution (4.26) is shown in Fig. 4.13 (right) at time      , which is equivalent 

to   wave periods.  

Now, in order to examine the proposed C-grid scheme, the analytical solution (4.35) is 

used as an initial condition for simulating a large-scale equatorial Rossby wave. To this 

end, a mesh grid with cell area approximately equal to         is employed, and we set 

       . The contour plot of the water surface elevation for Rossby waves obtained 

from the proposed scheme at       is shown in Fig. 4.13 (left). Compared to the results 

of the upwind   schemes reported in (Beljadid et al. 2013),as an example of well-known 

finite volume methods, the obtained results are promising. Fig. 4.13 shows that the 

proposed C-grid triangular method preserves the symmetric form of the solution well. It 

also gives an accurate results compared with the analytical one, without any significant 

damping. 

 

Fig. 4.13 - Water surface elevation for Rossby waves at      : Using proposed scheme with 

CFL=0.1 (left) and analytical solution (right) 
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A 1-D slice of the computed water surface elevation is also shown and compared to the 

analytical one in Fig. 4.14. As one can see, neither significant damping nor any substantial 

phase error is observed in the solution, and they are in good agreement.  

By decreasing the mesh grid resolution, we also examine the accuracy of the method in 

terms of predicting the maximum value of the water surface elevation. As presented in 

Table 4.2, we compare the maximum value of the water surface for Rossby waves 

computed using various cell sizes. As can be seen, the damping is negligible for a range of 

grid resolutions. Table 4.2 also shows the relative true errors for different cases, which 

confirms that the damping is less than 1%.  

 

 

Fig. 4.14 - Comparison of numerical and analytical solution of water surface elevation for Rossby 

wave after   periods (     ) 

 

Using this numerical test with an analytical solution, the spatial order of accuracy for the 

proposed triangular C-grid scheme is also obtained. In order to numerically determine the 

rate of accuracy for spatial convergence, the     number is set to a small value in order to 

vanish the error due to the temporal discretization. We use different mesh grids with 

various resolutions and obtain the results for water surface elevation for a Rossby wave at 

     . Equippedwith the corresponding analytical solution, we obtain the   error for 
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each case. The evolution of the   error versus the length of the computational triangle cells 

     is plotted in a         scale in Fig. 4.15. It shows that the spatial order of accuracy 

for the proposed scheme is     , which is close to the official order of spatial accuracy of   

for the C-grid. The results show the capability of the proposed method in the simulation of 

large-scale slow and long oceanic waves. 

 

Table 4.2 - Maximum values of the analytical and computed water surface elevation for Rossby 

wave for various grid sizes   

Cell Area (km^2) 952.
6 

1488.5 2325.8 3810.5 5953.9 15242.0 60968.2 

Analytical 1.79
3 

1.791 1.788 1.788 1.784 1.745 1.675 

Proposed Scheme 1.79
3 

1.791 1.787 1.788 1.782 1.742 1.670 

True relative error (%) 0 0 0.1 0.0 0.1 0.2 0.3 

 

 

Nonlinear case 

Finally, we modify the equatorial Rossby wave test by considering the non-linear shallow 

water equations (4.8) and (4.15). We use a coarser mesh grids with cell area of          

and keep other conditions and parameters similar to the linear experiment. The water 

surface elevation for Rossby wave is shown in Fig. 4.16. As one can see, there is no 

numerical noise in the results and proposed scheme preserved the symmetric shape of the 

wave without any significant damping. This demonstrates that the model is able to account 

properly the non-linear terms. 
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Fig. 4.15 - Evolution of    error for Rossby wave after 5 periods (       in Log-Log scale 

 

 

Fig. 4.16 - Computed water surface elevation for Rossby waves at       using non-linear 

shallow water equations. 

 

4.9.4. The Stommel problem 

This numerical example is a wind-driven large-scale circulation test originally proposed by 

Stommel (1948) and widely used in the literature (Adcroftet al. 1999l;Hanert et al. 2004; 
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Le Roux 2005). Wind, as one of the main factors in generating the surface waves in the 

oceans, is considered in this example. In addition to the surface wind, we consider 

linearized bottom friction as well as Coriolis force in a square basin with a flat bottom. 

Since we employ the   plane approximation        , the solution is expected to be 

a concentrated crowding of streamlines toward the boundary due to changes in Coriolis 

force through the basin. 

The linear shallow water equations, considering the effect of surface wind and bottom 

friction, can be written as follows: 

  

  
 

 

  
     
 
              (4.36) 

  

  
            

  

  
                 (4.37) 

where is the surface wind stress vector and   is the bottom drag coefficient.  

We consider a square domain of                 and set a non-flow boundary 

condition all around the basin. The mean depth of the water is assumed to be   

     and the reduced gravity acceleration is             . For the   plane 

approximation of       , we set            and              , which leads to 

the radius of deformation    
    

  
      .  

A zonal wind is considered, which results in a surface stress of           with: 

 
          

  

 
 

                     
          (4.38) 

where 
 

 
        and               , spinning up a single anticyclonic gyre. 

We set the bottom drag coefficient         , leading to a Stommel layer width of 

  
 

 
       . Two cases, of low- and high-resolution mesh grids, are considered in 

this numerical experiment. We set the computational triangular cells at size   
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      and          for the low-and high-resolution grids respectively, and we take 

       .  

The main objective of this test is to examine the proposed triangular C-grid shallow water 

model with simulation of the evolution of the velocity divergence field. In a general 

circulation model, an accurate estimation of velocity divergence is essential for good 

resolution of the vertical velocity field. Note that in this test, we consider the effect of wind 

in combination with Coriolis force and bed shear stress as important factors affecting the 

surface oceanic waves. The structured rectangular C-grid scheme has already been 

examined with this test by (Adcroft 1999; Le Roux 2005) and the results reported for both 

the low- and high-resolution grids. 

The obtained divergence of the velocity field using an triangular C-grid scheme after 

         of simulation is shown in Fig. 4.17 for both the low- and high-resolution grids. 

In the high-resolution case, one can see a good agreement with the obtained results of the 

triangular C-grid scheme and those reported for a structured C-grid scheme in (Adcroft 

1999; Le Roux 2005). More precisely, one can see the appearance of the eddy at the 

bottom right corner of the basin. Moreover, a zoom of the bottom left corner of the basin 

(Fig. 4.17b) is presented in Fig. 4.19a, which shows that the results are free of numerical 

oscillations even very close to the basin wall. With respect to the results obtained using 

low-resolution grids (Fig. 4.17a),one can see a great improvement compared to the results 

for the structured C-grid reported in (Adcroft 1999) which  confirms the dispersion relation 

analysis results, as explained in Section (4) of this paper. 
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(a)       (b) 

Fig. 4.17 - Contour plots of the divergence field computed by unstructured C-grid scheme after 

         using (a) low resolution and (b) high resolution mesh grids. 

 

The obtained divergence of the velocity field after          of simulation is also shown in 

Fig. 4.18 for both low- and high-resolution grids. It can be seen that the evolution of the 

divergence field is resolved well by the triangular C-grid scheme. Again, the eddy appears 

and is developed accurately at the bottom right corner of the basin. For the high-resolution 

grid. One can see a zoom of the bottom left corner of the basin in Fig. 4.19b, which shows 

that the results are free of numerical noises close to the boundary. In the low-resolution 

case (Fig. 4.18a), the results are in agreement with the high-resolution one, and one can see 

the appearance of the eddy at the bottom left corner of the basin. One can also compare the 

results with those reported for low-resolution grids computed by a CD-grid in (Adcroft 

1999; Le Roux 2005).  
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(a)       (b) 

Fig. 4.18 - As of Fig. 4.10 but after         . 

 

 

(a)      (b) 

Fig. 4.19 - Zoom of the bottom left corner of the basin for divergence of velocity field after (a) 

         and (b)         . T 

 

Altogether, the results of the Stommel test show that the proposed triangular C-grid 

method performs well and is accurate even when using low-resolution mesh grids.  
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4.9.5. Non-linear wind induced circulation in a circular basin of uneven 

topography 

This numerical test was originally proposed by (Kranenburg 1992) and then broadly has 

been used in the literature (Bukatov and Zav’yalov 2004; Skoula et al. 2006; Rogers et al. 

2001). In this test case, simulation of the topographic gyres is considered due to a uniform 

wind field. In addition to the surface wind stress term in the momentum equation, the non-

uniform topographical changes of the bottom as well as bottom friction are considered. We 

modify this test by taking into account the non-linear velocity advection term in the 

momentum equation. In this case, the non-linear shallow water equations read: 

  

  
 

  

  
     
 
              (4.39) 

      

  
                            

    

  
 

 

 
                (4.40) 

where         is the total depth,    is the still water depth at the basin,     and     are 

bed friction stresses,          is the surface wind stress vector, and   is water density. 

Following the work of Kranenburg (1992), we use the axially-symmetric expression for the 

still water depth as follows:  

   
 

   
          

    

 
         (4.41) 

where  is the radial distance from the center of the circular basin and   is the radius of the 

basin.  

The bed friction terms are given by           
     and           

    where 

   is an empirical coefficient based on bed roughness. We use the following equation 

based on the Chezy friction law: 

   
 

  
 

where   is the Chezy friction coefficient. In order to take into account the bottom 

topographical changes, we estimate the gradient term in (4.40) as follows (Skoula 2006): 
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       (4.42) 

We also use equations (4.10)-(4.13) to estimate the non-linear advection term in 

momentum equation(4.40). It should be noted that wherever the total depth value is 

required at the cell face  , we use a linear interpolation of the total depths at the center of 

cells        which share the face  : 

      
 

  
    

        
             (4.43) 

We assume a circular basin with        . The triangular grids with approximate cell 

area of       is used and CFL is set to        . The uneven bathymetry contour lines 

and the unstructured triangular mesh grid is shown in Fig. 4.20. No-flow boundary with 

free-slip condition is applied at the basin wall. Mean depth is set to           and other 

parameters are taken as             ,          
 

    and   . 

 

  

Fig. 4.20 - Unstructured triangular mesh grids of the circular basin along with the still water depth contour 

lines.  

 

The results obtained from the triangular C-grid scheme at steady state condition at 

         are presented in the following. Fig. 4.21 shows the water surface elevation. 
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One can see that the proposed scheme resolved the flow pattern well and they are in 

agreement with those reported in (Skoula 2006). The steady state velocity field can be also 

seen in Fig. 4.22. The results obtained using the triangular C-grid scheme is in agreement 

with those reported by (Skoula 2006). As can be seen, the results are free of spurious 

modes and demonstrate the ability of the proposed scheme in simulation of wind-driven 

surface waves with an uneven bathymetry.  

 

Fig. 4.21 - Water surface elevation at         . 

 

 

 

Fig. 4.22 - Velocity field component of the solution at         . 
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4.9.6. Nonlinear Rossby soliton waves 

In this numerical test, we examine the behaviour of the proposed C-grid scheme with a 

non-linear equatorial Rossby wave as a slowly propagating wave. This wave, also called an 

equatorial Rossby soliton, is driven by gravity and rotational Coriolis force. This test was 

originally proposed by Boyd 1980) and since then has been widely used in the literature 

(Iskandarani et al. 1995; Le Roux 2000;Hanert et al. 2005).These waves are observed 

about the equator, and in the absence of dissipation they preserve their shape while 

propagating at a constant phase speed. 

We consider the non-linear shallow water equations (4.8) and (4.14), and we use the 

dimensionless characteristic parameters (4.4) for using a dimensionless version of non-

linear shallow water equations on an equatorial    plane. In this test, we consider a non-

dimensional domain of      with a non-flux boundary condition along the basin walls. 

We take the mean depth         and reduced gravity        . We consider a mesh 

grid with a cell area of     , and we set        . Setting     , the initial velocity and 

water surface elevation is obtained from the previous works of Boyd (1980), as described 

in (Hanert et al. 2005):  

      
 
   

 
  

 
          

     
        

   

 
  

        
           

     
             

     
        

   

 
   (4.44) 

      
 
   

 
  

 
          

     
        

   

 
  

where         ,          , and                 
 . The contour plot of the 

initial condition for water surface elevation along with its maximum value is shown in Fig. 

4.23a. Using the initial condition, at the very beginning of the simulation, the Rossby 

soliton wave loses 5% of its initial amplitude, which propagates as a Kelvin wave to the 

eastward of the domain, opposite to the Rossby soliton wave propagation. This is due to 

the fact that the initial condition is not exactly a solitary wave. The contour plot of the 
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water surface elevation and its maximum value computed by the proposed scheme is 

shown in Fig. 4.23b. As can be seen, the wave structure is well resolved by the numerical 

scheme. In addition, the proposed scheme preserved the symmetric form of the solution, 

while damping is negligible. If we consider the aforementioned    loss of amplitude for 

the Rossby soliton, which can be observed at the top boundary of the basin in Fig. 4.23b, 

then the computed maximum value of the water surface is in good agreement with the 

analytical solution. In addition, the asymptotic solution of the Rossby soliton by Boyd 

(1980)predicts the phase speed of the wave as equal to          . The phase speed 

computed by the numerical method is          , which is in good agreement with the 

asymptotic solution. Fig. 4.24 also shows a 3-D view of the computed water surface 

elevation. The results show the ability of the model to preserve the wave shape and phase 

speed for slow Rossby waves.   

 

 
(a) 

 

 
(b) 

Fig. 4.23 -  Contour plots of water surface elevation for Rossby soliton wave: (a) the initial 

condition (b) computed by proposed scheme at dimensionless time       (Equivalant to 

       ). 
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Fig. 4.24 - 3D view of the Rossby soliton computed by proposed scheme at dimensionless time of 

     . 

 

4.10. Summary and Conclusion 

Dispersion relation analysis was implemented in this paper in order to investigate the 

performance of a finite volume triangular C-grid scheme in shallow water equations. 

Indeed, the proposed C-grid approach was analyzed in the presence of the Coriolis term, 

which plays an essential role in inertia-gravity waves. We considered triangular grids made 

up of isosceles triangles with various vertex angles with the linear shallow water equations. 

The results of the dispersion relation analysis were compared with those of the analytical 

one, which belongs to the continuous case. We also reproduced the  results of structured 

rectangular C-grid scheme (finite difference) in order to compare them with the triangular 

C-grid. Different  cases of low and high resolution grids were considered for dispersion 

relation analysis. Analysis showed that the same Rossby mode     as continuous case 

exists for      , while it does not for the triangles with      .  The mode in      

coincide with the continuous case for       while it is not the case for other vertex 

angles. In addition we found the spurious mode        for all cases. We also noticed that 

0

0.05

0.1

0.15
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for the triangles with      , there is a mode in     . However, we found it remains 

bounded and very close to zero for both low and high resolution cases. In addition, results 

showed that for the         the non-dimensional frequency has a monotonic behaviour 

along the all directions as the continuous case for      . It is also valid for the       

but for some directions. In the relatively low resolution case of      , an improvement 

was shown for the triangular C-grid scheme compared to the structured rectangular one. 

We also examined three time stepping methods, namely, Adams-Bashforth, Leap-Frog and 

Improved Euler in combination with finite volume triangular C-grid. The phase speed ratio 

for a wide range of     numbers were studied and results showed advantageous of the 

Leap-Frog and Adams-Bashforth techniques over the Improved Euler. More precisely, the 

Leap-Frog scheme better improved the phase speed ratio behaviour of the semi discrete 

case at        .  

Through a number of numerical tests, we verified the theoretical analysis of dispersion 

relation and  examined the performance of proposed combination of the finite volume 

triangular C-grid (equilateral case) with the Leap-Frog method. We considered the Coriolis 

force, wind stress, bottom friction and bottom topographical changes, and examined the 

proposed fully discrete scheme with various oceanic waves, such as fast gravity waves, as 

well as with long and slow inertia-gravity waves. 

The results of gravity wave propagation in a circular basin were compared to the analytical 

ones. The results showed that the model is capable of modelling the fast waves while 

preserving the symmetric shape of the solution without significant damping. Then, the 

model was examined with a long slow equatorial Rossby wave. The results obtained after 5 

periods were compared to the analytical solution, and they were in good agreement. The 

symmetrical shape of the wave was preserved by the model, while the maximum water 

surface elevation was well predicted. The maximum values of the water surface elevation 

were compared to the analytical ones for various grid resolutions. The results confirmed 

that even using a relative coarse mesh, there is no considerable damping associated with 

the solution. Moreover, the spatial order of accuracy for the triangular C-grid scheme were 

sought by investigating the evolution of the   error of water surface elevation. The 
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obtained rate was very close to the official spatial order of accuracy for the C-grid. 

Furthermore, the non-linear shallow water equations are also examined with the equatorial 

Rossby wave. The results was is good agreement with the analytical one and confirmed 

that the model can correctly take into account the non-linear terms.  

In order to further examination, we applied the proposed model to the Stommel problem 

for two low- and high-resolution grids. The results demonstrated the ability of the model in 

predicting the divergence of the velocity field. In this test, we examined the proposed 

triangular C-grid for low and high resolution cases. The results of high resolution case was 

satisfactory. With regard to the low-resolution scenario, a great improvement was obtained 

in comparison to the structured C-grid schemes which confirmed the theoretical dispersion 

analysis. The model was also examined with uneven bottom topography and wind-induced 

circulation in a circular basin. Using an unstructured grid, the water surface elevation and 

velocity field were computed by the proposed scheme. The results confirmed the ability of 

the model to correctly account for the surface wind stress as well as for variable bottom 

topography. In addition, the non-linear shallow water equations were considered through 

the Rossby soliton wave. The results were in good agreement with those obtained by the 

asymptotic solution. In sum, the model showed good performance in the simulation of 

various ocean waves ranging from fast gravity waves to long and slow Rossby waves.   

To summarize, in line with the main objective of this paper, the following points could be 

emphasized on to highlight the novelty and contribution of the current study: (i) The 

dispersion relation of the finite volume triangular C-grid scheme was analyzed for shallow 

water equations in presence of Coriolis term, (ii) in order to have a perception of triangular 

C-grid behaviour on fully unstructured grid,  we considered isosceles triangles with various 

vertex angles, (iii) analysis showed the mode in     does not coincide with the continuous 

case when       (iv) there is spurious mode        in all triangular cases and no same 

Rossby mode     exists for       (v) various second-order time stepping techniques 

were investigated and Leap-Frog was shown to have a better performance,(vi) the 

performance of triangular C-grid was shown to be improved compared to the structured C-

grid, especially for lower resolution, (vii) the order of accuracy of the semi-discrete finite 

volume triangular C-grid was sought and it was very close to the formal order of accuracy 
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of the scheme, (viii) the proposed C-grid method showed satisfactory performance for 

many numerical examples including short-fast and long-slow waves, (vi) various source 

terms such as bottom topography, wind stress and bottom friction which are of essential 

importance in practical applications were considered and the proposed method performed 

well for both linear and non-linear numerical examples.   
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Chapter 5 

A well-balanced positivity-preserving central-upwind scheme for shallow 

water equations on unstructured quadrilateral grids4 

Abstract 

We introduce a new second-order central-upwind scheme for shallow water equations on 

the unstructured quadrilateral grids. We propose a new technique for bottom topography 

approximation over quadrilateral cells as well as an efficient water surface correction 

procedure which guarantee the positivity of the computed fluid depth. We also design a 

new quadrature for the discretization of the source term, using which the new scheme 

exactly preserves “lake at rest” steady states. We demonstrate these features of the new 

scheme as well as its high resolution and robustness and its potential advantages over the 

triangular central-upwind scheme in a number of numerical examples. 

Keywords: Shallow water equations, central-upwind scheme, unstructured quadrilateral 

grids 

5.1. Introduction 

In this paper we consider the two-dimensional (2D) shallow water equations (SWEs): 

 
 
 

 
 

                 

           
 

 
    

 
              

                  
 

 
    

 
       

      (5.1) 

Here,           is the water depth,         and          are the    and   velocities, 

respectively,        is bottom topography and    is the gravitational constant. 2D SWEs 

                                                           
4 H. Shirkhani, A. Mohammadian, O. Seidou, H. Qiblawey, “A well-balanced positivity-preserving 
central-upwind scheme for shallow water equations on unstructured quadrilateral grids”, Computer 
and Fluids, 2016, 126: 25–40. doi:10.1016/j.compfluid.2015.11.017.  
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are commonly used to simulate a wide range of problems in water resources engineering, 

modelling oceans, rivers and coastal areas, etc.  

The system (5.1) admits several steady-state solutions. One of the practically most 

important steady states is a so-called "lake at rest" state satisfying,  

                        (5.2) 

A good numerical method for the SWEs (5.1) should be well-balanced, that is, it should be 

capable to exactly preserve the "lake at rest" steady states (5.2). It should also preserve 

positivity of the water depth  . 

Many numerical methods for SWEs were developed in past decades. We refer the reader, 

for example, to finite difference (Casulli 1990; Xing and Shu 2005; Casulli and Walters 

2000), finite element (Hanert et al. 2005; White et al. 2008; Triki 2014) and finite volume 

(Casulli and Walters 2000; Bonaventura et al. 2006; Mohamed 2014) methods. There are 

also high order schemes developed for hyperbolic systems (Liu et al. 1994; Bassi 

andRebay 1997; Giraldo et al. 2002; Xing et al. 2010) but they are comparatively  

computationally expensive.  In this paper we focus on the finite volume method which are 

based on the integral form of (5.1) and thus are naturally designed to conserve the mass.  

One of the finite volume methods that are both well-balanced and positivity preserving are 

the central upwind schemes. Central-upwind schemes are Riemann-problem-solver- free 

Godunov-type methods that were originally introduced in (Kurganov andTadmor 2000) for 

general multidimensional systems of hyperbolic conservation law and further developed in 

(Kurganov et al. 2001; Kurganov andTadmor 2002; Kurganov and Lin 2007; Kurganov 

andPetrova 2005). In (Kurganov and Levy 2002; Kurganov andPetrova 2007), the central- 

upwind scheme for the SWEs were developed in the  1D and 2D cases using Cartesian 

grids. In (Bryson et al. 2011), the central-upwind schemes were extended to unstructured 

triangular meshes, and in (Beljadid et al. 2014), they were also generalized for polygon 

cell-vertex meshes.  

The main goal of this paper is to develop a second-order well-balanced positivity 

preserving central-upwind scheme for (5.1) on unstructured quadrilateral grids. Such grids 
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have been widely used in finite volume methods for various applications such as solving 

incompressible Navier–Stokes, Diffusion Equations, Semilinear Elliptic and Elliptic 

systems, see, e.g., (Chou et al. 2003; Sheng and Yuan 2008; Feng et al. 2012; Xie andXiao 

2014) and references therein. In particular, quadrilateral grids have been used to develop 

finite volume methods for the 2D SWEs, see, e.g., (Kuiryaet al. 2012; Wu et al. 2011; 

Chou et al. 1999; Suli1992; Kernkampet al. 2011; Begnudelli and Sanders 2007). 

Unstructured quadrilateral grids are popular since they allow one to relatively easily 

implement local and adaptive mesh refinement techniques (Liang et al. 2008; Greaves 

2004), increase the formal order of spatial accuracy of the scheme, as well as discretize 

second- and higher-order terms (Wu et al. 2011; Alcrudo and Garcia-Navarro 1993). 

Comparing to the triangular grids, one of the main advantages of the quadrilateral ones is 

that quadrilateral cells have more neighbouring cells and thus the quadrilateral time 

evolution procedure is typically more accurate.  

The proposed quadrilateral central-upwind scheme is an extension of the triangular central 

-upwind scheme from (Bryson et al. 2011).  However, some of the ingredients of the 

triangular scheme cannot be directly carried to the quadrilateral case. For example, one 

cannot obtain a continuous piecewise linear approximation of the bottom topography. 

Instead, we introduce a new bottom topography approximation: In each quadrilateral cell 

the bottom topography function   is replaced with four continuous linear pieces, each of 

which connects the values of   at two of the neighbouring cell vertices with the 

approximation value of   at the geometric center of the cell. Another novelty of our 

quadrilateral scheme is a new water surface reconstruction correction technique, required 

to guarantee the positivity of the water depth at the reconstruction step of the central-

upwind scheme. To this end, we first perform a piecewise linear reconstruction of the 

water surface and then, in the cells where some values of the reconstructions fall below the 

corresponding values of the bottom topography, we replace the linear piece with four 

continuously matched linear pieces whose shape is similar to the bottom topography 

approximant in this cell. As we prove in Theorem 1, this will guarantee positivity of water 

depth  . To ensure the well-balanced property of the proposed scheme, we design a special 

http://www.sciencedirect.com/science/article/pii/S0045793014003260
http://www.sciencedirect.com/science/article/pii/S0045793014003260
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quadrature for the cell average of the geometric source term, which leads to a perfect 

balance of the source and fluxes for the "lake at rest " state.  

To the best of our knowledge, the designed central-upwind scheme is among the first well-

balanced positivity preserving scheme on unstructured quadrilateral grids.  

The paper is organized as follows. The proposed central-upwind scheme is described in 

Section 2 and its well- balanced and positivity preserving properties are proved in Sections 

3 and 4. In Section 5, the new scheme is tested on a  number of numerical experiments 

which demonstrate high accuracy robustness of the proposed scheme and also emphasize 

its potential advantages over its triangular counterpart. Finally, we finish the paper with 

concluding remarks in Section 6. 

5.2. Central-Upwind Scheme on Unstructured Quadrilateral Grids 

First, we introduce the water surface variable       and rewrite the system (5.1) in 

the following equivalent form:  

                         ,       (5.3) 

where 

                      (5.4) 

           
     

   
 

 

 
       

        

   
 
 

      (5.5) 

           
        

   
 
     

   
 

 

 
       

 

      (5.6) 

                               
 
      (5.7) 

Let the computational domain discretization      
 
    be covered by a quadrilateral 

grids with the  cells   of size     . A typical cell    together with its neighbours       

       are outlined in Fig. 5.1. 
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Fig. 5.1- An unstructured quadrilateral cell with its four neighbouring cells 

 

We denote by                              the outer unit normals of the corresponding 

sides of    of length              . The coordinates of the geometric center (center of 

mass ) of the   are denoted by         and                 is the midpoint of the   th 

side of the quadrilateral             .  

In the semi discrete central-upwind scheme, the cell average of the computed solutions, 

   
   

 
 

  
             
  

   are evolved  in time by solving the following system of 

ODEs: 
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                          ,     (5.8) 

which can be derived similarly to the derivation procedure proposed for a triangular grids 

in (Kurganov andPetrova 2005; Bryson et al. 2011). Notice that all the indexed quantities 

in (5.8) are functions of  , but from now on we omit this dependence for the sake of 

brevity.  

The values        and          are the values at     of the two polynomial pieces 

reconstructed in cells   and    , respectively.  The corresponding piecewise linear 

reconstruction is: 

                                    .      (5.9) 

To minimize the oscillations, the slopes       and       are to be computed using a 

nonlinear limiter. We propose the following minmod-type limiter which will be applied in 

a component wise manner.  Consider the  th component of   we first construct four linear 

interpolations   
     

     
  and   

  , each of which is obtained by considering the three 

points at the geometric center of    and corresponding two neighbouring cells. For 

example,   
   is obtained by passing the plane through           

   
 ,              

   
  and 

             
   
 . Notice that all four of the obtained interpolants are conservative in the cell 

   by construction. We then select the linear piece with the smallest magnitude of the 

gradient, say   
  , and we set:  

      
   
      

   
     

  .         (5.10) 

In order to further minimize the reconstruction oscillations, the reconstructed values 

calculated at the points               are checked. If the reconstructed value of  

  
   

      is not between the cell averages    
   

and     
   

, we set 

      
   
      

   
   .         (5.11) 
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The quantity     which is used in (5.8) is a discretization of the cell averages of the source 

term: 

       
 

    
                   
  

    .       (5.12) 

The well-balanced discretization form of the source term     will be discussed in Section 3.  

Finally    
  and    

    in (5.8) are directional local speeds of propagation at the  th interface 

of the cell   , which are defined as the smallest and largest eigenvalues of the Jacobian 

            
  

  
         

  

  
       (5.13) 

with 

   
                                             , 

   
                                             ,    (5.14) 

where                       are the eigenvalues of    .  

It should be noted that if the    
  and    

    are zero or very close to zero, the semi discrete 

scheme (5.8) will reduce to: 

    

  
  

 

    
 

           

 

 
       

                        
                      

 

    
 

           

 

 
       

                        
                         .  (5.15) 

In all the numerical experiments reported in this paper, we have used (5.15) instead of (5.8) 

whenever    
      

        .  

The semi-discretization (5.8) is a system of ODEs, which has to be integrated in time using 

a sufficiently accurate and stable ODE solver. In all of the numerical experiments, we have 

used the third-order strong stability preserving (SSP) Runge-Kutta method (Gottlieb et al. 

2001; Gottlieb et al. 2011). 
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5.3. Piecewise linear approximation of the bottom 

In this section, we describe how the bottom topography function       is replaced by its 

continuous piecewise linear approximation        . To this end, we first define values of 

the bottom topography                  , at the vertices of the cell     If the function 

       is continuous at the vertices we simply take                , otherwise we use 

the following formula:  

    
 

 
                                                               

  ,    +  . 

By     we denote the value of the bottom topography at the center of  th side of the cell 

  , which equals to the average of the values of the bottom topography at the two vertices 

of the corresponding side, for example,     
         

 
. Then, we approximate the value of 

the bottom topography at the geometric center of cell    as follows: 

       
  

           
 
       ,       (5.16) 

where              and       is the area of the triangle whose first vertex is          and 

two other vertices are the vertices of the  th side of the cell   , see Fig. 5.2. 

Bj

Bj23Bj34

Bj12

Bj41

 

Aj1

Aj2

Aj4

Aj3

 

Fig. 5.2 - Subdividing cell   into four triangles            and     
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 This way, the bottom approximation in each cell will consist of four linear pieces  that 

continuously match along the segments                       .  

Finally, we obtain the continuous piecewise linear approximation of the bottom topography 

              . 

5.4. Positivity Preserving Reconstruction for Water Surface Elevation 

In this section, we propose a simple and efficient algorithm for the positivity preserving 

reconstruction of water surface level. Generally, the reconstruction of   is positivity 

preserving if it leads to nonnegative computed values of water depth            

         for all the cells    in the computational domain. First we compute         using 

the reconstructed values of   and   as follows:  

                                      (5.17) 

However, some of the obtained values of         may be negative even where      . 

Therefore, we may need to correct the original reconstruction for   to ensure            

for all    . In the proposed correction procedure, the correction is required when we have 

               at any of the vertices of the cell    (note that since        it is 

impossible to have                 at all four vertices of the cell   ). In this case we 

replace the original reconstruction of   by four linear planes over the same four triangles, 

as used in Section 2.1 to obtain the bottom topography approximation. To this end, we 

need to specify the new (corrected) values at each of the vertices. we set    
         at the 

vertices at which                 and for the rest of vertices we set    
             

where, 

  
   

      

   
 
   

 ,    

                                                               
 

 
                                                        

                                                                

  (5.18) 
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and, as before,              . We also set   
        to be the value of w at the 

geometric center of   .  One can show that the corrected reconstruction of  , which 

consists of four linear pieces in the cell   , is conservative. Indeed,  

 

    
     

                      
  

 

    
      

                     
   

 

   

 

  
              

 

 
   

 
    

      

 
 

 

 
         

 
          , 

which implies that  

 

    
    

              
  

   .        (5.19) 

Also note that since the linear pieces of the corrected reconstruction of   are over the same 

triangles               as the linear pieces of the   , all of the obtained values of   will 

be nonnegative.  

Having the corrected reconstruction   , we continue with the computation of the velocities 

  and  , and the one-sided local speeds needed in (5.8). Since the computed values of 

water depth   may be very small (or even zero), we use the following desingularization 

procedure to calculate the velocities (Bryson et al. 2011): 

  
       

              
and    

       

              
,  

where  is a prescribed positive tolerance. In all our numerical tests, we have used    

          . After computing  ,  , and  , we recompute the flux vectors   and   as 
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,     (5.20) 

at the corresponding points used in (5.8). Now, we are also able to compute the one-sided 

speeds of propagation:  

   
          

                    
                    , 

   
          

                    
                     ,   

  
                                           

                        

                ,          (5.21) 

where  
       and    

       are the normal velocities at the midpoint of the  th side    . 

5.5. Well-Balanced Discretization of the Source Term 

Here, we propose a new well-balanced discretization of the source term for unstructured 

quadrilateral grids. Indeed, the proposed semi-discrete central-upwind scheme (5.8) 

includes the cell averages of the source term       Recall that a well- balanced scheme 

should exactly preserve steady-state solutions. For this aim, a specific quadrature must be 

designed in order to exactly preserve a "lake at rest" with    ,      , where   is a 

constant. In this case, the two momentum equations in (5.8) will become: 

 
 

     
                   

 
    

   
   

 

   

 

 
 

     
                   

 
    

   
    

        (5.22) 

We now design an appropriate quadrature in order to satisfy the well-balancing conditions 

(5.22). First, we use the divergence theorem,           
  

          
   

, to obtain 
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(5.23) 

where     is the  th side of the quadrilateral               . Due to the correction of 

water surface reconstruction, it may happen that we have four linear planes, instead of one, 

for each cell   , with different     Thus, the second integral on the RHS of (5.23) should 

be subdivided into four integrals over               (see Fig. 5.2): 

 
 

    
                        

  
 

    
                          

 
   (5.24) 

Finally, applying the midpoint rule to the integrals on the RHS of (5.23) and (5.24) and 

replacing   with its piecewise linear approximant   , we arrive at the following quadrature 

for the cell average    
   

,: 

   
   

 
 

    
  

               
 

 
                           

 
   .   (5.25) 

Similarly, we obtain the quadrature for the cell average    
   

,: 

   
    

 

    
  

               
 

 
                              

 
   .   (5.26) 

It should be noted that for the lake at rest with           , we have      and 

        , and the designed quadratures (5.25) and (5.26) satisfy (5.22).  

5.6. Positivity preserving  property of the scheme 

In this section, we prove the positivity preserving property of the proposed scheme. The 

prove is valid either for the forward Euler or any higher-order SSP Runge-Kutta method 

used for time discretization of the system of ODEs. For the sake of brevity, we formulate 

the result for the forward Euler method.  
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Theorem  1. Consider the proposed central-upwind scheme (5.8), (5.9), (5.21) and (5.28)  

for the system (5.3)-(5.7). Assume that the forward Euler method is used for solving the 

system of ODEs (5.8) while   
      for all  at time     . Then,    

        for all 

  at       , provided that 

   
 

  
           ,         (5.27) 

where            
      

     and    is the distance between the center of mass of cell    

and its  -th side.  

Proof. Using the forward Euler time stepping method for the first component of the system 

(5.8) we obtain  

   
       

  
  

    
 

           

   
      

   
    

                 
              

 

   

 
  

    
 

           

   
      

   
    

                 
              

 

   

 

   
  

    
 

   
     

   

   
      

                     
 
   .      (5.28) 

Since the piecewise linear interpolant    of the bottom topography is continuous, one has: 

                                 .      (5.29) 

In addition, (5.16), (5.17) and    
      

 
           implythat 

   
         

 
          .        

 (5.30) 

From (5.28) and (5.29), replacing    from both sides of (5.30) and using the notation 

(5.21), we write, 
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   .    (5.31) 

From the definitions of the local speeds (5.21) we obtain that    
        

        and 

therefore, all terms in the first sum on the RHS of (5.31) are nonnegative since the 

corrected reconstruction for w guarantees that              for all   and     

         We also obtain that 

  

    

      
   

   
      

       
     

        
  

    
      

   .      

 (5.32) 

Thus, the positivity of the second termon the RHS of (5.31) is guaranteed provided   

   
       

      
   .            (5.33) 

Recall that            and      
      

 
, hence (5.35) becomes    

 

  
           , and 

this completes the proof of the thoreme. □ 

Remark. In all our numerical tests, adaptive time step is implemented in all the numerical 

examples and it is selected to satisfy the condition (5.27).  

5.7. Numerical Experiments 

In this section, we apply our proposed central-upwind scheme on unstructured quadrilateral 

grids to several test problems. We perform the numerical experiments using the organized 

unstructured grids shown in Fig. 5.3. However, we would like to point out that the 

proposed method can be applied on any quadrilateral grids. In all examples below, the 

gravitational constant is      .  
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Fig. 5.3 - Organized unstructured quadrilateral mesh. 

Example 1 – Accuracy test 

In the first example, we experimentally test the order of accuracy of the proposed scheme. 

The scheme is applied to the following initial data and bottom topography: 

                                                            (5.36) 

The computational domain is [0, 2] × [0, 1] and the transparency conditions are imposed at 

all its boundaries. We use a fine grid with          cells and consider the obtained 

results as a reference solution. The solution converges to the steady state by the time 

        . The   - and   -errors are presented in Table 5.1.  

Table 5.1 - Example1:   - and   -errors and numerical orders of accuracy. 

Number of cells   -error order   -error order 

                  -           - 

                    1.29           1.27 

                    1.80           1.72 

 

Comparing the results with those reported in Bryson et al. (2011) shows that the obtained 

orders are higher. The water surface computed at        using the mesh with      

   quadrilaterals is shown  inFig. 5.4. Although a relatively coarse mesh has been used, the 

water surface is well resolved by the scheme.  
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Fig. 5.4 - Example1: Contour plot (left) and 3D view (right) of  . 

Example 2 - Small Perturbation over an Exponential Hump 

In this numerical experiment, originally proposed in (LeVeque 1998) and then widely used 

in the literature (Xing et al. 2010; Xing and Shu 2005; Bryson et al. 2011), we investigate 

the capability of the proposed scheme to accurately capture the propagation of a small 

perturbation of the "lake at rest" steady state. The computational domain is [0, 2] × [0, 1] 

and the bottom consists of an elliptically shaped hump: 

                                          (5.37) 

The water initially is at rest and its surface is flat everywhere except for 0.05 < x < 0.15: 

                                             
                                   

                       (5.38) 

where  is the perturbation height. The transparency boundary conditions are implemented 

at vertical boundaries of the domain while the horizontal boundaries are periodic. First, in 

order to numerically verify the well-balanced property of the proposed scheme, a very 

small           is selected and the solution is computed using a coarse mesh with 

       cells.            as a function of   is plotted in Fig. 5.5 and it can be 

clearly seen that no instabilities are developed and the balance between the fluxes and the 

geometric source terms is exactly preserved numerically.  
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Fig. 5.5 - Example2:          as a function of  for          . 

 

Next, a larger perturbation height         , is selected. The 3D view of water surface 

elevation computed using the mesh with           cells at                   and 

    is shown in Fig. 5.6.  It can be seen that the water surface is well resolved and it is free 

of noises and spurious waves.  

In order to show the importance of well-balanced property of the scheme, we apply a non-

well-balanced version of our scheme to the initial-boundary value problem with       . 

To obtain the non-well-balanced scheme, the proposed  well-balanced quadrature (5.28) is 

replaced with a straightforward midpoint rule discretization: 

   
   

                    
   

               .      (5.39) 

The non-well-balanced solution (water surface) computed at times                   and 

    on the same grid is shown in Fig. 5.7 (right column) and compared with the results 

obtained from the proposed well-balanced scheme (left column). 
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t=0.6      t=0.9 

 
t=1.2     t=1.5 

 
t=1.8 

Fig. 5.6 - Example2: 3D view of   computed using the mesh with           cells for 

        . 
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Fig. 5.7- Example2:   for        computed using the well-balanced (left column) and non-

well-balanced (right column) schemes. 
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 One can see that in this case, even with the larger value of  , there are spurious 

waves propagating in the domain and their magnitudes are close to the magnitude of the 

perturbation. This can evidently prove the advantage of the well-balanced proposed 

quadrature (5.28) used for source term discretization.  

Example 3 -  Small Perturbation over Submerged Flat Plateau 

In this numerical test, taken from Bryson et al. (2011), we study the case of a submerged 

flat plateau as schematically shown in Fig. 5.8. Notice that in this example, the plateau is 

very close to the water surface, and that the initial water depth over the plateau is close to 

the perturbation height         . The computational domain is [0,1]×[0,1] and the 

bottom topography is given by 

        
                                                          

                                  
                                                              

     (5.40) 

where                     and the initial data are: 

                                            
                                   

                      (5.41) 

 

 

Fig. 5.8 - Example3: 1D slice of bottom topography (5.40). The plot is not to scale. 
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Fig. 5.9 - Example3:   computed by the proposed well-balanced  (left) and non-well-balanced 

(right) schemes. 
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The transparency boundary conditions are implemented at vertical boundaries of the 

domain while the horizontal boundaries are periodic. The solution is computed by the 

proposed well-balanced central-upwind scheme using           quadrilateral cells 

and the obtained water surface   is plotted in Fig. 5.9 (left column) at 

                         . As one can observe, the general structure of the solution is 

well captured by the proposed method and there is no spurious wave propagating in the 

domain.  

The water surface   computed using the non well-balanced scheme on the same grid with 

          cells is shown in Fig. 5.9 (right column).  

As Fig. 5.9 shows, the spurious waves generated around the plateau dominate the solution. 

Comparing the results to those computed by the proposed well-balanced scheme, 

instructively shows the advantage of the well-balanced scheme.  

Example 4 - Small Perturbation Bending around a Round-Shape Island 

In this example, we examine both well-balanced and positivity preserving properties of the 

new scheme by testing its ability to handle a situation with a small perturbation of a "lake 

at rest" propagating around an island.  

 

 

Fig. 5.10 - Example4: 1D slice of the bottom topography (5.42). The plot is not to scale. 
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The bottom hump is above the water surface so that there is a disk-shaped island at the 

origin,  

      
                                                 

                            
                                                

      

 (5.42) 

seeFig. 5.10. The computational domain is [0,1] ×[0,1]and the initial conditions are given 

by 

          
                                 

                           
                       (5.43) 

3D-view of the water surface   computed at times                and      using 

          cells with       is shown in Fig. 5.11 where the right-going disturbance 

bends around the island. Though there are dry and almost dry cells which are changing 

their wet/dry status repetitively, the solution obtained by the proposed central-upwind 

scheme is non-oscillatory and well resolved. In order to make the experiment more 

challenging, we set       . The water surface   computed at times                

and      using -          cells is presented in Fig. 5.12 (left column). To test the 

numerical convergence of the proposed method, we refine the mesh and use       

    cells. The obtained results, plotted in Fig. 5.12 (right column), demonstrate nice 

convergence property of the developed central-upwind scheme.   
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Fig. 5.11 - Example4: 3D view of   for        computed using             quadrilaterals 
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Fig. 5.12 - Example4:   with        computed using the grids with            (left 

column) and           (right columns) cells. 
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Example 5 - Dam Break over Discontinuous Bottom Topography 

In the final example, we not only verify the ability and robustness of the proposed central-

upwind scheme on the quadrilateral grid, but also demonstrate an advantage of the 

proposed scheme over the triangular central-upwind scheme from Bryson et al. (2011). The 

computational domain is                and a cylindrical dam is assumed to be placed 

on a dry island with the following bottom topography: 

        
                        
                            

        (5.44) 

The water is initially at rest                       and the water level is given by 

          
                                                            

                                    
                                                                

     (5.45) 

The initial setting is shown in Fig. 5.13.  

 

 

Fig. 5.13 - Example5: 3D view of the bottom topography (5.44) and initial water surface (5.45). 
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The dam is getting broken at time    . The flow structure after the dam break is very 

complex. In order to make a proper comparison between the proposed scheme on the 

quadrilateral grid and the triangular central-upwind scheme, we keep the number of cells 

(cell areas) equal in both cases. In Fig. 5.14, we plot 1D cross sections of the computed 

solutions at    . The  water surface   component of the solution computed at       by 

the new scheme using         quadrilateral cells and by the triangular central-upwind 

scheme using         triangular cells  are shown in Fig. 5.14 (left). One can clearly 

see that the water surface structure is resolved more accurately by the proposed 

quadrilateral central-upwind scheme. We then refine the mesh and use           

quadrilaterals versus           triangular cells. The finer results are presented in Fig. 

5.14 (right). Evidently, even with a finer mesh, the structure of solution is better resolved 

by the proposed scheme.   

 

 

Fig.5.14  - Example5: 1D slices of   computed using the proposed quadrilateral and triangular 

central-upwind schemes using coarser (left) and finer (right) grids. 

 

The contour lines of the water surface   computed at       using the finer grids are 

presented in Fig. 5.15. One can clearly observe that the proposed scheme on a quadrilateral 

grid has captured and resolved the complex flow patterns, both over and around the island, 



PhD Thesis: Methodological Developments for an Improved Evaluation of Climate Change Impact 

on Flow Hydrodynamics in Estuaries  

 

155 
 

with a significantly higher resolution. In addition, some fluctuations can be observed in the 

water surface computed by the triangular scheme, while the one obtained using 

quadrilateral grids is well resolved and free of fluctuations.    

 

 

Fig. 5.15 - Example5: Contour plots of   at      using  the proposed quadrilateral (left) and 

triangular (right) central-upwind schemes. 

 

The velocity ( and  ) components of the solution computed at       using both the 

coarser and finer grids are also presented in Fig. 5.16. One can clearly observe that 

although   computed by both schemes are quite close, the velocity computed by the 

proposed method is smoother and the velocity spark over the island is much lower (Fig. 

5.16a). However, by refining the mesh the results become closer (Fig. 5.16b). For the 

  component of the solution, one can see that the results obtained from the triangular grids 

is noisy, while those computed using the quadrilateral grids are completely smooth and 

free of oscillations and fluctuations (Fig. 5.16c). In addition, one can see that even by 

refining the mesh, the results of the triangular central-upwind scheme keep fluctuating 

(Fig. 5.16d).  
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(a)       (b) 

 

(c)       (d) 

Fig. 5.16 - Example5: 1D slices of   computed using (a) the coarser grids with         

quadrilateral cells (        triangular cells); (b) finer  grids with           quadrilateral 

cells (          triangular cells) ; and   computed using (c) the coarser and (d) finer grids. 

 

Finally, in Fig. 5.17, the time evolution of the   component of the solution computed on 

the finer grids is illustrated at                   for both schemes. It clearly shows that 

the proposed scheme has a better performance in predicting the velocity. The results of 
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time evolution of   component of the solution (not shown here) also confirm that the 

velocity field computed by the triangular central-upwind scheme is noisy, while the one 

computed by the developed scheme on the quadrilateral grid is quite smooth and 

oscillation-free.  

 

 

(a)       (b) 

 

(c)       (d) 

Fig. 5.17 - Example5: Comparison of   (1D slices along    ) computed using the finer grids at 

(a)      , (b)      , (c)       and (d)      . 
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Example 6 - Steady flow over a bump 

In order to show the performance of the proposed method in modelling the steady state 

flow, we consider simulation of steady flow over a bump which has been widely used in 

the literature (Xing and Shu 2005; Mohammadian and Le Roux 2006). We consider a 

flume with the following topography: 

        
                                  
                                                           

  

In order to have a Transcritical flow with shock,  boundary conditions for the water level 

        and the discharge        
  

 
  are imposed at the downstream and upstream, 

respectively. The analytical solution of this problem is also given in Goutal andMaurel 

(1997). The water surface   and discharge    components of the solution computed by the 

proposed scheme using        quadrilateral cells are compared with the exact 

solutions in Fig. 5.18. The computed water surface and discharge are in good agreements 

with the analytical solutions. However, there is a very small level of numerical oscillations. 

It should be mentioned that such a level of numerical oscillations has also been reported in 

most existing available models in the literature (Xing and Shu 2005; Mohammadian and Le 

Roux 2006; Valianand Begnudelli 2006,Hou et al. 2013) and is considered as acceptable. 

 

 
Fig. 5.18 - Example 6: Steady transcritical flow over a bump with a shock: (left) water surface 

elevation and (right) water discharge. 
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Example 7 - 2D dam break simulation 

In this example, we examine the performance of the proposed model in simulation of a two 

dimensional dam-break with complex geometry. The laboratory measurements for this 

experiments were reported by Bellos et al. (1991). The dam break was carried out in a 

21.2m long  flume with slope of     . The plan view of the flume can be seen in Fig. 5.19 

where the fully unstructured quadrilateral grids are also shown. As can be seen, a 

converging - diverging formation creates two dimensional effects. The manning roughness 

coefficient of the flume is         and we estimate the bed friction in   and   direction 

using      
   

             
 

 

 
                and 

    
   

             
 

 

 
                , respectively. Note that the water depth is 

estimated using the same desingularization procedure used for velocity estimation.  

 

 

Fig. 5.19 - Example 7: Plan view of the flume for the 2D dam break test along with the 

unstructured quadrilateral grids. 

 

With the water depth of 0.15 m at the dam,  the water depth profiles at times        , 

        and          are compared to the measurements in Fig. 5.20.  
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(a)      (b) 

 

(c) 

Fig. 5.20 - Example 7: Comparison between computed and measured water surface profiles at (a) 

    , (b)      and (c)       

 

In this test, the water surface profile is strongly affected by the two-dimensional shape of 

theflume and the wave speed increases due to the sloping bed. As can be seen in Fig. 5.20, 

for an initiallydry bed, the proposed scheme performs well and the predicted water surface 

profile are considered to be satisfactory.  
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Example 8 - Dam break and advance over a triangular obstacle 

In this test case, we examine the performance of the proposed scheme with a dam break 

wave over a triangular obstacle at the downstream of the dam. The reservoir, channel and 

triangular obstacle geometry along with the location of the measurement gauges are 

presented in Fig. 5.21. The reservoir with initial water depth of        is connected to a 

rectangular channel with a symmetric triangular obstacle situated downstream of the dam. 

The Manning roughness coefficient is 0.0125 for the bed. The boundaries are solid walls 

except for the free outlet at the end of the channel. 

 

Fig. 5.21 - Example 8: Schematic side view of the experimental model and gauge points location in 

example 8 

 

 The experimental data are reported in Liang and Marche (2009) for gauging points G1, 

G2, G3, G4, and G5 which are located at 4m, 10 m, 11 m, 13m and 20m downstream of the 

reservoir.  

The computed evolutions of water depths using a quadrilateral mesh grid with         

number of cells are compared with the measured values at the gauge points in Fig. 5.22. 

The results indicate a satisfactory agreement between the computed and measured values.  
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(G1)       (G2) 

 
(G3)       (G4) 

 
(G5) 

Fig. 5.22 - Example 8:  Comparison of the computed evolutions of water depth during     with the 

measured values at the gauge points 
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For the Gauges G1, G2 and G3 which are located before the obstacle vertex the water 

depth and the arrival time of the wave are well predicted. In additio9n, for Gauge G4 with 

a crucial location at the obstacle vertex, the wet/dry conversion is correctly predicted. At 

the Gauge G5, however, a little disagreement is observed where the amount of water is not 

considerable. It may raise from vertical non-hydrostatic motions which are not considered 

in SW equations. The same feature is also reported in (Mohammadian and Le Roux 2006; 

Liang and Marche 2009; Brufau et al. 2002). 

5.8. Conclusion 

A new second-order central-upwind scheme for shallow water equations on the 

unstructured quadrilateral grids has been developed. To this end, we have proposed a new 

technique for bottom topography approximation over quadrilateral cells as well as an 

efficient water surface correction procedure. Moreover, we have designed a new 

quadrature for discretization of the source term. The proposed scheme guarantees the 

positivity of the computed fluid depth and exactly preserves “lake at rest” steady states. 

The proposed scheme on unstructured quadrilateral grids has several advantages over the 

triangular central-upwind scheme from (Bryson et al. 2011). For instance, such grid uses 

more information from the neighbouring cells in time evolution of the cell average values. 

We applied the proposed scheme to various numerical tests which exhibit complex flow 

patterns. The numerical tests include "lake at rest" steady state with very small 

perturbations as well as completely dry and almost dry areas. The obtained results confirm 

the capability of the scheme to preserve the positivity of    and demonstrate that no 

instabilities are developed at the (almost) dry states. In the other numerical test, the results 

computed by the new scheme have been compared with those computed by the triangular 

central-upwind scheme. When the new scheme was used, the water surface component of 

the solution was resolved with higher resolution and was free of fluctuations. The velocity 

fields computed by the new scheme were also smooth while those computed by the 

triangular scheme were noisy. We also have examined the proposed scheme with 

transcritical flow over a bump. The results of water surface elevation and discharge were 

compared to the analytical ones. The results showed that the model is capable of simulating 
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such flows. Moreover, the model was examined with a 2D dam break on a sloping flume 

with friction. The results of water surface computed using a fully unstructured grids were 

compared to the experimental measurements and showed the ability of the model to take 

into account the complex domain geometry as well as friction term. In the last numerical 

example, a dam break over a triangular obstacle was simulated and the results were 

compared to the experimental measurements. The results confirmed the ability of the 

model to correctly predict the wetting and drying features of the flow.  In sum, the results 

confirmed robustness and high accuracy of the new scheme and also demonstrated its 

potential advantages over the triangular central-upwind scheme.  
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Chapter 6 

Changes in Flow hydrodynamics over Persian Gulf Under a Changing 

Climate  

Abstract 

The main objective of this section is to model the flow hydrodynamics over the Persian 

Gulf for the next decades with consideration of the climate change. Indeed, this chapter 

serves as a proof of the concept for the methodology proposed in this thesis. The large 

scale triangular finite volume C-grid scheme was implemented in a large scale 

hydrodynamic model of the Persian Gulf. The large scale model is validated using the 

observed water levels at WAKRAH and UMMSAID. Then, by employing the developed 

positivity preserving well-balanced central-upwind scheme the flow over a local coastal 

area along the Qatar coast is simulated. The outputs of the large-scale model are used as 

the boundary conditions for the local hydrodynamic model. Downscaled wind speed under 

different RCP scenarios are also used as an input into the local flow model. The results of 

flow field under the climate change can be implemented for a wide range of practical 

applications, from mixing of industrial outfalls to designing and maintaining coastal 

structures.  

6.1. Introduction 

Prediction of flow hydrodynamics over gulfs and estuaries is of essential importance and 

has many practical implementations. Indeed, evaluation of the effect of climate change on 

the flow field through the short, medium and long term is a requirement for a wide range of 

practical applications. This section of this study proves the applicability of the developed 

models for evaluation of flow hydrodynamics under changing climate. To this end, we 

consider the Persian Gulf as an area of interest. As one of the most important climate 

variables which affects the flow field, we consider the wind speed to be projected within 

the future time spans. In line with this goal, we use the developed Quantile-Quantile 

downscaling method to predict the wind speed over the coastal areas of Qatar. We use the 

historical data at the Doha International Airport together with the various GCM outputs 
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under different RCP emission scenarios to develop the downscaling method. Later, we use 

the results of the projected wind speeds as an input to the flow models.   In order to model 

the flow field in a large-scale, we employ the developed finite volume triangular C-grid in 

combination with the Leap-Frog time stepping technique. The historical water level data is 

used as the boundary condition and also for validating the flow model. The results of the 

large scale model (water level) will be used as boundary condition for the local model.  

Finally, we use the developed quadrilateral central-upwind scheme to simulate the flow 

hydrodynamics along the coastal area of Qatar. Fig. 6.1 shows the area of interest for both 

large-scale and local model. The results of flow models can be implemented for many 

practical applications.   

 

Fig. 6.1 - The study area over the Persian Gulf. Large and small rectangles represent the domains of 

large-scale and local flow models, respectively.[adopted from Google Map] 

 

6.2. Climate change model: wind speed 

In order to consider the impact of climate change on the flow hydrodynamics, we consider 

the changes of wind speed,as one of the most important variables in deriving the flows and 

waves on estuaries. To this end, the Quantile-Quantile downscaling method, described in 

Chapter 2, is used to project the wind speed over the Qatar coastal areas. A multi-model 
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multi-scenario approach has been employed to take into account the uncertainties 

associated with the GCM outputs. Since the area of the study is located along the Qatar 

coastal areas, we use the historical wind speed data at the Doha International Airport to 

project the wind speed. The results of the future wind speed can be directly implemented 

into the flow models as the wind stress in the shallow water equations. Since this part of 

the study intends to proof the applicability of the developed models, we use the results of 

the predicted daily wind speed under the RCP85 scenario of the ensemble average model.  

6.3. Large-scale flow model 

The focus of Sections 3 and 4 of this study was to develop an appropriate large scale 

numerical model for shallow water equations. Various dispersion relations and Fourier 

analyses were used to investigate the behaviour of the triangular finite volume C-grid in 

combination with different time-stepping methods. The various analyses were performed 

for both short fast gravity and slow long Rossby waves. Both of these flows are of essential 

importance and an appropriate numerical model should be capable of modelling them.  

The C-grid scheme showed the ability to preserve the symmetric shape of different waves, 

and there is no significant damping associated with the results. The results demonstrated 

that the scheme is capable of simulating both short fast gravity waves as well as long slow 

waves. Various source terms such as Coriolis force, surface wind, bed shear stress and 

uneven bottom topography terms,which are very important in practical applications, were 

considered in the momentum equation through a number of numerical experiments, and the 

results were satisfactory. Both the linear and non-linear behaviour of the numerical scheme 

were also examined, and the scheme performed well in both cases (Shirkhani et al., 2015). 

We consider the shallow water equations with the Coriolis force, wind stress, bottom 

friction and bottom topography terms in the momentum equation, see equations (4.36-

4.37). The bed friction terms are estimated by                and     

          where    is an empirical coefficient based on bed roughness. We use the 

following equation based on the Chezy friction law: 
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where  is the Chezy friction coefficient. In order to estimate the wind stress          , 

we use the following equation:  

                    (6.1) 

                    (6.2) 

where  is the wind speed,   is the wind stress coefficient and   is the wind direction. 

As the final step, we employ the triangular finite volume C-grid scheme to simulate the 

flow over the Persian Gulf. Fig. 6.2 shows the unstructured triangular grids used for the 

large scale model. All the basin walls are closed boundaries except for the vertical 

boundary at the right side of the domain, which is an open boundary. We use the measured 

water level values at this boundary. The wind stress coefficient   and Chezy friction 

coefficient  as the calibration parameters were considered. Using the available observed 

data of water level at UMMSAID, we calibrate the large scale flow model.   

 

Fig. 6.2 - Unstructured triangular grids generated for the large-scale flow model. The vertical open 

boundary is shown at the right of the domain.  
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The calibrated parameters are found to be         and     . In Fig. 6.3, the 

computed water level is compared to the observed values at UMMSAID for a 15-day 

period from 2010-05-14 to 2010-05-29. As it can be seen, there is a good agreement 

between the computed and observed data.  

 

 

(a)      (b)  

Fig. 6.3 - Comparison of the computed and observed water levels at (a) UMMSAID for 15 days 

and (b) WAKRAH for 3 days. 

 

Now, we implement the calibrated large-scale model to predict the flow hydrodynamics 

over the Persian Gulf for the year 2016. As for the boundary condition, since the 

information of water level is limited to the observed historical data, one needs to use 

appropriate projected water level values for year 2016. As a matter of fact, there are many 

possible ways to extrapolate the available historical data through the time. For instance, 

one can perform a trend analysis on the historical data of the water levels. However, since 

this is not in the scope of this study, we use the results of analysis performed by Sultan et 

al. (1995)on sea level over Persian Gulf. They reported the increase of 0.21       for 
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mean sea level. Therefore, we shift the available water level data of year 2014 by 0.42    

and use it as the boundary condition in the large scale flow model.   

We also use the bathymetry data for the Persian Gulf and consider the topography term in 

the momentum equations. Fig. 6.4 shows a sample of results of the water elevation as well 

as velocity field over the Gulf. The water surface and velocity components of the solutions 

can be employed as the boundary condition of the local model. 

 

 

Fig. 6.4 - Results of the large-scale flow model within year 2016. Surface water elevation     

(left) and velocity vectors       (right)  

 

6.4. Local flow model 

Finite volume schemes are useful tools for modelling shallow water equations. Finite 

volume upwind schemes denote a class of finite volume numerical discretization methods 

that take into account the direction of propagation of information in a flow field. The main 

advantage of the central upwind schemes is that they are Riemann solver free and no 

characteristic decomposition involved in the scheme. They are also high resolution, due to 

the smaller amount of the numerical dissipation. Moreover, they have an upwind nature, 

since they respect the directions of wave propagation. In chapter 5 of this study, we 
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developed a well-balanced positivity preserving central-upwind scheme for unstructured 

quadrilateral grids.  

We now employ the developed model to locally simulate the flow over the Qatar coastal 

area. We generate a fully unstructured quadrilateral mesh grid for the selected domain 

which is shown in Fig. 6.5. As can be seen, all the basin boundaries are closed walls except 

for one horizontal and one vertical open boundary.  

 

 

Fig. 6.5 - Unstructured quadrilateral grids generated for the local coastal model. Open boundaries 

are represented by the red lines at the top and left of the domain. 

 

We apply the results of water level over year 2016 from the large-scale model as the 

boundary condition at the open boundaries. Beside the wind stress term, we also consider 

the uneven topography changes and bed friction terms. We use the same calibrated  values, 

as the large scale model, for the bed friction and wind stress coefficients. A sample results 

of water depth and velocity field are presented in Fig. 6.6.  
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Fig. 6.6 - Results of the local flow model within year 2016. water depth (left) and velocity vectors 

(right)  

By simulating the flow over the Persian Gulf under the changing climate, one can evaluate 

the changes on the flow hydrodynamics. We now consider the flow hydrodynamics over a 

1-month period in year 2012 and evaluate the changes under the climate change for the 

same month in year 2016. For year 2012 the historical daily wind speeds are used while in 

year 2016 the projected daily wind speeds are employed. In order to have a range of 

possible changes in flow hydrodynamics, the results of wind downscaling under two 

different RCP scenarios (RCP26 and RCP85) are used. The results are presented in Fig. 6.7 

and Fig. 6.8 for three different points through the local coastal domain. Fig. 6.7 compares 

the time series of water surface elevation at different points for January 2012 and 2016. 

Comparing the results of year 2012, which are computed using the historical wind speeds, 

to those of year 2016, which estimated by using projected wind speeds, one can evaluate 

the changes in the water surface elevation. The figure shows that the use of various RCP 

scenarios will result in a different water level time series. For instance, at the second point 

(Fig. 6.7-middle), RCP85 and RCP26 hold different results at most times. Indeed, RCP85 

predicts  higher water elevation than RCP26. Note that the effect of climate change will not 

be the same through all the domains. As can be seen in Fig. 6.7 (top), under both RCPs, the 

results of projected water level is almost the same as the historical one, while this is not the 

case in the other two points.   
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Fig. 6.7 - Comparison of computed time series of water level elevation at three different points 

through the local domain. 
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Fig 6.8 shows the monthly statistical distribution of the waves at three different points. 

Again, the results of wave height under climate change in year 2016 are compared with 

those of 2012. This graph shows that the wave climatology at first point does not 

significantly change in year 2016. However, in the two other points some changes are 

observed. It can be seen that at the second point, the wave height under RCP26 and RCP 

85 decreases and increases respectively compared to the historical one. Based on the 

definition, one may also extract the significant wave height (as the wave height of the 

highest third of the waves) from this graphs. Generally, it can be concluded that under 

RCP26, the significant wave height does not change while it increases under RCP85. It 

should be noted that one may use the proposed methodology for a longer time span and 

evaluate the short, medium and long term effect of the climate change on the flow 

characteristic, which is beyond the scope of this study.  

6.2. Conclusion 

The objective of this section was to simulate the flow over the Persian Gulf under the 

changing climate. To this end, first, we have come up with the projected wind speed under 

the climate change. Second, we have developed different numerical schemes and examined 

them with various benchmark numerical tests.  

In order to consider the climate change impacts on the flow condition over the coastal area 

of Persian Gulf, the wind speed as the main climate variable which affects the flow and 

wave fields has been considered. A multi-model multi-scenario approach was employed to 

project the wind speed over the Qatar coastal areas. Indeed, we have used three different 

models from CMIP5 experiments under various RCP scenarios. This allows us to take into 

account the high uncertainties associated with the general circulation models.  
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Fig. 6.8 - Monthly statistical wave distribution at three different points under various RCPs.  
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We employed two different statistical approaches, namely, the nearest neighbour search 

and the Quantile-Quantile schemes, in order to downscale the GCM outputs over the 

coastal areas. Equipped with the historical wind speed data, we projected the wind speed 

and verified the results. We concluded that the Quantile-Quantile method performs 

betterprediction, particularly for extreme events.  

In regards with the numerical scheme for solving shallow water equations, we also 

analyzed the finite volume unstructured C-grid scheme using dispersion relation analysis. 

We examined the C-grid scheme in combination with improved Euler, second order 

Adams-Bashforth and Leap-Frog time stepping methods and concluded that the Adams-

Bashforth leads to more accurate results while the Leap-Frog is more stable. The triangular 

C-grid scheme also showed ability to preserve the symmetric shape of different waves 

while there is no significant damping associated with the results. The results demonstrated 

that the scheme is capable of simulating fast gravity waves as well as long slow waves, 

which play an essential role in transferring the energy. Various source terms such as 

surface wind, bed shear stress and uneven topography terms were considered in the 

momentum equation trough the number of numerical experiment and the results were 

satisfactory. Both linear and non-linear behaviour of the scheme also examined and the 

scheme performed well in both cases.  

In order to consider the climate change impact, we considered the projected wind speed as 

the surface wind stress term in the shallow water equations. We simulated the flow over 

the Persian Gulf under the changing climate. The water surface and velocity components of 

the solutions can be employed for many practical purposes.  
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Chapter 7 

Summary, Concluding Remarks and future works  

7.1.  Summary and Concluding Remarks 

The current study can be divided to the three major parts, namely, developing the climate 

change model, large-scale flow model and local coastal flow model.  

In the first part of this study, the monthly distribution of wind speed was statistically 

downscaled to station-level scale using Quantile-Quantile transformation and nearest 

neighbor search methods. Observed daily wind speed data were used as predictand while 

climate variables including wind speed and maximum and minimum temperature from 

CMIP5 models under RCP emission scenarios were used as predictors. The empirical 

probability density functions derived from observations and downscaled GCM outputs 

were favorably compared using visual analysis and a two-sample Kolmogorov-Smirnoff 

test. In addition, the probability distribution of raw and downscaled GCM data were 

compared to the observations, which revealed that both models are capable of constructing 

the probability distribution of wind speed. It was, however, found that the nearest neighbor 

approach was not suitable for the estimation of future extreme wind speeds. As an example 

of practical application of wind speed projection, the significant wave height estimated 

using the downscaled wind speed. Results indicated that under RCP26/RCP45 scenarios, 

changes between 20 and 40% in the 100-year significant wave height might take place. The 

results also will be used in the flow model.  

At the next stage, we considered the finite volume C-grid scheme for shallow water 

without Coriolis term. While the finite volume triangular classic C-grid scheme is 

employed in many numerical models and is very common, the second part of this study 

seems to be the one of the first dispersion relation analyses of this spatial scheme. In this 

section, first, the dispersion relation of a semi-discrete scheme was obtained for shallow 

water system and then analyzed. The results showed that the dispersion relation of the 

spatial scheme is purely real; i.e., there is no imaginary part. Therefore, all waves, 

including long and short waves, were not damped in the numerical solution. The phase 
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speed ratio was also close to one for the long and intermediate waves. However, the spatial 

scheme decelerates the shorter waves. Despite the fact that the short waves do not transfer 

much energy in the domain, since they are not effectively damped by the numerical scheme 

they may lead to oscillatory results.  

In addition, the fully discrete schemes were analyzed. They were developed based on the 

proposed combination of three different temporal schemes: namely, the forward Euler, 

Leap-Frog and Adams-Bashforth methods, with the C-grid spatial discretization scheme. In 

fact, the implementation of various time-stepping methods can change the semi-discrete 

performance. For all numerical schemes, with a small CFL number (CFL=0.1) the phase 

speed ratio is very close to the semi-discrete one.  

With regard to the amplification factor, for the forward Euler scheme we have      , 

which means that the scheme is not stable unless there is a small CFL number. The 

dispersion relation analysis for the Leap-Frog method showed that the time-stepping 

scheme improves the phase speed behavior of the spatial discretization and makes it much 

closer to one for a wide range of wavelengths, including the shorter waves. In addition, the 

amplification factor is almost equal to 1, which shows that the numerical scheme does not 

damp the results. For higher CFL numbers (CFL=0.9), the Leap-Frog scheme accelerates 

the intermediate waves, while it is very close to one for long waves. The Adams-Bashforth 

scheme exhibits higher phase speed errors with higher CFL numbers (CFL>0.1) for a 

wider range of wave lengths, including the intermediate waves. However, the results show 

that it could also damp the results for shorter waves.  

Three numerical tests were performed in order to first confirm the analytical results and, 

second, assess the convergence rate and accuracy of the proposed fully discrete methods. 

The first experiment was intended to confirm the results of analytical dispersion results by 

propagating a pure gravity wave in a channel. The results of the test showed that the wave 

front propagated at the same speed as the analytical results indicated. In addition, it showed 

the dispersion effects prior to the front, which confirms that numerical schemes decelerate 

the waves (    ). It also showed that by increasing the CFL number, the oscillation 

decreases for the Leap-Frog scheme, while it increases for the Adams-Bashforth scheme. 
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This clearly confirmed the analytical dispersion results. In the second test, a seiche in a 

rectangular closed basin was simulated as an example of shallow water waves. The results 

of the numerical methods were compared with the exact solution. The results were 

examined with different wave numbers, and showed that the phase speed error increases 

for the shorter waves, as the analytical analysis indicated. However, the results showed that 

the phase speed error for the shorter waves with higher CFL numbers is decreased using 

the Leap-Frog time-stepping technique. In the third numerical test, numerical schemes 

were implemented for simulation of a pure gravity wave with Gaussian initial distribution. 

The results of both Leap-Frog and Adams-Bashforth methods were compared to the 

analytical Bessel function solution and they were in good agreement. The spatial and 

temporal evolutions of the numerical solution were estimated based on the   error. The 

results showed that the proposed combination of spatial and temporal techniques 

converges, while the time step and spatial step decrease. In addition, the results showed 

that the error of the Adams-Bashforth scheme is lower and that the Leap-Frog scheme is 

stable for higher CFL numbers. The above analysis shows how the proposed method can 

help either in assessing the performance of the spatial discretization techniques or in the 

selection of the time-stepping technique in combination with it. In addition, the results of 

non linear tests confirm the ability of the C-grid approach, in the proposed combination 

with the Adams-Bashforth time stepping technique, to simulate the non-linear behavior of 

shallow water flows. The behaviour of the scheme was found to be satisfactory for the 

various numerical examples with consideration of various source terms which are of 

essential importance in practical applications.  

Dispersion relation analysis was also implemented in order to investigate the performance 

of a finite volume triangular C-grid scheme in shallow water equations in presence of 

Coriolis term, which plays an essential role in inertia-gravity waves. We considered 

triangular grids made up of isosceles triangles with various vertex angles for the linear 

shallow water equations. The results of the dispersion relation analysis were compared 

with those of the analytical one, which belongs to the continuous case. We also reproduced 

the results of structured rectangular C-grid scheme (finite difference) in order to compare 

them with the finite volume triangular C-grid. Different cases of low and high resolution 
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grids were considered for dispersion relation analysis. Analyses showed that the same 

Rossby mode     as continuous case exists for      , while it does not for the 

triangles with      . The mode in      coincide with the continuous case for       

while it is not the case for other vertex angles. In addition we found the spurious mode 

       for all cases. We also noticed that for the triangles with      , there is a mode 

in     . However, it was shown that it remains bounded and very close to zero for both 

low and high resolution cases. In addition, results showed that for the        , the non-

dimensional frequency has a monotonic behaviour as the continuous case along the all 

directions for      . It is also valid for the       but for some directions. In the 

relatively low resolution case of      , an improvement was shown for the finite 

volume triangular C-grid scheme compared to the structured rectangular one. We also 

examined three time stepping methods, namely, Adams-Bashforth, Leap-Frog and 

improved Euler in combination with finite volume triangular C-grid. The phase speed ratio 

for a wide range of     numbers were studied and results showed better performance of 

the Leap-Frog and Adams-Bashforth techniques compared to the Improved Euler. More 

precisely, the Leap-Frog scheme better improved the phase speed ratio behaviour of the 

semi discrete case at        . 

Through a number of numerical tests, we verified the theoretical analysis of dispersion 

relation and examined the performance of proposed combination of the finite volume 

triangular C-grid (equilateral case) with the Leap-Frog method. We considered the Coriolis 

force, wind stress, bottom friction and bottom topographical changes, and examined the 

proposed fully discrete scheme with various oceanic waves, such as fast gravity waves, as 

well as with long and slow inertia-gravity waves. 

The model was examined with a long slow equatorial Rossby wave. The results obtained 

after 5 periods were compared to the analytical solution, and they were in good agreement. 

The symmetrical shape of the wave was preserved by the model, while the maximum water 

surface elevation was well predicted. The maximum values of the water surface elevation 

were compared to the analytical ones for various grid resolutions. The results confirmed 

that even using a relatively coarse mesh, there is no considerable damping associated with 
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the solution. Moreover, the spatial order of accuracy for the triangular C-grid scheme were 

sought by investigating the evolution of the   error of water surface elevation. The 

obtained rate was very close to the formal spatial order of accuracy for the C-grid. 

Furthermore, the non-linear shallow water equations were also examined with the 

equatorial Rossby wave. The results were in good agreement with the analytical one and 

confirmed that the model can correctly take into account the non-linear terms.  

In order to further examine the scheme, we applied the proposed model to the Stommel 

problem for two low- and high-resolution grids. The results demonstrated the ability of the 

model in predicting the divergence of the velocity field. In this test, we examined the 

proposed triangular C-grid for low and high resolution cases. The results of high resolution 

case was satisfactory. With regard to the low-resolution scenario, a great improvement was 

obtained in comparison to the structured C-grid schemes which confirmed the theoretical 

dispersion analysis. The model was also examined with uneven bottom topography and 

wind-induced circulation in a circular basin. Using an unstructured grid, the water surface 

elevation and velocity field were computed by the proposed scheme. The results confirmed 

the ability of the model to correctly account for the surface wind stress as well as for 

variable bottom topography. In addition, the non-linear shallow water equations were 

considered through the Rossby soliton wave. The results were in good agreement with 

those obtained by the asymptotic solution. In conclusion, the model showed good 

performance in the simulation of various ocean waves ranging from fast gravity waves to 

long and slow Rossby waves.  

As for the local coastal flow model, a new second-order central-upwind scheme for 

shallow water equations on the unstructured quadrilateral grids has been developed. To this 

end, we have proposed a new technique for bottom topography approximation over 

quadrilateral cells as well as an efficient water surface correction procedure. Moreover, we 

have designed a new quadrature for discretization of the source term. The proposed scheme 

guarantees the positivity of the computed fluid depth and exactly preserves “lake at rest” 

steady states. The proposed scheme on unstructured quadrilateral grids has several 

advantages over the triangular central-upwind scheme. For instance, such grid uses more 

information from the neighbouring cells in time evolution of the cell average values. We 
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applied the proposed scheme to various numerical tests which exhibit complex flow 

patterns. The numerical tests include "lake at rest" steady state with very small 

perturbations as well as completely dry and almost dry areas. The obtained results confirm 

the capability of the scheme to preserve the positivity of   and demonstrate that no 

instabilities are developed at the (almost) dry states. In the other numerical test, the results 

computed by the new scheme have been compared with those computed by the triangular 

central-upwind scheme. When the new scheme was used, the water surface component of 

the solution was resolved with higher resolution and was free of fluctuations. The velocity 

fields computed by the new scheme were also smooth while those computed by the 

triangular scheme were noisy. 

We also tested the proposed scheme on a problem with a transcritical flow over a bump. 

The computed water surface elevation and discharge were compared to the analytical ones. 

The results showed that the proposed central-upwind scheme is capable of quite accurately 

simulating such flows. In the next test, we have simulated a 2D dam break on a sloping 

flume with friction. The water surface values computed using a fully unstructured grids 

were compared to the experimental measurements and showed the ability of the developed 

scheme to take into account both complex domain geometry and a friction term. In the 

final numerical example, a dam break over a triangular obstacle was simulated and once 

again the obtained results were compared to the experimental measurements. This test 

helped us to confirm the ability of our quadrilateral central-upwind scheme to accurately 

predict the wetting and drying features of the flow.  In summary, our numerical results 

confirmed robustness and high accuracy of the new scheme and also demonstrated its 

potential advantages over the triangular central-upwind scheme. 

As the final step, we employed the proposed improved methodology for simulating the 

flow hydrodynamics under the changing climate over the Persian Gulf. In order to consider 

the climate change impact, we considered the projected wind speed as the surface wind 

stress term in the shallow water equations. In addition, we used the bathymetry data of the 

Persian Gulf and considered the uneven topography term in the momentum equations. 

Then, we simulated the flow over the Persian Gulf under the changing climate. The 
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proposed methodology for obtaining accurate water surface and velocity components of the 

solutions can be employed for many practical purposes. 

This study showed that the proposed methodology is able to improve the evaluation of the 

flow hydrodynamics over the estuaries. The proposed methodology is efficient in terms of 

computational cost since it uses a large-scale model to simulate the flow over a large water 

body. Moreover, the large-scale model used in the proposed system was shown to perform 

better than the rectangular C-grid schemes which is normally used in most of the large-

scale oceanic models. The developed methodology uses a well-balanced positivity 

preserving central-upwind method that was shown to be capable of resolving complex flow 

patterns. It, indeed, effectively simulates the wet/dry areas which can be the case in many 

local coastal regions. In addition, the unstructured quadrilateral grid helps to simulate the 

areas with more complex boundaries. The other feature of the proposed mythology is to 

consider the climate change impacts on the flow hydrodynamics. In the current study, the 

focus was on the wind speed as the climate variable that can affect the flow (wave) field. 

Taking into account the effect of climate change, one can evaluate the possible changes of 

the flow hydrodynamics under various climate change scenarios within next decades. The 

output of the proposed methodology can be used for many practical applications.  

7.2.  Future Work 

There are number of other aspects that can be considered in order to improve the present 

study. As an example, one may perform other theoretical analysis on the other versions of 

C-grid schemes to investigate the feasibility of incorporating them in the methodology. 

Depending upon the availability of the historical data, by considering more downscaling 

points through the large-scale domain, the effect of climate change can be better 

considered in the large-scale model. This can be of particular importance at the domain 

boundaries. In addition, the climate change impact can be also considered for other 

important variables throughout the domain. Finally, while the Quantile-Quantile method 

showed a good performance, one may try other downscaling techniques as well.  
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