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Abstract

The thesis focused on the development and analysis of a distributed parameter model

that apply to a class of an autonomous hyper-redundant slender robotic systems inter-

acting with the environment. The class of robotic devices that will be implemented based

on the modelling in this thesis, is intended to be autonomously deployed in unknown,

unstructured environments, in which it has to accomplish different missions by being

able to robustly negotiate unknown obstacles and unpredictable and unmodelled irregu-

larities. Therefore the mechanical models presented here are inspired by some features

of a class of organisms - millipedes and centipedes - that possess many of these capa-

bilities. Specifically, these organisms posses flexible slender bodies whose shape morphs

according to the curvature of the terrain on which they operate, and possess a highly

redundant system of legs that couple the body with the terrain providing propulsion for

forward or backward motion, with the high number of legs ensuring a robust distributed

contact even on very irregular substrates. The mechanical model that naturally captures

the structure of millipede bodies is the Timoshenko beam, which is therefore adopted

here. Moreover, the coupling with the environment is modeled by a system of compliant

elements, that provides a distributed support analogous to the one exerted by millipedes’

legs; such support provides a distributed force that in a control framework is treated as

the actuation for shape morphing, so that the body of the system deforms according to

the curvature of the substrate. By using a Lagrangian mechanics approach, the evolution

of the system is described in a suitable product Hilbert space, in which rigid body degrees

of freedom and deformations are coupled. This formulation allows to pose a distributed

parameter control problem in which shape morphing and locomotion are dictated by the

interaction with the substrate, which in this case is approximated as rigid (that is, the

profile of the substrate is not affected by the interaction with the system).

Additionally, by modeling the material response of the substrate with a simple linear

viscoelastic model, we pose an estimation problem in which, by measuring deformations

and/or stresses on the body represented by the beam, we can infer the material properties

of the substrate. In this case, the overall coupled system is modelled as a beam on a multi-

layer viscoelastic foundation. Predictions of this sensor model are in good agreement

with published results, suggesting that the system can be used in a versatile way as an

autonomous agent operating in a generic environment, and simultaneously as a sensor

that could inform the action of the system itself, or that could be used to monitor

the environment. The modeling work done in this study opens the possibility for the

implementation in engineering systems applied to environmental monitoring and health
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applications, in which we envision the system to be used to estimate material properties

of living tissues, that can be correlated to the diagnosis of classes of diseases.
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Chapter 1

Overview and Literature Review

1.1 Motivations

The work in this thesis is part of a project aimed at the development of a robotic device

for exploration, maintenance, and non destructive testing in generic environments, that

eventually can be hazardous and/or non accessible to humans. The work presented

here specifically pertains to the first part of the project, which has been focused on the

definition of the key characteristics that this class of devices should possess. The set of

characteristics is ultimately dictated by the high level definition of the tasks that the

system has to perform (desired tasks). Once the key characteristics have been defined,

the next step is their translation into models that formally describe the evolution of

objects and systems that suitably reproduce them. Modeling choices therefore determine

a framework that allows to predict the evolution of the robotic devices, and their response

in a closed loop setting, which in this case is the autonomous navigation and decision

making informed by appropriate or available sensing information.

As mentioned, the class of robotic devices considered in this dissertation are intended

to be able to autonomously operate in unstructured environments, or otherwise to be

able to move into and explore a large (as possible) variety of terrains and substrates.

Additionally, it is desirable that devices are equipped with sensing capabilities that are

sophisticated and versatile enough to infer properties of the environment in which they

operate. The translation of a set of desired characteristics into suitable models poses

different challenges. Indeed models should be simple enough to be treatable and offer

insights into the structural formal properties of modelled systems, and at the same time

they should be comprehensive enough to describe and include the desired features. More-

2
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over, robotic models have always to be developed within implementability constraints, so

that modelling assumptions can realistically map to hardware and software limitations

and operational conditions. This particular aspect is the object of current and future

work that is the continuation of the one presented in this study, with refinements oriented

to the implementability of developed theoretical tools.

From a modeling perspective, in order to develop a framework for an robust mobile

system that autonomously navigate unstructured environment, we have taken inspiration

from the mechanics of millipedes whose bodies morph to adapt to nonzero curvature

substrates, and with forward locomotion provided by a system of legs. The redundancy

of the legs ensures abundant contact in terrains with various morphologies and degrees

of asperity, therefore guaranteeing the necessary thrust for locomotion.

1.2 Modelling Overview

To develop the distributed parameter modeling for a hyper redundant bio-inspired mech-

anism, in this thesis we present a model for the forward locomotion and shape adaptation

of a slender hyper-redundant mechanism. We model the mechanism as a Timoshenko

beam in plane motion with natural (force) boundary conditions, which includes a rigid

body placement, kinematically described by three degrees of freedom. We assume that

the characteristic length of the robot is small as compared to the radius of curvature of

the substrate to which it is deployed, therefore adopting small deformations kinemat-

ics around rigid body placements. This leads to the use of the floating reference frame

description [1, Chapter 5]. By reproducing the scenario of a slender robot deployed in

a generic environment, the shape-tracking problem can be posed in terms of coupling

with a substrate. This coupling is realized through a distributed system of spring el-

ements that, in terms of feedback, are represented by a distributed force. We express

the forward locomotion in terms of the rigid body degrees of freedom tracking a moving

point on the substrate. The forward locomotion can therefore be described as a path

following problem by employing a Frenet frame intrinsic description of the substrate as a

parametrized curve in the two-dimensional environment [2]. The forward locomotion and

shape adaptation problems are coupled by posing the problem in a distributed control

framework with minimization of a suitable action functional based on the Lagrangian

function of the system.

By modeling the material response of the substrate with a simple linear viscoelas-

tic model, this study also tries to pose an estimation problem in which, by measuring
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deformations and/or stresses on the beam, we can infer the material properties of the

substrate. In this case, the overall coupled system is modelled as a beam on a multi-layer

foundation, where different layers have different material responses. Predictions of this

sensor model are in good agreement with published results, suggesting that the system

can be used in a versatile way as an autonomous agent operating in a generic environ-

ment, and simultaneously as a sensor that could inform the action of the system itself,

or that could be used to monitor the environment.

The model presented here is the first step towards the design and realization of

a flexible hyper-redundant autonomous robotic system, which is highly adaptable to

different terrains and environments. This kind of robot can be used as a machine for the

non-destructive testing on out of reach facilities, or it can be used to inspect hazardous

environments like gas pipes to check the overall condition of medium structure as a

health monitoring tool. The class of models in this work could also be applied to the

continuum description of novel healthcare systems like endoscopic tools for diagnostic

in the gastrointestinal tract, and generally the engineering applications are the ultimate

driving forces of this research.

1.3 Objectives and Contributions

The main objective of this thesis is the development and simulation of the closed loop

dynamics of a system that is the modeling foundation of a class of robotic devices. This

class of robotic devices is being designed to develop autonomous systems capable of

robustly operating in unstructured environments, with applications that span environ-

mental and structural health monitoring, and healthcare devices capable of moving in

living tissues by coupling with the surroundings. Towards these objectives, the thesis

study has achieved the following main contributions:

1. Develop a study of the kinematics and dynamics of a bio-inspired system based

on distributed parameter modeling. We developed an appreciation of the robot’s

flexible body as a linearized planar Timoshenko beam theory, where the shape

morphing is associated to the coupling with a substrate that models a generic

environment in which the system could be deployed. This mechanical model mimics

the spinal locomotion mechanisms of millipedes and centipedes in which the flexible

body morphs with respect to the curvature of the substrate. The interaction with

the environment has been described by a continuous distribution of spring elements
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mimicking the robot legs.

2. Develop a study of millipede’s locomotion. In order to cover all essential steps in

the analysis of the system, we propose mathematical models, which analytically

deal with both shape adaptation and forward motion modelling of a slender robot

mechanism through linear Timoshenko beam theory. Systems modelled in this

manner are referred to as distributed parameter (continuous) systems, in which,

both forces and deformabilty are distributed throughout the extent of the system

which is treated as continuous.

3. Develop a study on spinal and forward motion control algorithms, in which pro-

posed system’s Lagrangian gives an algorithm for classical and modern control

framework, in order to tune the system deformability and control the forward mo-

tion. To describe the motion of the robot, we adopt the concept of floating frame

that is composed of a rigid body placement and by deformation about the rigid

body placement.

4. Develop a study of distributed sensor in order to find the properties of the envi-

ronment that system has been deployed in. Since distributed compliant elements

can act as a distributed sensor to reconstruct the kinematics of the substrate to

which the robot is coupled. This work performs an inverse problem for continuous

systems using distributed strain gauges. By exploiting this relation and the pos-

sible generalization, one can model the robot as a sensor to infer certain material

properties of the substrate.

1.4 Literature Review

Robotics has been inspired from biological systems to reproduce some very desirable

features, such as robustness and adaptability to unknown disturbances that typically

arise during the operation and within the interaction with complex environments. An

excursus of developments in robotic science can be found through the following references,

and it is summarized in Figure 1.1.

Serial robotic manipulators, initially developed as the implementation of rigid body

chains, have been applied in many industrial fields [3]. Afterwards, manipulator designers

started to build the mobile robots in the framework of wheel-platform and leg-platform.

In very simplistic terms, the leg-platforms mechanisms have more degree of freedom to
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Leonardo da Vinci designed what may be the first humanoid robot.

Blaise Pascal invented a calculating machine to help his dad with taxes.

Jacques de Vaucansons most famous creation was undoubtedly ”The Duck.”

Joseph-Marie Jacquard invented a loom that could be programmed to create prints.

John Brainerd created the Steam Man used to pull wheeled carts.

The first patents were awarded for the construction of a printed wire

The term ”robot” was first used in a play called ”R.U.R.” by the Czech writer Karel Capek. 
Westinghouse creates ELEKTRO a human-like robot that could walk, talk, and smoke.

Science fiction writer Isaac Asimov first used the word ”robotics” to describe the technology of robots 
The first programmable mechanism, was designed by Willard Pollard

George Devol patented a general purpose playback device for controlling machines.

W. Grey Walter created his first robots; known as the turtle robots.

Raymond Goertz designed the first tele-operated articulated arm.

George Devol designed the first truly programmable robot, known as UNIMATE.

One of the first operational, industrial robots in North America appeared in Kitchener, Ontario.

The first computer controlled walking machine was created by Mcgee the at University of South Carolina. 
The first manually controlled walking truck was made by R. Mosher.

SRI built Shakey; a mobile robot equipped with a vision system.

V. Scheinman created the Stanford Arm, which was the first successful computer-controlled robot arm. 
WAP-1 became the first biped robot and was designed by I. Kato.

V.S. Gurfinkel and colleagues create the first six-legged walking vehicle.

I. Kato created WABOT I which was the first full-scale anthropomorphic robot.

C. Milacron released the T3, the first commercially available minicomputer-controlled industrial robot 
V. Schenman developed the Programmable Universal Manipulation Arm (Puma).

The V. Masha, a six-legged walking machine.

S. Hirose created ACMVI (Oblix) robot. It had snake-like abilities.

H. Makino designed the Selective Compliant Articulated Robot Arm (SCARA)

Quasi-dynamic walking was first realized by WL-9DR.

S. Hirose developed Titan II.
RB5X was Created by the General Robotics Corp.

A four legged walking machine, Collie1.

The first HelpMate robot went to work at Danbury Hospital in Connecticut.

Aquarobot, a walking robot for undersea use.

The WL12RIII was the first biped walking robot, by Kato Corporation

Dante explored Mt. Erebrus. The 8-legged walking robot.

RoboTuna was created by D. Barrett at MIT. The robot was used to study how fish swim.

Honda created the P2, which was the first step in creating ASIMO.

NASA’s PathFinder landed on Mars.

LEGO released their MINDSTORMS robotic.

Campbell Aird was fitted with the first bionic arm called the Edinburg Modular Arm System (EMAS). 
Mitsubishi created a robot fish.

Sony unveiled the SDR at Robodex.

iRobot Packbots searched through the rubble of the world Trade Center.

iRobot released the first generation of Roomba.

Cornell University created self-replicating robots.
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Figure 1.1: The overview of the evolution and growth of robotic science and applications

[4–12].
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control and technically they are more complicated than the wheeled-platform robots,

but in the unstructured environment legs are more adapted than wheels. However, the

complexity for modeling and control grows with additional degree of freedom, and also

dynamics of multi body system differ from those robots which are operating in a fixed

station and without the capability to reconfigure or movement. To address the kinetics

and dynamics of multi body systems, the classical dynamics are usually described by set-

ting up the equations of motion through common methods like Newton-Euler, Lagrange

or Hamilton. Furthermore other modern methods for the dynamic analysis of multibody

systems could be in form of differential algebraic equations (DAEs) and/or ordinary

differential equations (ODEs). Apparently, both conventional and modern methods in

dynamic analysis point of view employ a maximal set of constraint and degree of freedom

to describe the dynamic relations of the system.

The evolution of multi-body systems is described by a set of differential equations, al-

gebraic constraints, and variables depending on the state of the system. Occasionally the

performance of the system depends on geometric constraints of the robot that allocates

the task. This kind of problem can be solved by considering a system with many degrees

of freedom and the idea of discrete concurrent computation and acting in the system like

mechanisms which we can be seen in many biological systems. In the application frame-

work, the multi-body robots are widely used in many fields such as general industrial

application, health monitoring, inspecting hazardous or inaccessible environments, and

health care inspectors, or they are used as probes for smart drug delivery or in surgical

applications. There are two main approaches in modelling the kinematics and dynamics

of robotic manipulators. The first one is based on multi-body mechanics, in which the

manipulator is comprised of a chain of rigid bodies interconnected in such a way that

relative degrees of freedom are permitted among subsets (typically pairs). In this case

the system has a finite number of degrees of freedom, whose evolution is described by a

system of ordinary differential equations in which torques acting as duals of kinematic

degrees of freedom are treated as control inputs. This approach has been historically

used in the development of robotic manipulators with a relatively low number of degrees

of freedom, and in which the interaction between parts can be well approximated by rigid

body mechanics.

The other approach is based on distributed parameter modeling, in which the evolu-

tion of infinite dimensional system (for example a beam) is used to describe the dynamics

of a manipulator. The continuous description is introduced to approximate a class of

systems with many degrees of freedoms, or systems for which the flexibility can be con-
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sidered as distributed in describing the interaction between parts. For these reasons the

related class of modeled systems is often referred as hyper-redundant. The advantage of

this approach in modeling systems with many degrees of freedom is that an otherwise

large system of coupled ordinary differential equations is replaced by a more compact sys-

tem of partial differential equations describing the evolutions of spatial fields. However,

the solution of distributed parameter systems is in general more difficult as it requires

specific techniques (often numerical) to deal with the spatial dependence of the field

equations. Solution techniques are usually based on separation of variables and subse-

quent spatial projection on a finite dimensional subspace of the set in which the solution

of the original problem is defined. In this work we use a standard Galerkin projection

on linear modal basis functions of the beam that models the body of the robot.

In the field of robotics, it is crucial to investigate the effects on multibody robots of the

environment’s interaction variations, and from the point of view of dynamics and motion,

physics based multibody simulations have gained more importance due to their versatility

[14–16]. Another relatively recent branch of robotics research is biomechanics, which is

concerned with mechanical modeling of features characterizing biological systems ,where

the kinetics and dynamics of multibody systems are often used as modeling frameworks

[17–20].

Common to all multibody systems is the need for reliable computation for dynamic

analysis of the motion, which is an important factor in determining the best design.

Reliable computation for dynamic analysis has led to remarkable developments within

the fields of structural dynamics in the last two decades, in which use of Lie groups and

differential geometry has gained importance in the robot technology, structural mechanics

and control system [21–25].

In the same framework, the biomechanics field the symmetries and geometric features,

like the symplectic structure of Hamiltonian and Lagrangian systems, play a main role

in stability analysis and in the evaluating the system’s physical characteristics [26–28].

In the field of flexible manipulators and articulated multi-link flexible robots, sev-

eral studies have recently considered the different beam models and various constitu-

tive models, as well as time-varying boundary conditions [29]. The dynamics of single

robotic flexible manipulators have been studied in [30, 31]. Ower and Van de Vegte [32]

discussed the vibrations of a flexible manipulator model based on the linearization and

transfer function matrix of an Euler-Bernoulli beam model; their analysis did not involve

large displacements. De Luca and Siciliano in [33] introduced simplifying assumptions

in end mass-boundary conditions in order to derive the governing equations. Moreover,
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Lagrangian and Ritz methods have been used in [34] to study a flexible manipulator.

Recently Chaolan et al. [35] analyzed a flexible hub-beam system by accounting for the

influence of shear and axial deformations. Chen [36] established a generalized dynamic

model for a planar n-link flexible manipulator, and Lee [37] proposed a new link de-

flection model to fix the incompatibilities dealing with modeling of flexible robots with

bending mechanism in the hypothesis of an Euler-Bernoulli beam through the conven-

tional Lagrangian approach. Therewith, Zhang et al. [38] obtained a system of partial

differential equations for a two-link Euler-Bernoulli manipulator from an Hamiltonian

formulation in order to design reliable control techniques. Milford and Asokanthan [39]

presented the modal analysis of a two-link flexible manipulator by using the Timoshenko

beam theory from partial differential equations governing the free vibrations. di Castri et

al. [40] investigated modal analysis of a two-link flexible manipulator, and they showed

how it can recover large discrepancies associated with the model proposed in [39]. In

general, when local deformations are not small, it may be desirable instead to formulate

the equations of motion with respect to an inertial frame of reference. However, this

introduces a number of difficulties, mainly associated with the proper handling of trans-

lations and rotations. Furthermore, the development of flexible elements accommodating

finite rotations usually results in rather complex formulations, and particularly numerous

formulations for flexible beams can be found in [41–44].

By taking inspiration from the mechanics of several biological systems, the robotics

field started to develop mechanisms with more degrees of freedom, often referred as

hyper-redundant systems, Often, researchers are focused on the effort of reproducing an-

imal’s body capability in adapting to unstructured environments. Animals have indeed

developed a wide diversity of mechanisms in moving which are in fact remarkable things

that allow them to exploit the physical properties of their environmental leaning, and

their amazing quick control switch to take a smooth locomotion for different patterns.

Also, modern robotic systems technology has made available joints that are capable of

reproducing kinematic actions inherently possessed by biological systems, such as free ro-

tation or drawbacks. Several studies have been devoted to hyper redundant morphologies

[45–47]. In order to catch robustness and system adaptability with respect to different

environments, mobile multibody robots have been developed from classical manipula-

tors by considering rigid body chains interacting with the environment in a variety of

modes. In the framework of flexible members, several researches have recently proposed

finite dimensional (with large number of degrees of freedom) and distributed systems

capable of high deformability and large displacement of the end effector, still considering
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higher speed than traditional manipulators along with low energy consumption [48–51].

This applies, on an evolutionary scale, to biological systems and therefore to bio-inspired

robots [52–54]. Furthermore several studies have been devoted to path planning and

control of mobile robots [55–57]. Hirose [58–60] studied the motion of snakes on var-

ious types of surfaces, the elastic elephant trunk like, and soft grippers. Furthermore

the tendon-driven robots and octopus tentacle-like gripper were investigated by Hirose

in [61, 62]. Clement and Ifiigo [63] discussed a snake-like manipulator with obstacle

avoidance. The model of an articulated mobile robot whose joints are pinned has been

studied in [64]; Verriest [65] presented the kinematics and dynamics of a planar multiple

link robot and proposed a non-conventional control method based on differential friction.

Sen [66] proposed a motion algorithm for a snake-like manipulator robot, and an algo-

rithms for control of hyper-redundant robots by parametrizing their backbone curves in

[67]. The first bio-inspired serpentine robot called Active Cord Mechanism is presented

in [68, 69].

For this class of system, a major challenge in control design is the mapping of dis-

tributed sensor inputs to actions for actuators. Additional challenges arise when the

system is coupled with environments (for example the problem of warm locomotion)

with complex material responses. This has led to the development of advanced technolo-

gies in real-time perception in uncontrolled environments applied to hyper-redundant

systems [70–76]. In the framework of the multi-link robotic manipulators and dynamic

inverse problem, the interaction with the environment strongly affects the performance

of mobile robots as environmental conditions and morphology are coupled with locomo-

tion techniques [77–81]. For force control of multi-link manipulators, several researchers

have recently proposed the optimal distributed force for mobile robot using generalized

inverse kinematics and dynamics algorithms to optimize control forces that have been

developed in the manipulator robots for generating redundant robot joint trajectories

[82–85]. Many researchers have studied the inverse vibration problem to find out dis-

placement, crack identification, health monitoring of the mechanism or to estimate the

material properties or axial external forces with different active or passive approach

[86–98]. As the forward vibration solution of a mechanism deal with many kinetic and

dynamic terms like initial condition, applied external force in time to find the displace-

ment, velocity and other dynamic relations, in inverse vibration problem also we seek to

estimate a time dependent force or material properties. Therefore in order to optimize

these estimated time dependent parameters we can use different optimization methods;

among all in [99–105] the inverse vibration problem for the linear and non-linear systems
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has been addressed considering different optimization methods. General solution of an

inverse vibration problem using a linear least-squares error method is presented in [106],

a non-linear inverse vibration problem for estimating the time-dependent stiffness by a

linear matrix equations and least square error method is presented in [107].

In this thesis, we considered (i) shape tracking with a slender mechanism coupled

with a substrate. Shape tracking is based on the flexibility of the mechanism, that is

modeled as a Timoshenko beam. The interaction with the environment is described by

a distributed system of deformable elements. By considering the initial configuration

to be locally parallel to the substrate, in the sense that it is parallel to the tangent to

the substrate at the nearest point, we focus on the coupling with the environment and

specifically on the deformation induced by the shape of the substrate. (ii) the Lagrangian

dynamics formulation of the problem of an hyper-redundant mechanism coupled with a

substrate, that encodes the salient features of the mechanics of locomotion and shape

morphing of millipedes and centipedes organisms, as elucidated in the recent work [108].

In these organisms, a highly redundant system of legs couples an elongated body with

substrates/environment, and the distribution of the contact between the extremities of

the legs and the environment results into a peristaltic wave traveling axially, which ulti-

mately provides the propulsive action. In our model, suitable kinematic descriptors allow

to link the control of the system with the autonomous operation of a class of devices, that

will be implemented based on the model presented here, with bio-inspired features giv-

ing the desirable robustness and adaptability to operate in unstructured and unknown

environments. With respect to existing literature treating the dynamics and control

of hyper-redundant systems, the model developed in this work couples locomotion and

shape morphing by describing them respectively as a global rigid body placement and a

deformation around current rigid body configurations, with analytical treatment based

on the adoption of the floating reference frame; moreover, time scales separation between

deformations and rigid body motion capture the very fast shape morphing with respect

to forward/backward motion of millipedes; (iii) a well posed distributed parameter con-

trol formulation, in which the state variables are defined in a product Hilbert space that

allows directly to obtain approximated convergent solutions by projection in its finite

dimensional sub-spaces. This permits to simulate salient features of the systems, and to

inform future design directions. In current and future hardware implementations based

on the model proposed here, actuation is provided by the coupling elements mimicking

the legs of millipedes, consistently with the mechanisms characterizing the biological sys-

tems investigated in [108]. (iv) a sensor model comprised of a Timoshenko beam coupled
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with a linear viscoelastic substrate via a distributed system of compliant elements. The

system of governing equations includes the evolution of the kinematic descriptors of the

Timoshenko beam and of the interface between the coupling elements and the viscoelas-

tic substrate. This model is used to pose an inverse problem aimed at estimating the

constitutive parameters of the substrate from deformation measurements of the beam

induced by different input forces and torques.

1.5 Organization of the Thesis

Part I contains the statement of motivation, objectives, and contributions of the thesis,

along with a brief discussion of some theoretical tool used in the study. Part II contains

journal papers either published in technical journals, through which the main results

and contributions of the study are presented. Moreover, we proposed (i) shape tracking

with a hyper-redundant slender mechanism coupled with a substrate. Shape tracking is

based on the flexibility of the mechanism, that is modeled as a Timoshenko beam, and

the interaction with the environment is described by a distributed system of deformable

elements. (ii) a governing evolution of the shape morphing and forward locomotion

of an hyper-redundant mechanism coupled with a substrate, that encodes the salient

features of the mechanics of locomotion and shape morphing of millipedes. In this model,

suitable kinematic descriptors allow to link the control of the system with the autonomous

operation of a class of devices with bio-inspired features giving the desirable robustness

and adaptability to operate in unstructured and unknown environments. (iii) a well

posed distributed parameter formulation, in which the system of governing equations

includes the evolution of the kinematic descriptors of the Timoshenko beam and of the

interface between the coupling elements and the viscoelastic substrate. This model is

used to pose an inverse problem aimed at estimating the constitutive parameters of the

substrate from deformation measurements of the beam induced by different input forces

and torques. Part III summarizes the main results and concludes the thesis.

1.6 Summary of Research Papers in the Thesis

The core part of this thesis are three research papers. For each of them, the abstract is

given below.
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Paper A: A Timoshenko Beam Reduced Order Model for Shape Tracking

with a Slender Mechanism

This work is published in Journal of Sound and Vibration [109].

Summary: We consider a flexible bio-inspired slender mechanism, modeled as a

Timoshenko beam. It is coupled to the environment by a continuous distribution of

compliant elements. We derive a reduced order model by projecting the governing partial

differential equations along the linear modal basis of the Timoshenko beam. The coupling

with the substrate allows to formulate the problem in a control framework, and therefore

to track the profile of the substrate through the deformation of the body. Distributed

coupling elements are modeled in the framework of two parameters elastic foundations.

A closed loop force control is simulated for shape morphing when the system is coupled

with a smooth substrate.

Background: The basic idea of this work is to introduce a bio-inspired model for an

hyper-redundant slender mechanism based on Timoshenko beam. The system is inspired

by the mechanics of millipedes, and is developed through a detailed technical description

of kinetics and dynamics of the system. From the mechanical point of view, the system

can be considered as a continuous system having an infinite number of degrees of freedom

and the adaptation to the shape of the substrate is achieved through the deformation of

the body. Here we specifically focus on the deformation of the body and the coupling

with the substrate.

Paper B: Path following and shape tracking with a continuous slender robot

This paper is under revision in the ASME Journal of Dynamic Systems, Measurement

and Control. It has been resubmitted after a minor revision recommendation from the

associated editor in charge.

Summary: We present the continuous model of a mobile slender mechanism that is

intended to be the structure of an autonomous hyper-redundant slender robotic system.

Rigid body degrees of freedom and deformability are coupled through a Lagrangian

weak formulation that includes control inputs to achieve forward locomotion and shape

tracking. The forward locomotion and the shape tracking are associated to the coupling

with a substrate that models a generic environment in which the mechanism could be

deployed, and mimic the spinal locomotion mechanisms of millipedes and centipedes in

which the forward motion is propelled by a system of legs, and the flexible body adapts

to non-zero curvature of the substrate. The assumption of small deformations around
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rigid body placements allows to adopt the floating reference kinematic description. By

posing the distributed parameters control problem in a weak form, we naturally introduce

an approximate solution technique based on Galerkin projection on the linear mode

shapes of the Timoshenko beam model, that is adopted to describe the body of the

robot. Simulation results illustrate coupling among forward motion and shape tracking

as described by the dynamics governing the system.

Background: Introducing a model for the forward locomotion and shape tracking

with a slender hyper-redundant robot is the basic motivation for this work. Considering

Paper A, the robot is modeled as a Timoshenko beam in plane motion with natural

(force) boundary conditions, which allows rigid body motion to the system, kinematically

described by three degrees of freedom. By reproducing the scenario of a slender robot

deployed in a generic environment, the shape-tracking problem is posed in terms of

coupling with a substrate. We adopt the concept of floating frame to describe the motion

of the robot that is composed by a rigid body placement and by a small deformation

about the rigid body placement. The forward motion of robot is coupled with the robot’s

body deformation and with respect to the rigid body placement. Model is expressed in

terms of the rigid body degrees of freedom, which tracks a moving point on the substrate,

eventually with a given offset.

Paper C: Sensing linear viscoelastic constitutive parameters with a Timo-

shenko beam on a multi-layer foundation: modeling and simulation

This work is under revision in the Journal of Sensing and BioSensing Research.

Summary: We present a sensor model comprised of a Timoshenko beam coupled

with a linear viscoelastic substrate via a distributed system of compliant elements. The

system of governing equations includes the evolution of the kinematic descriptors of the

Timoshenko beam and of the interface between the coupling elements and the viscoelas-

tic substrate. This model is used to pose an inverse problem aimed at estimating the

constitutive parameters of the substrate from deformation measurements of the beam

induced by different input forces and torques. The sensing model is demonstrated by

comparing its prediction with published experimentally obtained constitutive parame-

ters identifying standard linear viscoelastic material models, showing good agreement

between model estimations and experimental results.

Background: The basic idea in this work is presenting an inverse problem for the

proposed system in Paper A, and deploying a bio-inspired hyper-redundant model as a

distributed sensor. We derive the forward problem using a coupled Timoshenko beam
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with a standard solid viscoelastic substrate. We propose an explicit solution for the

forward and inverse problems, through a reduced order model by projecting the governing

partial differential equations along the linear basis functions. In sensor framework, we

consider the coupling with the substrate as a sensor to estimate the mechanical properties

of the substrate through the inverse problem of the deformations of the system. To assess

the validity of a inverse problem, the convergence of the least square minimizing has

validated through an iterative procedure of Nedler method.
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Modelling Frameworks

2.1 Millipedes Locomotion

Animals locomotion often is based on simple principles; moving forward/backward and

shape morphing due to the reaction of exerted force form the environment. Obviously the

interacting forces depend on the material and geometric properties of the animal body in

a wide diversity of mechanisms. A lot of work including multi-legged robots, snake-like

robots, and robotic fish has been done on bio-inspired mobile robotic technology recently

[30–32, 34, 35, 58–60]. From the point of view of animal’s morphology, locomotion can

be classified in three classes;

1) Endoskeleton body

2) Exoskeleton body

3) No skeleton body,

In all these cases, the body can be represented by a chain of rigid elements connected

by spherical joints (three degree of freedom). Considering that animal bodies, in adapting

to environments, use a complicated nervous control system, they have ability to change

the locomotion pattern to another according to the physical changes of the substrate, by

fact of having high number of internal degrees of freedom. Therefore, natural modeling

framework to describe key bio-inspired locomotion features is the beam model.

Among six main class of Arthropods; Chilopoda or the centipedes; Pauropoda or the

pauropods; Symphyla or the symphylans; Entognatha or the collembolans, proturans,

and diplurans; and Insecta or the insects, Millipedes belong to Diplopoda class in the

Subphylum Atelocerata of the Phylum Arthropoda [110], and as it is schematized in

Fig. 2.1 they have two legs per segment [111]. The slender body is comprised of an ex-

16
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Figure 2.1: Schematics of the external anatomy of a generalized juliform millipede (Fig.

2 from [13])

Deformed axis

η(x, t)

Figure 2.2: Sketch of the mechanism coupled with the substrate with profile described

by the curve η(x; t)

oskeleton which can be schematized as a chain of coaxial rings, which possesses an internal

cartilaginous spine with spinal elements connected by three degrees of freedom joints.

The locomotion can be characterized by two mechanisms, namely the spinal locomotion

and the concertina locomotion [112–116], and it is achieved by the two stages kinematics

illustrated in Fig. 2.3, comprised of a stage in which the leg is in contact with the ground

(dense phase) moving backward to create the thrust associated to friction, and a recov-

ery stage (sparse phase) in which the leg is not in contact and moves forward. Constant

phase difference between adjacent legs makes an overall wave like forward motion in the

system [108, 116]. In order to model the millipede’s locomotion, we consider compliant

elements between beam and substrate to be part of the moving robot (See Fig. 4.5), as

they mimic the function of millipedes legs in providing the distributed support to the
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Figure 2.3: Schematic of the millipede motion in the mechanical nature of wave propa-

gated walking.

t1 t2 tn
1

2

3

n

n− 1

1

2

2

3 31

n

n

n− 1n− 1

Figure 2.4: Schematic of arrangement of body segments with respect to waves.
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body resulting from the coupling with the environment, which in turn determines the

shape morphing to adapt to nonzero curvature of the substrate. Additionally, the profile

of the legs’ extremities can be described by a metachronal wave propagating along the

axis x that is aligned with the axis of the body when it is rectilinear [57, 117],

sin

(
2π

k
(x− ct)

)
(2.1)

where k and c are the wave length and the speed of propagation of the wave, respectively.

As it is illustrated in Fig. 4.5, in multi-legged animals, the leg tip is the interface between

the body and the substrate. Therefore, considering the natural projection of the circular

movement of the leg tip with respect to the body axis, it can be envisaged as to-and-fro

motion along the body axis, in which the constant phase difference between adjacent legs

can be expressed as [108],

φ =
2π

n
(2.2)

where n is the number of leg’s in one wave. We consider motion of the legs described by

the schematics in Fig. 2.3 and Fig. 2.4, to be characterized by constant angular velocity

ω, which is an axial vector perpendicular to the plane of motion. By assuming that the

bending of the legs is negligible with respect to the rigid body rotation, the velocity a

point c in contact with the ground is therefore given by the relation, (see Fig. 2.3)

vc = vo + ω ∧ roc (2.3)

where roc is the position vector from point o to point c. We consider an equal length

for all limbs, and the positive direction of the body axis is taken from tail to head. By

assuming that the contact is rolling without slipping, we have vc = 0, and therefore

the velocity of the body point o is tangential with respect to the body axis and has

magnitude

vo = ωroc (2.4)

Therefore, vo is a rigid body forward speed generated by a limb in contact with the

ground.

This locomotion mechanism, that directly relates to the kinematics of the limbs, is

the object of current work that extends the model in Paper B by linking the kinematics

of the mechanism to the bio-inspired nature of the locomotion. Simulation studies are

informing design choices that are being implemented in the first generation of hardware

devices related to the work in this thesis.
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2.2 Timoshenko Beam Theory

For several years dynamics of vibrating beams has been investigated by using different

engineering beam theories. Euler-Bernoulli beam theory is the most commonly used, as it

is simple and it provides reasonable engineering approximations for many problems. Be-

cause of a constitutive assumptions on shear stiffness (i.e., the beam is infinitely rigid with

respect to shear actions), natural frequencies calculated through of the Euler-Bernoulli

beam theory are overestimated. Lord Rayleigh (John William Strutt) presented a beam

theory that includes the effect of the rotary inertia to Euler-Bernoulli beam theory into

Euler-Bernoulli beam theory. In Rayleigh beam theory neglecting shear distortion was

still a remaining assumption, and this causes some overestimation natural frequencies.

In the shear beam theory, shear effects have been considered, but rotary inertia has been

neglected by Timoshenko, Young and Weaver [118]. This theory gives accurate results

only at high frequency vibrations. Shear beam could violate the principles of conservation

of momentum for pinned-free and free-free boundary conditions [119]. In Timoshenko

beam theory, rotary inertia and shear distortion are both included, and among all, Timo-

shenko beam theory is more applicable for beams with various thicknesses or slenderness

ratios, it is therefore considered a good correction of Euler-Bernoulli beam theory by

including both shear distortion and rotary inertia. Based on all above facts, this thesis

considers Timoshenko beam as a continuous model. Moreover, organisms like centipedes

and polychaete worms can be modeled as a Timoshenko beam, which represent the limit

of a rigid body chain with pinned elements.
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Figure 2.5: Shear deformation on a cantilever beam

In the Timoshenko beam theory, for an undeformed beam, strain components can be
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Figure 2.6: Bending deformation on a cantilever beam
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Figure 2.7: Shear bending deformation on a cantilever beam

found as:

εxx =
∂u1

∂x
= 0, εyy =

∂u2

∂y
= 0, εzz =

∂u3

∂z
= 0 (2.5)

εxy =
∂u1

∂y
+
∂u2

∂x
= 0, εyz =

∂u2

∂z
+
∂u3

∂y
= 0, εzx =

∂u1

∂z
+
∂u3

∂x
=
∂w

∂x
(2.6)

The components of stress corresponding to the strains presented by (2.5) are given by,

σxx = σyy = σzz = σxy = σyz = 0 (2.7a)

σzx = G
∂w

∂x
(2.7b)

where G is the shear modulus, and equation (2.7) states that the shear stress σzx is

uniform at every point in the cross section of the beam. Timoshenko introduced a
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constant k, as the shear correction factor, in the expression for the shear stress,

σzx = kG
∂w

∂x
(2.8)

Figures (2.5),(2.6) and (2.7) show that the total transverse displacement of the beam’s

centreline can be defined by w = ws+wb. Hence, the total slope of the detected centreline

of the beam is approximated by,

∂w

∂x
=
∂wb
∂x

+
∂ws
∂x

(2.9)

The rotation of the cross section considering the effect of bending can be expressed as

ψ =
∂wb
∂x

=
∂w

∂x
− ∂ws

∂x
=
∂w

∂x
− β (2.10)

where β is the shear deformation or shear angle. Then the components of displacement

of a point in the beam are given by:

u1 = u− z
(
∂w

∂x
− β

)
= u− zψ(x, t), u2 = 0, u3 = w(x, t) (2.11)

For the motion of a particle under shear and bending deformation the strain components

will change in the following,

εxx =
∂u1

∂x
=
∂u

∂x
− z∂ψ

∂x
, εyy =

∂u2

∂y
= 0, εzz =

∂u3

∂z
= 0

εxy =
∂u1

∂y
+
∂u2

∂x
= 0, εyz =

∂u2

∂z
+
∂u3

∂y
= 0, εzx =

∂u1

∂z
+
∂u3

∂x
= −ψ +

∂w

∂x

(2.12)

and for stress components,

σxx = E

(
∂u

∂x
− z∂ψ

∂x

)
; σyy = σzz = σxy = σyz = 0; σzx = kG

(
∂w

∂x
− ψ

)

(2.13)

where E is the young modulus. Therefore the strain energy of the beam can be deter-

mined as

π =
1

2

∫∫∫

V

(σxxεxx + σyyεyy + σzzεzz + σxyεxy + σyzεyz + σzxεzx) dV

1

2

∫

l

∫∫

A

[
Ez2

(
∂u

∂x

)2

+ Ez2

(
∂ψ

∂x

)2

+ kG

(
∂w

∂x
− ψ

)2
]
dAdx =

1

2

l∫

0

[
EI

(
∂ψ

∂x

)2

+ kAG

(
∂w

∂x
− ψ

)2
]
dx (2.14)
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and kinetic energy of the beam including rotary inertia can be represented as,

T =
1

2

l∫

0

[
%A

(
∂u

∂t

)2

+ %A

(
∂w

∂t

)2

+ %I

(
∂ψ

∂t

)2
]
dx (2.15)

The work done by the external distributed force pw(x, t) and external distributed torque

pψ(x, t) is given by

W =

l∫

0

pw(x, t)w(x, t) + pψ(x, t)ψ(x, t)dx (2.16)

Therefore using the extended Hamilton’s principle

δ

t2∫

t1

(π − T −W ) dt = 0 (2.17)

and by substituting the strain and kinetic energy and the work done, we obtain

t2∫

t1

{ l∫

0

[
EI

∂u

∂x
δ

(
∂u

∂x

)
+ EI

∂ψ

∂x
δ

(
∂ψ

∂x

)
+ kAG

(
∂w

∂x
− ψ

)
δ
∂w

∂x
− kAG

(
∂w

∂x
− ψ

)
δψ

]
dx

−
l∫

0

[
%A

∂w

∂t
δ

(
∂w

∂t

)
+ %I

∂ψ

∂t
δ

(
∂ψ

∂t

)]
dx−

l∫

0

pwδwdx−
l∫

0

pψδψdx

}
dt

(2.18)

By evaluating part by part of this integral with the help of partial integration with

respect to t and x,

t2∫

t1

l∫

0

EI
∂u

∂x
δ

(
∂u

∂x

)
dxdt =

t2∫

t1


EI ∂u

∂x
δu

∣∣∣∣
l

0

−
l∫

0

∂

∂x

(
EI

∂u

∂x

)
δudx


 dt (2.19)

t2∫

t1

l∫

0

EI
∂ψ

∂x
δ

(
∂ψ

∂x

)
dxdt =

t2∫

t1


EI ∂ψ

∂x
δψ

∣∣∣∣
l

0

−
l∫

0

∂

∂x

(
EI

∂ψ

∂x

)
δψdx


 dt (2.20)

t2∫

t1

l∫

0

kAG

(
∂ψ

∂x
− ψ

)
δ
∂w

∂x
dxdt =

t2∫

t1


kAG

(
∂ψ

∂x
− ψ

)
δw

∣∣∣∣
l

0

−
l∫

0

kAG
∂

∂x

(
∂ψ

∂x
− ψ

)
δwdx


 dt (2.21)
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−
t2∫

t1

l∫

0

%A
∂u

∂t
δ

(
∂u

∂t

)
dxdt = −

t2∫

t1

l∫

0

%A
∂2u

∂t2
δudxdt (2.22)

−
t2∫

t1

l∫

0

%A
∂w

∂t
δ

(
∂w

∂t

)
dxdt = −

t2∫

t1

l∫

0

%A
∂2w

∂t2
δwdxdt (2.23)

−
t2∫

t1

l∫

0

%I
∂ψ

∂t
δ

(
∂ψ

∂t

)
dxdt = −

t2∫

t1

l∫

0

%I
∂2ψ

∂t2
δψdxdt (2.24)

substitution of the equations (2.19) (2.20),(2.21),(2.22), (2.23) and (2.24) into (2.18)

results into

t2∫

t1

{
kAG

(
∂w

∂x
− ψ

)
δw

∣∣∣∣
l

0

+ EI
∂u

∂x
δu

∣∣∣∣
l

0

+ EI
∂ψ

∂x
δψ

∣∣∣∣
l

0

+

l∫

0

[
− ∂

∂x

(
EI

∂u

∂x

)
+ %I

∂2u

∂t2

]
δudx+

l∫

0

[
∂

∂x

(
kAG

(
∂w

∂x
− ψ

))
+ %A

∂w2

∂t2
− pw

]
δwdx+

l∫

0

[
− ∂

∂x

(
EI

∂ψ

∂x

)
− kAG

(
∂w

∂x
− ψ

)
+ %I

∂2ψ

∂t2
− pψ

]
δψdx

}
dt = 0 (2.25)

Applying homogeneous boundary conditions, the first term goes to zero, and the evalu-

ation of w and ψ is described by the coupled field equation

ρI
∂2u

∂t2
− ∂

∂x
(EI

∂u

∂x
) = 0 (2.26a)

ρA
∂2w

∂t2
+

∂

∂x
(kAG(ψ − ∂w

∂x
)) = pw (2.26b)

ρI
∂2ψ

∂t2
− ∂

∂x
(EI

∂ψ

∂x
) + kAG(ψ − ∂w

∂x
) = pψ (2.26c)

where ρ refers mass density, E is Young’s modulus and G shear modulus or modulus of

rigidity. These above partial differential equations are used for finding the normal modes
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and frequency of free vibration. In the case of a uniform beam, by eliminating ψ from

the (2.26b) and (2.26c), a single form equation can be obtained;

EI

ρA

∂4w

∂x4
−
(
EI

kAG
+
I

A

)
∂4w

∂x2∂t2
+

ρI

kGA

∂4w

∂t4
+
∂2w

∂x2
= 0 (2.27)

When the shear and rotational terms are small and neglected, the equation reduces to

that of the Euler-Bernoulli beam.

2.3 Elastic Foundation Model

This section provides an overview of models for foundations and different elastic sub-

strates. Subsequently, the modelling of the elastic substrate structure (could be soil

media), and the interaction between a system of distributed springs under a Timoshenko

beam and elastic foundation as two mediums is the point of discussion. Finding mate-

rial properties of soil, is very important and complicated to deal with as the variety of

its material properties could make it elastic, plastic, nonhomogeneous, and anisotropic.

The main approach in foundation designing is finding material parameters and present-

ing an adequate model for the foundation structure which describes reality. Therefore,

it is essential to estimate the properties of the supporting foundation and its mechanical

behavior through a constitutive model mathematically.

2.3.1 One parameter model

A comprehensive survey in foundation models that contains a study in different elastic

foundation models and development of some models is presented in [120]. Generally,

considering the response of the foundation surface with respect to applied loads is a

common attitude in the study of foundation models, that passive stresses, caused within

the foundation, are not considered in the calculation. The primitive model of the elas-

tic foundation is Winkler elastic foundation, in which the exerted force caused by the

foundation is proportional to the vertical displacement of the beam. As it is shown in

the Figure.2.8, the displacement of the foundation outside the beam boundaries (loaded

region) is zero. The governing equation for Winkler elastic foundation is given by,

pη = κww(x, t) (2.28)

where pη(x, t) is the force per unit length exerted by the foundation, w(x, t) is the trans-

verse displacement of the beam, and κw is Winkler foundation constant. Winkler foun-



Modelling Frameworks 26

dation behaves like an array of independent springs as shown in Figure.2.8, where di-

mension κw is force per unit length per unit displacement, which is in the studies made

by [121–123] and [124].

pη

w

κw

Figure 2.8: One parameter model(Winkler Model) of elastic foundation

pη

κw

κG

Figure 2.9: Two parameter model(Pasternak Model) of elastic foundation

2.3.2 Two parameter model

The first parameter of the foundation in all two parameter foundation models, is still

Winkler elastic foundation parameter, and there are different mathematical models for

the second elastic foundation layer. Shearing stiffness of the elastic foundation, which is

neglected in Winkler model is taken into consideration as the parameter of second layer

of the elastic foundation [120]. The vibration characteristics of Timoshenko beam on two

parameters with shear modulus of the elastic foundation has been studied in [125]. Also

a comprehensive definition for the second parameter of the elastic foundation has been

presented in [126], and the mathematical model for the elastic foundation is expressed

as,

pη = κww(x, t) + κw1

∂w(x, t)

∂x
(2.29)
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where pη is foundation reaction, κw is Winkler foundation parameter, and κw1 is second

elastic foundation parameter which has the dimension of force. Four different models

for κw1 depending on the foundation type have been studied in [126]. In the generalized

foundation model, a moment has been assumed between the beam and foundation besides

pressure,

pη = κww(x, t), Mη = κw1

∂w(x, t)

∂n
(2.30)

where n is any direction at a point in the plane of the foundation surface; κw is Winkler

parameter and κw1 is corresponding proportionality factor in direction of n [120], which

can define dimensionally as, reaction moment per unit length per unit rotation that is

relatively arbitrary is proportional with the angle of rotation of the beam.

In Vlasov model foundation is assumed to be a semi-infinite medium [120], and κw1

is obtained in terms of elastic constants and the dimensions of beam and foundation by,

κw1 =
EsB

4µ(1 + νs)
(2.31)

where, Es and νs are Young’s modulus and Poisson’s ratio of foundation respectively, B

is width of the beam and µ is a decay rate of vertical deformation of foundation.

Curvature of the elastic foundation is also considered in Pasternak foundation model,

as well as the displacement of the foundation. As it is shown in Figure. 2.9, in the

Pasternak foundation model; the second parameter of the foundation has been defined

with κG, as a shear modulus [120, 126], so the governing equation of Pasternak elastic

foundation can be shown as,

pη = κww(x, t) + κG
∂2w(x, t)

∂x2
(2.32)

A generalized Pasternak viscoelastic foundation has been studied in [127] with investi-

gating vibration of Timoshenko beam under moving load, in which a damping effect was

also included in the governing equation as,

pη = −κww(x, t) + C
∂w(x, t)

∂t
+ µ

∂3w(x, t)

∂t∂2x
(2.33a)

Mη = −κψψ(x, t)− C∂ψ(x, t)

∂t
(2.33b)

where Mη and pη are moment and pressure induced by the viscoelastic foundation, κw

and κψ are substrate parameters for vertical and rotational loading respectively, C is

damping coefficients and µ is shear viscosity coefficient of the foundation.
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Other foundation models like Hetenyi foundation and Reissner foundations have been

discussed in [120]. In Hetenyi foundation interaction between two layer springs has

been studied by embedding an elastic beam and a plate for two dimensional and three

dimensional cases respectively. In Reissner foundation, the equations of continuum and

in-plane stresses have been considered when the foundation layers are small [120]. Same

other models for two parameter foundation model, with different name, have been studied

in [128, 129].

2.4 Viscoelastic Foundation Model

There are different groups of materials such as biological tissues, polymers, soil, and met-

als at high temperatures, that have the gradual deformation and recovery by subjecting

to loading and unloading. The duration of the loading and unloading plays a main role

in the response of these materials, in which the amount of deformation depends upon

how quickly the force is applied, and is dependent upon the rate at which the deforma-

tion is changing with time with respect to applied loads. This time-dependent material

behavior is called viscoelasticity.

For viscoelastic materials, stress σ, is not only a function of strain ε, but is also a

function of the strain rate ε̇ = dε
dt

, where t is time. Therefore, the relationship between

stress and strain can be expressed as,

σ = σ(ε, ε̇) (2.34)

In the viscoelasticity point of view, the Boltzmann superposition theory state that: firstly,

the creep in a viscoelastic material is a function of the entire loading history, which means

the long past deformations influence on present behavior; secondly, increasing load makes

an independent and additive contribution to the total deformation, which means if a

viscoelastic material is loaded and creeps under certain amount of load, then applying

an extra load will produce additional creep, which the final creep is exactly same as creep

if that total load had been applied once to the unloaded viscoelastic material within same

total creep time [130]. A brief review of viscoelasticity can be found in [131].

Generally the analogy of the viscoelastic material is based on combination of springs

and dashpots, where springs represent the elastic solid behavior and dashpots are used

to present the viscous response. The deformation is completely recoverable in the spring

upon removing of applied forces, whereas we have a permanent deformation when the

dashpot undergoes.
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2.4.1 Kelvin-Voigt Model

The simplest forms of experimental models for the viscoelastic materials are obtained by

combining a spring and a dashpot together in parallel and/or in series configurations.

The Kelvin-Voigt model schematic is shown in Figure. 2.10, which is a system consisting

of a spring and a dashpot connected in a parallel arrangement. The stress σ, applied to

the entire system produces stresses σs and σd in the spring and the dashpot respectively.

The total applied stress to the system is equal to stress applied to the spring and the

dashpot such that,

σ = σs + σd (2.35)

where subscripts ”s” and ”d” denote the spring and dashpot, respectively. The deforma-

tion caused by the applied stress in the spring and dashpot are equal, because of their

parallel arrangement. Therefore, the total strain of the system ε, is equal to both strains

εs and εd, occurring in the spring and the dashpot as,

ε = εs = εd (2.36)

The stress-strain relationship for the spring and the stress-strain rate relationship for the

dashpot are,

σs = κεs (2.37a)

σd = µε̇d (2.37b)

where κ1, and µ are stiffness and damping parameters of the elements. Substituting (2.37)

into (2.35), and considering (2.36), the general stress-strain relation for the Kelvin-Voigt

cen be represented as,

σ = κε+ µε̇ (2.38)

which is a two-parameter viscoelastic model.

2.4.2 Maxwell Model

Maxwell model for the viscoelastic material is illustrated in Figure. 2.11, which consists

of connecting a spring and a dashpot in a series. Therefore, for the Maxwell model, the

applied stress σ to the entire system is applied equally on the spring σs, and the dashpot

σd, and the total system deformation (strain) ε, is equal to the sum of the strains in
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κµ
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ε

Figure 2.10: Kelvin-Voigt model

κ

µ

σ

εs

εd

Figure 2.11: Maxwell model

the spring εs, and the dashpot εd. Considering stress-strain analyses similar to analogy

carried out for the Kelvin-Voigt model, a constitutive equation for the stresses and strains

response of the Maxwell model, can be derived as,

µσ̇ + κσ = κµε̇ (2.39)

where κ, and µ are stiffness and damping parameters of the Maxwell model. This ex-

pression is a constitutive differential equation, which contains time derivatives, so that

simple constant of proportionality between stress and strain does not exist. The concept

of ”modulus”, the ratio of stress to strain, can be defined as Creep Moduli and Relaxation

Moduli, and they must be broadened for more complicated behavior.
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Figure 2.12: Standard Linear Solid model

2.4.3 Standard Linear Solid Model

The Kelvin-Voigt and Maxwell are the basic viscoelastic models, which are normally used

for the modelling of some viscoelastic solid and fluid respectively, constructed by connect-

ing a spring and a dashpot together, but they do not represent completely the viscoelastic

behavior of any known real material. However, adding springs and/or dashpots to one of

these models, they can be used to reconstruct the behavior of more realistic viscoelastic

materials. Standard Linear Solid model, also referred to as Zener model, provides a good

approximate representation of the behavior response of biomaterials, polymers, and soil,

in their viscoelastic range, and it can also describe stress relaxation and creep behavior

of real viscoelastic material as well. As it is illustrated in Figure. 2.12, the standard lin-

ear solid model is a combination of the Maxwell branch and a parallel spring κ1, which

experience the same strain in the system. The total stress σ is equal to the sum of the

stress in each branch, which is decomposed into rate independent equilibrium stress σe

in the spring κ2 and the rate dependent overstress components σm in the spring κ1 and

dashpot µ as,

σ = σe + σm (2.40)

and the strain in the Maxwell element and in the parallel elastic spring element is,

ε = εe = εm (2.41)
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Considering Hooke’s law, the linear elastic constitutive equation in the spring is,

σe = κ2ε (2.42)

and considering the governing equation for the Maxwell element in (2.39) the stress-strain

relation for Maxvel branches can be rewritten as,

σm +
µ

κ1

σ̇m = µε̇ (2.43)

Substituting (2.43) and (2.42) into (2.40), and considering (2.41), the governing equation

for the total stress in standard linear solid model can be obtained as:

σ +
µ

κ1

σ̇ = κ2ε+
µ

κ1

(κ1 + κ2) ε̇ (2.44)

Then by integrating the solution of (2.44) defines the stress-strain relation at a constant

strain rate for the standard linear solid model is given by:

σ = κ2ε+ µε̇

[
1− exp

(
κ1ε

µε̇

)]
(2.45)

There is other models that consisted of combination of springs and doshpots which can

be found in [130].



Chapter 3

Discretization

3.1 Galerkin Estimation

Galerkin finite element method was proposed by Walther Ritz for the numerical solution

of partial differential equations, but this approach is usually credited to Boris Galerkin.

In general, Galerkin method is the projection of a infinite dimensional function space on

a finite dimensional one, and it is a class of methods for converting a continuous multi

operator problem to a discrete problem. Owing to finite element nature, the Galerkin

method has main advantages like;

• Accuracy of Galerkin methods depends on the exact solution,

• High formal order of accuracy can be obtained by suitably choosing basis functions,

• Galerkin is very well suited to handle different geometries,

• Galerkin requires a simple treatment of the boundary conditions in order to achieve

uniformly high accuracy.

When the analytical solution of governing equation (2.26), is hard to obtain precisely

due to complicated geometry or boundary conditions, the Galerkin method is an approx-

imation tool for finding the solution of PDE equations through a spatial discretization

and a weighted residual formulation to transform the strong form of PDE into a weak

form or integral equation. Hence, the Galerkin estimation is a method to solve PDE by

splitting the governing strong form of PDE into weak form. Galerkin uses orthogonality

of a set of basis functions to turn PDEs into coupled sets of ODEs as temporal-spatial

33
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separation. We consider a decomposition of the spatial bases component of PDE in terms

of time-dependent coefficients as the following variational equation,

(Lx, ϑ) = (f, ϑ), f ∈ H, (3.1)

where x is a regular solution of Lx = f , where L is a positive definite operator in the

Hilbert space H. Then, we choose a complete set of elements in the energetic space HL

as,

φ1, φ2, φ3, · · · , φn, · · · ; φi ∈ HL, i = 1, 2, · · · (3.2)

Therefore, we can approximate the element u ∈ HL by a linear combination,

a1φ1 + a2φ2 + · · ·+ aNφN (3.3)

where the number N satisfies the inequality,

‖(x− a1φ1 + a2φ2 + · · ·+ aNφN)‖L < ε (3.4)

for a given ε > 0. Therefore, x ∈ HL is a solution of variational (3.1), if and only if the

equation holds for the coordinates φk, k = 1, 2, · · · ;

(Lx, φk) = (f, φk), k = 1, 2, · · · ; (3.5)

In order to approximate the solution x ∈ XL ⊆ HL, we consider the subspace

XN ={φ1, φ2, · · · , φN} (3.6)

of the space HL. Then, we find the approximate solution

xN = a1φ1 + a1φ1 + · · ·+ aNφN ∈ XN (3.7)

through solving the system of linear equations

(LxN , φk) = (f, φk), k = 1, 2, · · · , N (3.8)

which takes the explicit form

N∑

i=1

(Lφi, φk)ai = (f, φk), k = 1, 2, · · · , N (3.9)

Considering (3.9), as a system of linear equations, Galerkins methods produce an ap-

proximate solution xN , provided that L is a positive definite operator.
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3.2 Basis functions for weak form of Timoshenko

beam theory

In this work we use Galerkin projections of the fields u, w and ψ on suitable bases. In

order to separate variables, the displacement and rotation fields can be expressed as

u(x, t) = ũT(x)a(t), (3.10a)

w(x, t) = w̃T(x)b(t), (3.10b)

ψ(x, t) = ψ̃T(x)c(t) (3.10c)

where ũ = (ũ1 · · · ũn)T, w̃ = (w̃1 · · · w̃n)T and ψ̃ =
(
ψ̃1 · · · ψ̃n

)T
are n−dimensional

sets of spatial basis functions, and a = (a1 · · · an)T, b = (b1 · · · bn)T and c = (c1 · · · cn)T

are time dependent vectors of amplitudes. The Galerkin projection technique dictates the

substitution of (4.6) into Timoshenko governing equations, with the premultiplication a

set of test functions ũ, w̃ and ψ̃, respectively. Here we set the basis functions for the

weak form (reduced order model) to be the linear eigenfunctions of a Timoshenko beam.

3.2.1 Transverse Mode shape

In order to obtain the natural frequencies and associated eigenfunctions we follow the

approach in [132], which is based on the solution of a vector eigenvalues problem for the

system of two coupled second order differential equations for the transverse displacement

and for the rotation of the cross section. In our case, the nondimensionalized form of

equations (2.26b) and (2.26c) are,

∂2w

∂t2
− ∂2w

∂x2
+
∂ψ

∂x
= 0 (3.11a)

α1
∂2ψ

∂t2
− ∂2ψ

∂x2
− α1α2

(
∂w

∂x
− ψ

)
= 0 (3.11b)

where the nondimensional variables

x̂ =
x

`
, t̂ =

t

τ
, û =

u

`
ŵ =

w

`

where ` is the total length of the undeformed body, that by adopting the linearized beam

theory equals the length of the deformed body (by neglecting second order terms), and

τ is the characteristic time. By defining the characteristic time

τ 2 =
%`2

kG
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and dropping the hat to indicate nondimensional quantities, we have introduced the

nondimensional coefficients,

α1 =
kG

E
, α2 =

A`2

I
(3.12a)

Therefore α1α2 is a measure of the shear stiffness versus the bending stiffness. The

consideration of two separate evolution equations for w and ψ allows to enforce boundary

conditions for free ends in a direct way.

To determine the eigenvalues, we follow the general procedure that consists on the

time-space separation of variables followed by substitution in the homogeneous governing

equations (2.26). The general solution of the second and third equations (4.4) is therefore

assumed to be of the form

(w(x, t) ψ(x, t))T = exp(iωt) (W (x) Ψ(x))T

where ω is the frequency of oscillation, i =
√
−1 is the imaginary unit, and W (x), Ψ(x)

are functions in [0, 1] that express the dependency on x. By substituting into the second

and third equations (4.4) and by separating the variables we obtain the spatial eigenvalue

problem

d2W

dx2
+ ω2W − dΨ

dx
= 0

d2Ψ

dx2
+ α1

(
ω2 − α2

)
Ψ + α1α2

dW

dx
= 0

The free ends boundary conditions are

dΨ

dx
(0) =

dΨ

dx
(1) = 0

dW

dx
(0)−Ψ(0) =

dW

dx
(1)−Ψ(1) = 0

The general solution of the eigenvalues problem is sought by considering the vector valued

function exp(λx)
(
W̄ Ψ̄

)T
, where W̄ and Ψ̄ are constants. Such function is a solution

for some positive constant λ if and only if
(
λ2 + β1 −λ
β3λ λ2 + β2

)(
W̄

Ψ̄

)
=

(
0

0

)

with nondimensional parameters βi defined by

β1 = ω2, β2 = α1

(
ω2 − α2

)
, β3 = α1α2
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The roots λ2 of the characteristic polynomial λ4 + (β1 + β2 + β3)λ2 + β1β2 = 0 are

λ2
1,2 = −1

2
(β1 + β2 + β3)

(
1±
√

∆
)

∆ = 1− 4β1β2

(β1 + β2 + β3)2

In order for λ2 to be real it must be ∆ > 0, which is satisfied for β1β2 < γ2/4, where

γ = β1 + β2 + β3. The special case λ2 = 0 occurs when ∆ = 1, that is β1β2 = 0 or

β1 = 0⇒ ω2 = 0,

β2 = 0⇒ ω2 = α2 or α1 = 0

This corresponds to rigid body motions of the system [132].

The condition ∆ > 0 dictates ω > 0; therefore it must be γ > 0 since this is the case

when γ is evaluated for ω > 0. For ∆ > 0 and γ > 0 we have

λ1 = ±iθ, θ2 =
γ

2

(√
∆ + 1

)

Moreover the condition ∆ > 0 implies

β1β2 = α1ω
2
(
ω2 − α2

)
{
< 0 for ω2 < α2

> 0 for ω2 > α2

For β1β2 < 0 we have
√

∆ > 1 and

λ2 = ±µ, µ2 =
γ

2

(√
∆− 1

)

For this case the general solution is therefore given by [132]

Φ(x) = C1

(
sin θx

−β1−θ2
θ

cos θx

)
+ C2

(
cos θx

β1−θ2
θ

sin θx

)

+C3

(
sinhµx

β1+µ2

µ
coshµx

)
+ C4

(
coshµx

β1+µ2

µ
sinhµx

)

Imposing the free end boundary conditions at x = 0 we obtain

C1 = C3
θ

µ

C2 = −C4
β1 + µ2

β1 − θ2
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By imposing the free end boundary conditions at x = 1 we obtain the following linear

algebraic relations involving C3 and C4

A

(
C3

C4

)
=

(
0

0

)

with coefficients matrix A given by

A =

(
θ
µ

(β1 − θ2) sin θ + (β1 + µ2) sinhµ (β1 + µ2) (coshµ− cos θ)

−β1
µ

coshµ −β1
µ

sinhµ

)

The nontrivial solutions of the system are obtained by investigating the condition for

rank deficiency of the coefficients matrix, which translates to the determinant being zero

− cos θ coshµ+
θ(θ2 − β1)

µ(µ2 + β1)
sin θ sinhµ+ 1 = 0 (3.13)

All parameters in the characteristic equation depend on ω and on the material and

geometric parameters of the system. Therefore, once the material and the geometry are

defined the characteristic equation is a nonlinear function of ω only.

The first seven roots of the characteristic equation that determine the corresponding

modes are given in Table 3.1. The roots are computed for α1 = 0.1 (shear modulus ten

times smaller than the Young’s modulus) and α1α2 = 100 (shear stiffness kGA`2 to one

hundred times larger than the bending stiffness EI). The mode shapes are normalized

with respect to the maximum amplitude. The plots of the first three modes W and Ψ

normalized with respect to the maximum value are given in Figure 3.1 and Figure 4.7

respectively. Here we consider α2 large enough so that all modes included as basis

functions have eigenfrequency ωn satisfying ω2
n < α2; therefore we do not consider the

general solution for ω2 > α2 for which
√

∆ < 1 and λ2 = ±iµ̄, with µ̄2 = −µ2.

Table 3.1: First seven roots of the characteristic equation (4.11) with nondimensional

material parameters α1 = 0.1 and α2 = 100

n 1 2 3 4 5 6 7

ω 2.07 4.96 8.32 11.8 15.3 18.7 22.0
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Figure 3.1: First three flexural modes, normalized with respect to the value at x = 0.5.

3.2.2 Axial Mode shape

Considering same nondimensional variables, the nondimensionalized form of equations

(2.26a) is,

α1
∂2u

∂t2
− ∂2u

∂x2
= 0 (3.14)

and the boundary value problem of (3.14) can be expressed as,

∂2U

∂x2
− βU(x) = 0 (3.15)

where has a solution in form of,

U(x) = C1 cos βx+ C2 sin βx (3.16)

where C1 and C2 are arbitrary constants to be determined form boundary conditions,

and the free-free boundary condition in this case is;

∂U

∂x
(0) =

∂U

∂x
(1) = 0 (3.17)

then substituting for ∂U
∂x

from (3.16), gives

C2 = 0, C1 sin β = 0 (3.18)
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Figure 3.2: First three rotational modes, normalized with respect to the value at x = 0.5.

which yields,

β = nπ n = 1, 2, . . . ,∞ (3.19)

For β = 0 the (3.15) reduces to ∂2U
∂x2

= 0, which has a solution of,

U(x) = D1 +D2x (3.20)

Applying boundary conditions, the eigenfunction for zero the frequency is U(x) = D1

and considering (3.16) for C2 = 0 the rest of eigenfunction can be expressed as,

Un = cos βnx (3.21)

The plots of the first three axial modes U , normalized with respect to the maximum

value are given in Figure 3.3.
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Figure 3.3: First three axial modes, normalized with respect to the maximum.
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Chapter 4

A Timoshenko Beam Reduced

Order Model for Shape Tracking

with a Slender Mechanism

The work in this chapter is published in the Journal of Sound and Vibration. [91]

4.1 Abstract

We consider a flexible bio-inspired slender mechanism, modeled as a Timoshenko beam.

It is coupled to the environment by a continuous distribution of compliant elements. We

derive a reduced order model by projecting the governing partial differential equations

along the linear modal basis of the Timoshenko beam. The coupling with the substrate

allows to formulate the problem in a control framework, and therefore to treat the system

as a sensor to reconstruct the profile of the substrate through the deformation of the body.

The coupling is modeled in the framework of two parameters elastic foundations. The

convergence of the reduced order model with increasing number of basis functions is

addressed in a suitable H1 error norm. A closed loop force control is simulated for shape

morphing when the system is coupled with a smooth substrate.

Keywords: Flexible Mechanism, Reduced Order Modeling, Timoshenko Beam, Modal

Analysis
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4.2 Introduction

In this paper we consider shape tracking with a slender mechanism coupled with a sub-

strate. Shape tracking is based on the flexibility of the mechanism, that is modeled as a

Timoshenko beam. The interaction with the environment is described by a distributed

system of deformable elements. By considering the initial configuration to be locally

parallel to the substrate, in the sense that it is parallel to the tangent to the substrate at

the nearest point, we focus on the coupling with the environment and specifically on the

deformation induced by the shape of the substrate. Based on the linear eigenfunctions

of a Timoshenko beam on elastic foundations a reduced order model of the distributed

evolution equations is obtained by Galerkin projection. The reduced order model allows

to formulate a control problem for the slender mechanism coupled with a substrate, and

considers the shape of the substrate as desired input to be tracked. The model presented

here is the first step towards the development of a flexible hyper-redundant autonomous

robotic system highly adaptable to different terrains and environments, through a loco-

motion system inspired by the spinal mechanics of millipedes- and centipedes-like organ-

isms.

A crucial characterization for the class of mechanisms studied here is the model of the

distributed coupling with the environment through the system of deformable elements

that mimic the functions of the legs of millipedes. This distributed system is modeled

as an elastic foundation. Several foundation models can be found in the literature to de-

scribe thin structures on soft elastic continua. Typically such models constitutively relate

the response of the bed to the kinematics of the structure resting on it. The simplest

is the Wrinkler model, in which the foundation is described as a system of independent

springs reacting to the deflection of the body [1, 2]. Two parameters extensions of the

Wrinkler model have been proposed by Filolenko-Borodich [3] and Pasternak [4–6] re-

spectively by considering membrane like interactions (with constant tension) and shear

interactions among springs. Alternatively to this family of models that are based on

interactions between mechanical elements, continuum medium based model have been

proposed based on variational formulations that include assumed kinematics of the foun-

dation elastic medium [1, 7]. The Vlasov model [8] is based on the assumption that the

in-plane displacement of the structure is identically zero, and the displacement on the

transverse direction is controlled by the structure’s deflection through a shape function

that expresses the dependency on the dept of the elastic medium. A rigorous deriva-

tion of the shape function of the Vlasov model is presented in [7]. The generalized
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Vlazov-Jones model is presented in [9] to account for non-vanishing in-plane structural

displacements, and adapted in [10] to to describe the isotropic matrix material in syntac-

tic foams particulate composites. All two parameter models are equivalent in the sense

that they are described by the same constitutive relation, except for the computation of

the parameters [11]. Here we adopt a two parameter model to describe the distributed

system of elastic elements mimicking the functions of the legs, and therefore the coupling

between the system and the environment in which the slender mechanism is deployed.

Parameters of the model depend on the actual material employed and on the geom-

etry. The coupling determines shape morphing and forward locomotion; in this work

we restrict our attention to shape morphing with respect to a substrate described by a

given profile. Millipedes’ bio-inspired forward locomotion has been recently implemented

through piezo-electric motors that reproduce the characteristic kinematics of the organ-

ism’ walk [12]. In future developments of the system studied here we plan to explore

different directions, such as those offered by electrically and thermally actuated memory

foams [13, 14]. By looking at the reaction of the bed (that depends on the structural

deflection and on the geometry of the substrate) as feedback, the constitutive parameters

are treated as control gains and therefore considered as tunable parameters to control

the shape adaptation with respect to the substrate. Further developments include the

description of the elasticity of the substrate, with the adoption of a multi-parameters

foundation model that includes the properties of the coupling (legs mimicking) system,

and the properties of the substrate, allowing to use the device as a sensor to estimate

the material properties of the surroundings to which it is coupled.

In the framework of multi-link robotic manipulators, several researches have recently

proposed finite dimensional (with large number of degrees of freedom) and distributed

systems capable of high deformability and large displacement of the end effector, still

considering higher speed than traditional manipulators along with low energy consump-

tion [15–18]. Mobile multibody robots have been developed from classical manipulators

by considering rigid body chains interacting with the environment in a variety of modes.

The interaction with the environment strongly affects the performance of mobile robots

as environmental conditions and morphology are coupled with locomotion techniques.

This applies, on an evolutionary scale, to biological systems and therefore to bio-inspired

robots [19–21]. Multibody mobile mechanisms with large number of degrees of freedom

can be modeled as continuous systems by introducing the appropriate approximations.

Often models of one dimensional continua with local Euclideian structure (beam mod-

els) are naturally adopted, due to the slenderness of the system [22]. The vibrations of
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a flexible manipulator based on the linear Euler-Bernoulli beam model are discussed in

[23]. The governing equations of a continuous manipulator with distributed end mass

boundary conditions are derived in [24]. Lagrangian and Ritz methods are used in [25]

to study a flexible manipulator. A flexible hub-beam system has been analyzed in [26] by

accounting for the influence of shear and axial deformation. Modeling of flexible manip-

ulators with different geometric and dynamic conditions can be found in [27–32], among

others. The Lagrangian approach has been used in [33] to model bending of flexible

robots modeled as Euler-Bernoulli beams, whereas an Hamiltonian formulation has been

adopted in [34] to obtain the governing equations for the same class of systems and design

associated controllers. The modal analysis of a two-link flexible manipulator modeled as

a Timoshenko beam has been presented in [35]. Examples of modeling and control of

flexible mechanisms and chains with flexible links can be found in [36–38]. Locomotion

and control techniques for bio-inspired and bio-mimetic robots have been proposed in

[39–45] among others. Neural locomotion controllers for a central pattern generator of

lamprey is developed in [46]. A survey on control in bio-inspired robotic systems can be

found in [47]. Wheeled bio-inspired mobile robots control with non-holonomic constraints

is discussed in [48]. The locomotion mechanism of worms is studied in [49–52]. Studies

of the motion of snakes on various types of surfaces, the elastic elephant trunk like, and

soft grippers are presented in [53–55]; tendon-driven robots and octopus tentacle-like

gripper are investigated in [56–58]. Control of a snake-like manipulator with obstacle

avoiding is proposed in [59]. Modeling and control of a wheel-less articulated mobile bio-

inspired robot is presented in [60]; the kinematics and dynamics of a planar multiple link

robot with non-conventional control method based on differential friction is discussed

in [61]. Motion control based on inverse kinematics is presented in [62], and control of

hyper-redundant robots by parametrization of the backbone curves is presented in [63].

The mechanical model based on the linear Timoshenko beam adopted here is valid

under the hypothesis of length of the mechanism small as compared to the radius of

curvature of the substrate to which it is coupled, so that a first order (linearized) kine-

matics is sufficiently accurate to describe the shape morphing, or otherwise the change in

curvature induced by the substrate. When this hypothesis fails, it is appropriate to use

higher order theories that include geometric nonlinearities. Boyer et al. [22] considered a

general dynamic modeling approach that applies to elongated bodies continuous robots

with distributed strain actuation. The body is modeled as a geometrically exact beam,

and different bio-inspired locomotion mechanisms of hiper-redundant elongated organ-

isms are reproduced. The Geometrically Exact Beam Theory proposed in [64, 65], and
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based on Cosserat medium theory [66], has been used to model passive steerable needles

[67, 68], soft robotics arms [69], and bio-inspired elongated (eel like) continua [70]. With

the linear analysis presented here we want to set a basic modeling framework for the

coupling effects of the substrate, the associated feedback interactions, and the role of

the feedback gains as representative of lumped physical characteristics of the coupling

material systems. This the first step towards the inclusion of geometrically nonlinear

kinematics, and double curvature substrates for which out of plane deformation modes

are relevant [22]. Out of plane deformation modes, and more generally three dimen-

sional effects, need to be included to study locomotion and morphing on unstructured

terrains; moreover, bio-inspired forward locomotion in incoherent terrains such as sand

is efficiently achieved by serpentine mode (lateral undulation) [55] in which lateral mo-

tion is used for propulsion. A combination of undulatory and pedundulatory (through

systems of legs) motions with planar and three dimensional characteristics have been

implemented in multibody elongated robots [71, 72]. Three dimensional displacement

modes that include the torsion of the body are investigated in [22].

The rest of the paper is organized as follows. In Section 4.3, we briefly describe the

locomotion mechanics of millipedes that is characterized by various mechanisms, with

specific attention to the spinal locomotion part that inspires this work. In Section 4.4

we present the continuous model, based an Timoshenko beam, of a slender mechanism

with sensing system that is represented by a continuous distribution of compliant ele-

ments mimicking the function of the legs with respect to shape tracking; the compliant

elements can act as a distributed sensor to reconstruct the kinematics of the substrate

to which the system is coupled. Section 4.5 includes a reduced order model of the sys-

tem based on the Galerkin projection on the modal basis of a Timoshenko beam on a

bed of springs. A simple degree-of-freedom approximation is considered and validated

through a convergence analysis with increasing number of basis functions in the Galerkin

projection. In Section 4.6 we formulate a control problem to track the shape of the sub-

strate by considering a closed loop system with feedback given by the legs used as force

transducers, therefore naturally embedding the coupling between the mechanism and the

substrate through the stiffness of the legs. Simulation results presented in Section 6.5

illustrate the tracking by considering constant and time varying inputs, and show the

influence of the stiffness of the coupling elastic elements. Despite its simplicity, a single

degree-of-freedom system captures the salient features of the closed loop system in terms

of deflection. Conclusions and final remarks are given in Section 4.8.
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4.3 Spinal Locomotion Mechanics and Modelling

Figure 4.1: Schematics of the external anatomy of a generalized juliform millipede (Fig.

2 from [73])

Figure 4.2: Details of the dorsal structure of selected millipedes (By Animalparty

(Own work) [CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0)],

via Wikimedia Commons)

Millipedes belong to Diplopoda class that is one of the six classes (Chilopoda or the

centipedes; Pauropoda or the pauropods; Symphyla or the symphylans; Entognatha or

the collembolans, proturans, and diplurans; and Insecta or the insects) in the Subphy-

lum Atelocerata of the Phylum Arthropoda [74]. They are arthropods that have two

legs per segment [75], see schematics in Fig. 4.1. The slender body is comprised of an

exoskeleton which can be schematized as a chain of coaxial rings as shown in Fig. 4.2,

with length commonly varying between 2 mm to 35 cm, see Fig. 4.3 for an example of

a large specimen. It possesses an internal cartilaginous spine with spinal elements con-

nected by three degrees of freedom joints. The locomotion can be characterized by two

mechanisms, namely the spinal locomotion and the concertina locomotion [12, 76–79].

The latter consists of the axial stretching and folding of the body to achieve forward

http://creativecommons.org/licenses/by-sa/3.0
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Figure 4.3: Giant millipede (longer than 20 cm) from south bank of river Periyar near

Kodanadu. (By Irvin calicut (Own work) [CC-BY-SA-3.0 (http://creativecommons.

org/licenses/by-sa/3.0)], via Wikimedia Commons)

motion; this kind of locomotion is rarely employed, mainly to move through very narrow

passages. The former is the most commonly used, and it is achieved by the the two stages

kinematics schematized in Fig. 4.4, comprised of a stage in which the leg is in contact

with the ground (larger semicicle) moving backward to create the thrust associated to

friction, and a recovery stage (smaller semicircle) in which the leg is not in contact and

moves forward. Pairs of contiguous legs are 90° phase shifted, giving to the overall sys-

tem a characteristic wave like forward motion [12]. The wave motion with characteristic

phase shift ensures interference avoidance and high robustness in unstructured terrains,

due to the many contact points even when local irregularities are met. When the mil-

lipede walks on a flat surface the bending of the spine is negligible; therefore the shape

morphing is mainly associated to changes in shape of the substrate.

ground

body forward

legs

Figure 4.4: Kinematic diagram of the millipede spinal forward locomotion

Inspired by these characteristics, we consider a slender robot coupled with a sub-

strate through a continuous distribution of compliant elements that mimic the legs of a

millipede, see Figure 4.5. We use the deformability of the robot, modeleled as a con-

http://creativecommons.org/licenses/by-sa/3.0
http://creativecommons.org/licenses/by-sa/3.0
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tinuous solid, to track the shape of the substrate similarly to the way the shape of the

millipede morphs to curved shapes of the substrate on which it stands. By considering

a continuous sequence of stiff elements aligned along a one dimensional support (axis),

the natural choice for the mechanical model is the Timoshenko beam, that includes the

axial displacement, the deflection, and the rotation of the the cross section. The calcified

exoskeleton of millipedes is crucial in sustaining the typical forces involved during the

motion. The density and Young’s modulus of the exoskeleton of Nyssodesmus python

millipedes are reported in [80] to be respectively 1660 kg m−3 and 17 GPa, for body mass

varying between 2 g to 7 g. The mechanical model in this work is presented in terms of

nondimensional parameters with bending and elastic supports stiffness normalized with

respect to the shear stiffness of the Timoshenko beam. Results are obtained by specifying

the ratio between bending stiffness and shear stiffness, and by considering the stiffness

of the elastic supports to be a tunable parameter that influences the shape morphing.

Deformed axis

Tangent to the profile of the substrate

η(x, t)

Undeformed configuration

Figure 4.5: Sketch of the mechanism coupled with the substrate with profile described

by the curve η(x, t)

4.4 Continuous Beam Model of the System

We present here the continuous model of a slender mechanism in which the flexibility of

the body is used to detect the shape of the substrate on which the mechanism is deployed.

The detection problem is formulated as a tracking problem where the coupling between

the body of the mechanism and the substrate is given by a distributed system of compliant

elements. This system is inspired by the mechanics of millipedes where the forward

motion is achieved by a characteristic motion of the legs, and the adaptation to the

shape of the substrate is achieved through the deformation of the body, see Section 4.3.
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Here we specifically focus on the deformation of the body and the coupling with the

substrate.

The mechanical model of a millipede spine can be considered as a kinematic chain

of rigid bodies, with the length of each element comprising it being small as compared

to the total length of the body. To characterize the flexibility of the system, each rigid

element composing the body is mapped to the cross section of a Timoshenko beam [81]

with support represented by a line that represent the idealization of the spine of the

millipede. Therefore we consider the continuum to be represented by a one dimensional

support (axis of the beam) with local Euclideian structure, which describes the local

orientation of the cross section with respect to the axis. We assume that length and

thickness of the mechanism are small as compared to the characteristic length and the

environment in which it is deployed. Moreover we consider the variation of the curvature

of the substrate to be small, and the mechanism to be locally parallel to the substrate,

which implies that deformations are small [82]. Under these assumptions the components,

with respect to a fixed rectangular Cartesian frame {x, y, z}, of the displacement of a

point on the axis of the beam on the plane {x, z} is given by

u1(x, y, z, t) = u(x, t)− zψ(x, t)

u2 = 0

u3(x, y, z, t) = w(x, t)

where u is the axial displacement, ψ is the rotation angle of the cross section, and w

is the transverse displacement with respect to the equilibrium state (assumed to be

rectilinear with axis parallel to x), see Fig. 4.6. The linear Timoshenko beam model can

be expressed by the following set of differential equations

%A
∂2u

∂t2
+ cu

∂u

∂t
=

∂

∂x

(
EA

∂u

∂x

)
+ pu (4.1a)

%A
∂2w

∂t2
+ cw

∂w

∂t
=

∂

∂x

(
kAG

(
∂w

∂x
− ψ

))
+ pw (4.1b)

%I
∂2ψ

∂t2
+ cψ

∂ψ

∂t
=

∂

∂x

(
EI

∂ψ

∂x

)
+ kAG

(
∂w

∂x
− ψ

)
+ pψ (4.1c)

where % is the volume mass density, A the area of the cross section, I the moment of

inertia, E and G Young’s and shear elastic modulus, respectively, k is the Timoshenko

shear modulus (nondimensional parameter that depends on the geometry), and pu, pw,

and pψ are respectively distributed loads in the axial and transverse directions and a
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distributed couple perpendicular to the plane of motion. Terms proportional to the first

time derivatives through coefficients cu, cw, and cψ model the structural damping as

equivalent viscous damping [81]. Structural damping accounts for hysteresis phenomena

in elastic materials undergoing cyclic loading [81, 83], and therefore it depends on the

frequency of excitation. In equivalent viscous damping models the dependency on the

frequency of excitation ω̄ is included through the proportional coefficients by the inverse

law cu = c̄u/(πω̄) (similarly for cw and cφ) [83], where c̄u is a constant independent of ω̄.

More refined viscous equivalent structural damping models for Timoshenko beams have

been presented, among others, in Ref. [84] where adaptive structural damping parameters

are introduced in the context of LQR control; in Ref. [85] where dependency to shear and

bending angles is included; and in Ref. [86] where the response of nonlocal viscoelastic

(Kelvin-Voigt) damped nanobeams is investigated. The governing equations (4.1) are

obtained from the balance equations by using the following constitutive relations

N = EA
∂u

∂x
, V = kAG

(
∂w

∂x
− ψ

)
, M = EI

∂ψ

∂x
(4.2)

where N , V , and M are respectively the axial, shear, and bending moment stress resul-

tants.

x

z

y

w

ψ
∂w
∂x

Figure 4.6: Sketch of the transverse kinematics of a linear Timoshenko beam

Let (x, η(x, t)) be a point on the substrate parametrized by x, see Fig. 4.5. The

coupling between the body and the substrate is exerted by a distributed system of elastic

elements (see the scheme in Fig. 4.5) that is modelled as an elastic foundation. The

coupling elements are intended to be part of the moving robot, as they mimic the function

of millipedes legs. We consider a two parameters elastic foundation models [11]; in the

context of Timoshenko beam theory, the reaction of the coupling soft elastic system
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is expressed by distributed forces and couples, that are constitutively related to the

kinematic variables by

pu(x, t) = −κ (u(x, t)− x) (4.3a)

pw(x, t) = −κ (w(x, t)− η(x, t)) (4.3b)

pψ(x, t) = κθ

(
∂ψ

∂x
− ∂2η

∂x2

)
(4.3c)

where κ and κθ (respectively with SI physical dimensions N m−2 and N m−1) quantify

the linear and rotational stiffness of the legs, and are the two parameters of the elastic

foundation model. By introducing the kinematic constraint ψ → ∂w/∂x that character-

ized the Euler beam, we note that the constitutive relation for pψ depends on ∂2w/∂x2

consistently with two parameters foundation models [11]. The constitutive relation for

pw depends on the profile η, and the constitutive relation for pψ depends on the profile’s

curvature ∂2η/∂x2; therefore within this model the coupling system acts as a distributed

system of linear and rotational springs with bending moment interactions. Relations

(4.3) do not include the deformability of the substrate, and are therefore valid when

the coupling system is much softer than the substrate. Future refinements include the

visco-elasticity of the substrate, leading to a three parameters generalized Vlazov-Jones

foundation model [9, 10] to describe the interactions between the system and the envi-

ronment in which it is deployed. We introduce the nondimensional variables

x̂ =
x

`
, t̂ =

t

τ
, û =

u

`
, ŵ =

w

`

where ` is the total length of the undeformed body, that by adopting the linearized beam

theory equals the length of the deformed body (by neglecting second order terms), and

τ is the characteristic time. By defining the characteristic time

τ 2 =
%`2

kG

we write the governing equations in nondimensional form as

α1
∂2u

∂t2
+
αu
ω?
∂u

∂t
− ∂2u

∂x2
= 0 (4.4a)

∂2w

∂t2
+
αw
ω?

∂w

∂t
− ∂2w

∂x2
+
∂ψ

∂x
+ α3w = α3η (4.4b)

α1
∂2ψ

∂t2
+
αψ
ω?

∂ψ

∂t
− ∂2ψ

∂x2
− α4

∂ψ

∂x
− α1α2

(
∂w

∂x
− ψ

)
= −α4

∂2η

∂x2
(4.4c)
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Here we have dropped the hat to indicate nondimensional quantities, we have introduced

the nondimensional groups

α1 =
kG

E
, α2 =

A`2

I
, α3 =

κ`2

kAG
, α4 =

κθ`

EI
, ω? = ω̄τ (4.5a)

αu =
c̄u`

2

πEA
, αw =

c̄w`
2

πkAG
, αψ =

c̄ψ`
2

πEI
(4.5b)

Therefore α1α2 is a measure of the shear stiffness versus the bending stiffness, α3 is

a measure of the legs’ linear stiffness versus the shear stiffness, α4 measures the leg’s

bending stiffness with respect to the bending stiffness of the body, and αu, αu, and αψ

are structural damping factors. The profile of the substrate η(x, t) acts as a forcing

term. Therefore one can use the elastic coupling to reconstruct η(x, t) through the shape

w(x, t); in this case the device can act as a sensor to detect the time varying shape of

the substrate.

The linear planar model presented here is a first approximation valid under the hy-

pothesis that the length of the mechanism is small as compared to the radius of curvature

of the substrate η that morphs the system. This model is suitable to capture the pla-

nar shape morphing, but it needs to be refined to describe the locomotion mechanics of

bio-inspired millipedes. As discussed in [72] locomotion in unstructured terrains is often

a combination on undulatory motions of the body coupled with with the synchronized

motion of the legs. The coupling between the two mechanisms gives rise to a variety of

gaits, that include lateral modes with respect to the planar motion studied in this paper.

Experimental results in [72] for locomotion over sand of a multi-link robotic implemen-

tation of the combination of body and legs propulsion show that friction coefficients

associated with undulatory motions are approximately equal to 0.5, with friction in the

normal direction slightly higher than the one in the tangential direction, allowing for a

net forward propulsion. Moreover, the maximum forces developed in the legs to sustain

the centipede-mode motion are of the order of 10 N. This experimental data gives impor-

tant indication in our current developments that include coupled forward locomotion and

shape morphing, as it demonstrates the feasibility of centipede and millipede inspired

propulsion, with values for friction and forces that set important constraints in the choice

of materials and structures for the coupling mechanism.
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4.5 Reduced Order Model

We obtain a reduced order model for the flexural and rotational motions by considering

the Galerkin projections of fields w and ψ on suitable bases. By separation of variables,

the displacement and rotation fields are expressed as

w(x, t) = w̄T(x)a(t) (4.6a)

ψ(x, t) = ψ̄T(x)b(t) (4.6b)

where w̄ = (w̄1 · · · w̄n)T and ψ̄ =
(
ψ̄1 · · · ψ̄n

)T
are n−dimensional sets of spatial basis

functions, and a = (a1 · · · an)T and b = (b1 · · · bn)T are time dependent vectors of

amplitudes. The Galerkin projection technique dictates the substitution of (4.6) into

the second and third equations (4.4) and premultiplication by the sets of test functions

w̄ and ψ̄, respectively. Integration of the domain of the projected governing equations

and integration by parts give

∫ 1

0

w̄
(
w̄Tä +

αw
ω?

w̄Tȧ + α3w̄
Ta
)

dx−
∫ 1

0

dw̄

dx
ψ̄Tbdx+

∫ 1

0

dw̄

dx

dw̄T

dx
adx

− w̄

(
dw̄T

dx
a− ψ̄Tb

)∣∣∣∣
1

0

=

∫ 1

0

α3w̄ηdx

∫ 1

0

ψ̄

(
ψ̄Tb̈ +

αψ
ω?
ψ̄Tḃ− α1α2

(
dw̄T

dx
a− ψ̄Tb

)
− α4

dψ̄T

dx
b

)
dx

+

∫ 1

0

dψ̄

dx

dψT

dx
bdx− ψ̄dψ̄T

dx
b

∣∣∣∣
1

0

= −
∫ 1

0

α4ψ̄
∂2η

∂x2
dx

By imposing the projected free end boundary conditions

V (0) = V (1) = 0⇒ dwT

dx
(0)a(t)−ψT(0)b(t) =

dwT

dx
(1)a(t)−ψT(1)b(t) = 0

M(0) = M(1) = 0⇒ dψT

dx
(0)b(t) =

dψT

dx
(1)b(t)

and by introducing the n× n matrices

M1 =

∫ 1

0

w̄w̄Tdx, M2 =

∫ 1

0

ψ̄ψ̄Tdx (4.7a)

K1 =

∫ 1

0

dw̄

dx

dw̄T

dx
dx, K2 =

∫ 1

0

dψ̄

dx

dψ̄T

dx
dx K3 =

∫ 1

0

ψ̄
dψ̄T

dx
dx (4.7b)

Kc =

∫ 1

0

dw̄

dx
ψ̄Tdx, Fw(t) =

∫ 1

0

w̄ηdx, Fψ(t) =

∫ 1

0

ψ̄
∂2η

∂x2
dx (4.7c)
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we obtain the reduced order model in the form of the following coupled ordinary differ-

ential equations for the amplitudes a(t) and b(t)

M1
d2a

dt2
(t) +

αw
ω?

M1ȧ + (K1 + α3M1)a(t)−Kcb(t) = α3Fw(t) (4.8a)

α1M2
d2b

dt2
(t) +

αψ
ω?

M2ḃ + (K2 + α1α2M2 − α4K3)b(t)

−α1α2K
T
c a(t) = −α4Fψ(t) (4.8b)

By introducing the state vector q = (a,b) and the block matrix operators

M = diag(M1,M2), KD =
1

ω?
diag(αw, αψ)⊗ In, (4.9a)

K =

(
K1 −Kc

−α1α2Kc K2 + α1α2M2

)
, KP = diag(α3, α4)⊗ In, (4.9b)

K̄ = diag(M1,−K3), F =

(
Fw

−Fψ

)
(4.9c)

we rewrite the reduced order system as

Mq̈ + KDMq̇ + Kq = KP

(
F− K̄q

)
(4.10)

In eq. (4.9), In is the n-dimensional identity matrix and ⊗ is the Kronecker product [87]

that maps the d1× d2 matrix A and d3× d4 matrix B into the d1d2× d3d4 matrix A⊗B

given by

A⊗B :=




A11B A12B · · · A1d2B

A21B A22B · · · A2d2B
...

...
. . .

...

Ad11B Ad12B · · · Ad1d2B




A suitable interpretation of (4.10) in the framework of closed loop control systems is

given in Section 4.6.

4.5.1 Basis functions for the reduced order model

Here we set the basis functions for the reduced order model to be the linear eigenfunc-

tions of a Timoshenko beam. In order to obtain the natural frequencies and associated

eigenfunctions we follow the approach in [88], which is based on the solution of a vector
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eigenvalues problem for the system of two coupled second order differential equations for

the transverse displacement and for the the rotation of the cross section. In our case,

the two equations are (4.4b) and (4.4c) with damping and forcing terms set to zero. The

consideration of two separate evolution equations for w and ψ allows to enforce boundary

conditions for free ends in a direct way. A different approach based on the derivation of

one fourth order governing equation obtained by combining (4.4) is presented in the orig-

inal work of Timoshenko [81]; however in this case the application of boundary conditions

requires special attention [89].

To determine the eigenvalues, we follow the general procedure that consists on the

time-space separation of variables followed by substitution in the homogeneous governing

equations. The general solution of the second and third equations (4.4) with α3 = α4 = 0

(no forcing terms and no coupling with the substrate) is therefore assumed to be of the

form

(w(x, t) ψ(x, t))T = exp(iωt) (W (x) Ψ(x))T

where ω is the frequency of oscillation, i =
√
−1 is the imaginary unit, and W (x), Ψ(x)

are functions in [0, 1] that express the dependency on x. By substituting into the second

and third equations (4.4) with α3 = α4 = 0 and by separating the variables we obtain

the spatial eigenvalue problem

d2W

dx2
+ ω2W − dΨ

dx
= 0

d2Ψ

dx2
+ α1

(
ω2 − α2

)
Ψ + α1α2

dW

dx
= 0

The free ends boundary conditions dictated by the constitutive equations (4.2) are

dΨ

dx
(0) =

dΨ

dx
(1) = 0

dW

dx
(0)−Ψ(0) =

dW

dx
(1)−Ψ(1) = 0

The general solution of the eigenvalues problem is sought by considering the vector

evaluated function exp(λx)
(
W̄ Ψ̄

)T
, where W̄ and Ψ̄ are constants. Such function

is a solution for some positive constant λ if and only if

(
λ2 + β1 −λ
β3λ λ2 + β2

)(
W̄

Ψ̄

)
=

(
0

0

)
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with nondimensional parameters βi defined by

β1 = ω2, β2 = α1

(
ω2 − α2

)
, β3 = α1α2

The roots λ2 of the characteristic polynomial λ4 + (β1 + β2 + β3)λ2 + β1β2 = 0 are

λ2
1,2 = −1

2
(β1 + β2 + β3)

(
1±
√

∆
)

∆ = 1− 4β1β2

(β1 + β2 + β3)2

In order for λ2 to be real it must be ∆ > 0, which is satisfied for β1β2 < γ2/4, where

γ = β1 + β2 + β3. The special case λ2 = 0 occurs when ∆ = 1, that is β1β2 = 0 or

β1 = 0⇒ ω2 = 0,

β2 = 0⇒ ω2 = α2 or α1 = 0

This corresponds to rigid body motions of the system [88].

The condition ∆ > 0 dictates ω > 0; therefore it must be γ > 0 since this is the case

when γ is evaluated for ω > 0. For ∆ > 0 and γ > 0 we have

λ1 = ±iθ, θ2 =
γ

2

(√
∆ + 1

)

Moreover the condition ∆ > 0 implies

β1β2 = α1ω
2
(
ω2 − α2

)
{
< 0 for ω2 < α2

> 0 for ω2 > α2

For β1β2 < 0 we have
√

∆ > 1 and

λ2 = ±µ, µ2 =
γ

2

(√
∆− 1

)

For this case the general solution is therefore given by [88]

Φ(x) = C1

(
sin θx

−β1−θ2
θ

cos θx

)
+ C2

(
cos θx

β1−θ2
θ

sin θx

)

+C3

(
sinhµx

β1+µ2

µ
coshµx

)
+ C4

(
coshµx

β1+µ2

µ
sinhµx

)

Imposing the free end boundary conditions at x = 0 we obtain

C1 = C3
θ

µ

C2 = −C4
β1 + µ2

β1 − θ2
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By imposing the free end boundary conditions at x = 1 we obtain the following linear

algebraic relations involving C3 and C4

A

(
C3

C4

)
=

(
0

0

)

with coefficients matrix A given by

A =

(
θ
µ

(β1 − θ2) sin θ + (β1 + µ2) sinhµ (β1 + µ2) (coshµ− cos θ)

−β1
µ

coshµ −β1
µ

sinhµ

)

The nontrivial solutions of the system are obtained by investigating the condition for

rank deficiency of the coefficients matrix, which translates to the determinant being zero

− cos θ coshµ+
θ(θ2 − β1)

µ(µ2 + β1)
sin θ sinhµ+ 1 = 0 (4.11)

All parameters in the characteristic equation depend on ω and on the material and

geometric parameters of the system. Therefore, once the material and the geometry are

defined the characteristic equation is a nonlinear function of ω only.

The first seven roots of the characteristic equation that determine the corresponding

modes are given in Table 4.1. The roots are computed for α1 = 0.1 (shear modulus ten

times smaller than the Young’s modulus) and α1α2 = 100 (shear stiffness kGA`2 to one

hundred times larger than the bending stiffness EI). The mode shapes are normalized

with respect to the maximum amplitude. The plots of the first three modes W and Ψ

normalized with respect to the maximum value are given in Figure 4.7. Here we consider

α2 large enough so that all modes included as basis functions have eigenfrequency ωn

satisfying ω2
n < α2; therefore we do not consider the general solution for ω2 > α2 for

which
√

∆ < 1 and λ2 = ±iµ̄, with µ̄2 = −µ2.

Table 4.1: First seven roots of the characteristic equation (4.11) with nondimensional

material parameters α1 = 0.1 and α2 = 1000

n 1 2 3 4 5 6 7

ω 2.07 4.96 8.32 11.8 15.3 18.7 22.0
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Figure 4.7: First three flexural (a) and rotational (b) modes, normalized with respect to

the maximum value along the beam’s span.

4.6 Formulation of the Tracking Control Problem

The reduced order model (4.8) is a system of ordinary differential equations that can

be suitably interpreted in a control framework to formulate the problem of tracking a

desired trajectory η with curvature ∂2η/∂x2, with deformed shape described by the field

w and curvature given by ∂ψ/∂x. We consider homogeneous initial conditions; since the

system is time-invariant (constant coefficients) we represent it in the Laplace domain by

transforming the quantities in (4.10). By indicating the transformed variables with the

same symbols we obtain

(
s2M + K

)
q(s) = U(s) (4.12a)

U(s) = −sKDMq(s) + KPε(s) (4.12b)

ε = F− K̄q (4.12c)

where s is the Laplace variable, U is the control input determined by a Proportional +

Derivative (PD) feedback law in which material parameters α3 and α4 that characterize

the elasticity of the supporting layer (elastic foundation) are tunable proportional gains,

and the structural damping parameters αw and αψ are derivative control gains (see

the definitions of KP and KD in (4.9)). The term ε is the error within the reduced

order system, with F representing the desired trajectory through the dependency on

the profile η, see (4.9). Note that if the structural damping is constitutively assigned

rather than being a tunable derivative gain, the feed-forward transfer function in (4.12)
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becomes (s2M + sKDM + K)
−1

, and the feedback U would be purely proportional. The

closed loop transfer function of the system would however be the same, with different

interpretation of the dissipation term.

F(s)
+−

ε(s) (
s2M + K

)−1
q(s)

K̄

+
−

U(s)

KP

sKDM

Figure 4.8: Block diagram for the system in (4.12).

The block diagram of (4.12) is shown in Figure 4.8.

4.7 Results and Discussions

We consider the body to be made of a material with shear modulus ten times smaller

than the Young’s modulus, and therefore α1 = 0.1; moreover, we consider the overall

shear stiffness kGA`2 to be one hundred times larger than the bending stiffness EI, and

therefore α1α2 = 100, see definitions (4.5) (note that this is consistent with parameters

adopted to compute the basis functions). Simulations do not require the specification of

the scaling time τ ; however, the choice of this parameter dictates the density and the

length of the device once the shear modulus is given. Matrices for the reduced order model

in equation (4.7) are computed by normalizing the modes with respect to the maximum

value, so that the amplitudes a and b would represent the actual displacement with no

necessity of rescaling. Simulation scenarios are always set with the undeformed shape to

be parallel to the tangent of the substrate profile at the nearest point. This is consistent

with the focus of the work on the shape adaptation to the substrate nonzero curvature

around a given rigid body placement. Ongoing work includes the coupling of the shape

tracking to the forward locomotion described for example by a rigid body placement.

Deflection field basis functions w̄i(x) are even with respect to x−1/2 for i = 1, 3, 5, . . .,

and odd with respect to x− 1/2 for i = 2, 4, 6, . . ., see Figure 4.7(a); on the other hand,

the rotation spatial basis functions ψ̄i are even with respect to x− 1/2 for i = 2, 4, 6, . . .
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and are odd with respect to x − 1/2 for i = 1, 3, 5, . . .. This implies that entries ij

in matrices M1, M2, K1, K2, and Kc are zero when i + j is odd, whereas entries ij in

matrix K3 are zero when i+j is even, see (4.7). Therefore, in order to track the curvature

∂2η/∂x2 we need n ≥ 2, since for n = 1 the only entry of K3 is zero and therefore the

position feedback K3b would be zero as well, implying that the second equation in (4.8)

would be open loop. Unless otherwise stated, results below are therefore computed for

n = 2.

The substrate shape tracking problem is first illustrated by considering the time-

invariant shape

η(x) = 0.1
(
x2 − x

)
, x ∈ [0, 1]

With this simulation we want to reproduce the scenario of the mechanism being deployed

in a smooth valley, adapting the shape to follow the curved profile of the substrate. Since

η is time invariant we have Fw = (−6.01× 10−3, 0) and Fψ = (0, 0.55), and therefore

the reference input to the closed loop system is a step. For the static analysis the

non-dimensional frequency ω? for the equivalent viscous coefficients is set equal to the

fundamental frequency ω1 (Table 4.1), based on the geometric assumption that the length

of the mechanism is much smaller of the radius of curvature of the substrate, which

implies that the fundamental mode is the most relevant one in describing the shape

morphing with respect to η1. Typical values for the nondimensional structural damping

factors (loss factors) related to commonly used materials can be found in the book [90,

Chapter 2], as they are reported to range between 10−5 (pure aluminum) and 1 (hard

rubber). We simulate one case in which αw and αψ are chosen within this range, and

one case in which they are set to larger values to demonstrate the effect of increasing

damping. Different values are possible if the parameters are treated as tunable derivative

gains.

For αw = αφ = 10, results in Tables 4.2 and 4.3 show respectively the steady state

values (calculated at t = 50) of the tracking errors ‖ε‖w = ‖Fw −M1a(t)‖ and ‖ε‖ψ =

‖Fψ−K3b(t)‖ for different values of proportional gains α3 and α4, that are the parameters

of the elastic foundation model associated with displacement and curvature tracking,

respectively. The increased accuracy with increasing relative linear (α3) and rotational

(α4) stiffness of the legs (relative with respect to the transverse and bending stiffness

of the body, see (4.5)) clearly shows. We remark that for α4 = 0 the model for the

distributed coupling system converges to Winkler foundation, see Eq. (4.3) and related

1This is a crude estimation since the structural damping is associated to cyclic loading [83].
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discussion. For small proportional gain the steady-state error increases, as shown in

Figure 4.9, where the tracking errors ‖ε‖w = ‖Fw−M1a(t)‖ and ‖ε‖ψ = ‖Fψ−K3b(t)‖
are respectively plotted for the combinations of proportional gains corresponding to the

first row and last column of Tables 4.2 and 4.3.

Table 4.2: Influence of the proportional gains on the steady state values of the tracking

error ‖ε‖w = ‖Fw −M1a(t)‖, for αw = αψ = 10

α4

α3
1 10 100

0 4.91× 10−3 1.85× 10−3 0.25× 10−3

20 5.95× 10−3 2.33× 10−3 0.84× 10−3

50 4.47× 10−3 2.68× 10−3 1.53× 10−3

Table 4.3: Influence of the proportional gains on the steady state values of the tracking

error ‖ε‖ψ = ‖Fψ −K3b(t)‖, for αw = αψ = 10

α4

α3
1 10 100

0 34.2× 10−2 23.7× 10−2 54.1× 10−2

20 37.2× 10−2 16.2× 10−2 49.8× 10−2

50 11.3× 10−2 6.4× 10−2 37.5× 10−2

Deformed shapes along with the profile of the substrate are shown in Figure 4.10(a) for

α3 = (1, 10, 100) and α4 = 0, and in Figure 4.10(b) for α3 = 100 and α4 = (0, 20, 50), and

the same values for the nondimensional structural damping coefficients. With increasing

proportional gain α3 and relatively low α4 the accuracy of the shape tracking increases

and the deformed shape becomes a good indication of the substrate by reproducing

the profile η accurately; however, for higher values of α4 (mebrane stretching effect of

the foundation becomes prominent) the model predictions of the deformed shape looses

accuracy. The analogous set of results shown in Figure 4.9 is shown in Figure 4.11

for different damping parameters, namely αw = αψ = 3. For smaller values of the

structural damping attenuation factors numerical simulation are unstable for α4 = 50.

From Figure 4.11 it is clear the transition from overdamped to underdamped response

due to lower damping coefficient.
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Figure 4.9: Tracking errors (a) ‖ε‖w = ‖Fw −M1a(t)‖ and (b) ‖ε‖ψ = ‖Fψ −K3b(t)‖
for different values of the proportional gains and αw = αψ = 10
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Figure 4.10: Deformed shapes for different values of the proportional gains along with

the profile of the substrate, for αw = αψ = 10
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Figure 4.11: Tracking errors (a) ‖ε‖w = ‖Fw −M1a(t)‖ and (b) ‖ε‖ψ = ‖Fψ −K3b(t)‖
for different values of the proportional gains and αw = αψ = 3
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n 100 ‖wn − η‖L2 100 ‖wn − wn−2‖H1 100 ‖ψn − ψn−2‖H1

2 1.7 - -

4 1.7 0.67 3.1

6 1.7 0.34 1.4

8 1.7 0.23 0.6

Table 4.4: L2 and H1 error norms (percentage) with increasing number of basis functions

to approximate the solution

For the same profile η(x), for α3 = 100, α4 = 1, αw = αψ = 10 we show in Table 4.4

the L2 and the H1 error norms, respectively defined by

‖u− v‖L2 :=

(∫ 1

0

(u− v)2 dx

) 1
2

(4.13a)

‖u− v‖H1 :=

(∫ 1

0

(
(u− v)2 +

(
∂u

∂x
− ∂v

∂x

)2
)

dx

) 1
2

(4.13b)

The L2 norm measures the discrepancy between the shape η and the deformed axis of

the mechanism wn, where n is the number of basis functions. The H1 errors are instead

calculated between pairs of approximate solutions wn and wn−2 and ψn and ψn−2. Basis

functions labeled with even integers do not contribute since η is locally an even function

of x, whereas the flexural basis functions with even indexes are odd functions of x.

Regarding the rotation ψ the same argument applies except that the basis functions

contributing to the solution are odd functions of x. The convergence in the H1 error

norm of the approximated solutions wn and ψn is clear from numerical results in Table 4.4;

moreover, the L2 error norm between wn and η shows the negligible contribution of higher

modes to shape tracking. The deformed shapes obtained with one mode, two modes and

three modes are shown in Figure 4.12, with the proximity between the curves confirming

that the approximation based on the fundamental modes is accurate to describe the

deflection within the class of geometries considered here. However, in order to include

the curvature parameter in the elastic foundation model for the legs at least two basis

functions need to be included.

As a second illustration we consider the time varying profile

η(x, t) = 0.1
(
x2 − x

)
sin

t

2
, x ∈ [0, 1], t ≥ 0 (4.14)

In this case the loading is cycling and therefore we set ω? = 1/2 which is the nondimen-

sional excitation frequency. Results are obtained by projecting along the fundamental
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Figure 4.12: Deformed shape obtained with one and with three basis functions to ap-

proximate fields w and ψ

modes and for α3 = 100, α4 = 1, αw = αψ = 10. As expected the steady-state error is

non-zero since the time-varying profile cannot be tracked without a steady offset that de-

pends on the transfer function of the system. The deformed shape at different snapshots

is shown in Figure 4.13, from which it is clear that the system adapts to the substrate

by tracking the fundamental features that are included in the model.

4.8 Conclusions

In this paper we have presented the model of a continuous slender mechanism that is the

first step towards the modeling and design of a hyper-redundant autonomous robot with

adaptive body shape. The model describes the coupling with a substrate represented

by a smooth curve, with the physical connection between the body and the substrate

represented by a distribution of linear compliant elements. The model is inspired by

salient features of the spinal locomotion mechanism of centipedes and millipedes, in

which the forward motion is achieved by a characteristic motion of the legs, and in

which the shape of the body adapts to nonzero curvatures of the substrate by deforming

accordingly. The initial-boundary values problem governing the deformation of the body

of the mechanism is formulated as a Timoshenko beam on elastic foundation, and the

action of the substrate is included as a forcing term on the deflection of the beam. The

distributed parameters system is reduced to a time dependent system by projecting the
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Figure 4.13: Deformed shape at different snapshots for the time-varying profile

spatial part of the deflection and rotation fields onto the linear modal basis functions. The

time varying system is conveniently described in closed loop form with desired trajectory

related to the shape of the substrate, so that the problem can be formulated as a tracking

problem with the deformed shape of the robot morphing to the shape of the substrate.

Tracking results are shown for different values of control gains that represent tunable

values of the elastic and dissipative characteristics of the coupling elements. Since the

deformation is measured with respect to a locally parallel (to the substrate) undeformed

configuration, a single degree of freedom system projected on the first mode shape ac-

curately reproduce the class of substrates that are included within the characterizing

assumptions of the model. By modeling the coupling deformable layer as a two param-

eters elastic foundation, curvature tracking is introduced. Results for a time-varying

substrate are also presented, showing good qualitative morphing performance.

The model proposed here is suitable to describe the shape adaptation of slender flex-

ible robotic devices coupled with a substrate that represent a generic environment. The

presented linear planar model is valid to describe shape morphing when the length of

the body of the elongated mechanism is small as compared to the radius of curvature of

the substrate, and three dimensional effects associated with coupling with double curva-

ture or generally unstructured terrains are neglected. The deployment on unstructured

terrains could require three dimensional undulatory modes that require the extension of

the planar model in this work. If the device is used as a sensor, the deformation can

be used as a measure of the shape of an unknown substrate, and therefore to estimate
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it. Part of ongoing work is the explicit inclusion of the rigid body motion with tracking

of the position and orientation of the substrate to dictate the undeformed configuration

of the system with respect to which one measures the deformation; moreover we are

investigating the inverse problem to infer material properties of the substrate when it is

modeled as elastic foundation.
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Chapter 5

Path following and shape morphing

with a continuous slender robot

The work in this chapter is published in the Journal of Dynamic Systems, Measurement

and Control. [81]

5.1 Abstract

We present the continuous model of a mobile slender mechanism that is intended to be

the structure of an autonomous hyper-redundant slender robotic system. Rigid body

degrees of freedom and deformability are coupled through a Lagrangian weak formu-

lation that includes control inputs to achieve forward locomotion and shape tracking.

The forward locomotion and the shape tracking are associated to the coupling with a

substrate that models a generic environment with which the mechanism could interact.

The assumption of small deformations around rigid body placements allows to adopt the

floating reference kinematic description. By posing the distributed parameter control

problem in a weak form we naturally introduce an approximate solution technique based

on Galerkin projection on the linear mode shapes of the Timoshenko beam model, that is

adopted to describe the body of the robot. Simulation results illustrate coupling among

forward motion and shape tracking as described by the equations governing the system.

Keywords: Slender Flexible Mechanism Floating Frame Reduced Order Modeling

Timoshenko Beam
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5.2 Introduction

In this paper we present a model for the forward locomotion and shape morphing with

a slender hyper-redundant mechanism. The mechanism is modeled as a Timoshenko

beam in plane motion with natural (force) boundary conditions, which allows a rigid

body motion of the system, kinematically described by three degrees of freedom. We

adopt the modeling assumption that the characteristic length of the robot is small as

compared to the radius of curvature of the substrate, which implies that the kinematics

can be described by small deformations around rigid body placements. This leads to the

adoption of the floating reference frame description [1, Chapter 5]. A similar framework

has been adopted to study small vibrations in piezoelectric beams caused by prescribed

rigid body motions [2]. By reproducing the scenario of a slender robot deployed in a

generic environment, the shape-morphing problem is posed in terms of coupling with a

substrate. This coupling is realized through a distributed system of compliant elements

that, in terms of feedback, are represented by a distributed force. The forward locomotion

is expressed in terms of the rigid body degrees of freedom tracking a moving point on

the substrate, eventually with a given offset. The forward locomotion can therefore be

described as a path following problem by employing a Frenet frame intrinsic description

of the substrate as a parametrized curve in the two-dimensional environment [3]. The

forward locomotion and shape morphing problems are coupled by posing the problem

in a distributed control framework with minimization of a suitable action functional

based on the Lagrangian function of the system. A simplified scenario is introduced by

considering different time scales to describe the evolution of the rigid body motion and of

the deformation field, with the assumption that the deformation field evolves much faster

so that the shape morphing can be treated as a static problem coupled with the rigid

body motion. The well posedness of the problem is stated in the appropriate product

Hilbert space, and an approximate solution based on the Galerkin projection on the

linear mode shapes is obtained. A passivity based feedback [4, Chapter 8] allows for the

asymptotic tracking of the desired motion expressed in terms of the intrinsic geometric

description of the path.

The dynamics of flexible hyper-redundant robotic systems is an active field of re-

search. The dynamics of continuous robotic manipulators has been studied by many

researchers [5–9], among others, the dynamics of a slewing flexible link is presented in

[10, 11], and physical parameter estimation of the nonlinear dynamics of a single link

robotic manipulator is proposed by [12]. In the same context, Lagrangian and Ritz
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methods have been used by [13–15]. Multibody mobile mechanisms with large number

of degrees of freedom can be modeled as one dimensional continua with local Euclideian

structure (beam models), due to the slenderness of the system. Vibrations of a flexible

manipulator based on the linear Euler-Bernoulli beam model are discussed in [16]. A flex-

ible hub-beam system has been analyzed in [17] by accounting for the influence of shear

and axial deformation. Modeling of flexible manipulators with different geometric and

dynamic conditions can be found in [18–25], among others. The Lagrangian approach

has been used in [26] to model bending of flexible robots modeled as Euler-Bernoulli

beams, whereas an Hamiltonian formulation has been adopted in [27] to obtain the gov-

erning equations for the same class of systems and design associated controllers. The

modal analysis of a two-link flexible manipulator modeled as a Timoshenko beam has

been presented in [28]. In the study on active control of flexible structures a methodology

based on system transfer matrix proposed by Hać in [29] that the location of sensor and

actuators can be determined based on system’s controllability and observability grami-

ans, furthermore Book et al, addressed a feedback control for the flexible motion in the

plane of two pinned beams in [30] and developed a recursive Lagrangian for a nonlinear

flexible manipulator in [31].Control of linear Timoshenko beams is addressed in [32–35].

An overview on adaptive control of single rigid robotic manipulators interacting with

dynamic environment is presented in [36].

Different control techniques for bio-inspired and bio-mimetic robots have been pro-

posed by many researchers, among all Jia expressed a smoth motion control with the help

of fuzzy rules in [37], and a prospective approach to agile flight control of insect-inspired

is studied in [38]. Furthermore a hybrid control approach is presented for trajectory

tracking control of unmanned underwater vehicles using a bio-inspired neurodynamics

model has been presented in [39], and a multi-functional bio-inspired system with an ac-

tive cyber-physical assistive device comprised in [40], which supports large deformation,

and operates with its own on-board pneumatics and controllers. In the frame of remote

control approach, an experimental model for a locust-like motion is designed and imple-

mented in [41]. Neural locomotion controllers for a central pattern generator of lamprey

is developed in [42, 43]. A survey to the focused section on bio-inspired mechatronics is

presented in [44].

Beside the application of bio-inspired modeling in material fields such as, nanoparticle

assembly [45], superoleophobic and smart materials [46], material with variable stiffness

[47], polymer-inorganic study [48], and materials for biosensing [49], the multi segment

and flexible slender robots find application in several fields such as medical instruments
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like gastrointestinal tract tools [50] or endoscopic robots [51], industrial smart health

monitoring [52, 53], and energy harvesting [54, 55], to name a few.

In [56–59] the locomotion mechanism and control of worm like robots are discussed.

Other examples of bio-inspired robots are the ones that exploit the motion of snakes

on various types of surfaces, the elastic elephant trunk like, soft grippers, tendon-driven

robots and octopus, and tentacle-like grippers receptively in [60–66]. A Cosserat solid

approach has been adopted in [6] to model the dynamics of several kinematically loco-

moted bio-inspired slender systems. Shape tracking and path tracking with multi-link

manipulators is presented in [67–70], where high accuracy path tracking is achieved with

high speed systems.

Vibration of flexible manipulators based on linearized Euler-Bernoulli beam is studied

in [16]; stability of constrained multibody flexible mechanisms is investigated by [71].

When large displacements cannot be discarded, further complications are introduced

by nonlinear strain-displacement relations, non-inertial body frame, and time-varying

boundary conditions [72].

We consider a class of system in which propulsion and morphing are achieved by the

action of a distributed system that in this respect mimics the action of legs in millipedes

through a combination of undulatory and pendulatory motions. By adopting the nature

of millipedes, legs movements makes an overall wave like forward motion in the system,

that in the recent work [73] has been identified as analogous to a peristaltic wave, that

typically propagate in the bodies of warm-like organisms. This mechanism is inherently

redundant and robust as many contact points with the ground ensure persistent thrust

for forward locomotion, and allows shape morphing with respect to nonzero curvature of

the substrate, with filtering of local asperities through the coupling between the legs and

the body. In general, this continuous model represents a better behavior of a dynamical

system, however, it is mostly too difficult to model and solve a continuous system. For

the understanding of an analytical concept of a flexible hyper-redundant autonomous

robot, in this work we develop an appreciation of the robot’s flexible body as a linearized

planar Timoshenko beam theory which the forward locomotion and the shape tracking

are associated to the coupling with a substrate that models a generic environment. A

major advantage of the proposed method is generality of the model, could be applied to

the continuum description of slender bio-mimetic robots to reconstruct the shape or sense

the properties of the rigid, elastic or viscoelastic substrate profile like soil, muscle or inner

member of a live body. The rest of the paper is organized as follows. In Section 5.3 we

present the kinematics of the system. In Section 5.4 we present the weak form governing
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the dynamics of a Timoshenko beam deforming around rigid body displacements, and

formulate the control distributed parameters control problem with the characterization

of the feedback that ensures asymptotic tracking of the desired path. The weak form

is based on an action functional that includes point and distributed forces as possible

control inputs. The reduced order model of the system based on Galerkin projection

is presented in Section 5.5. Simulations that illustrate the path following locomotion

coupled with the shape morphing are presented in Section 5.7, and conclusions and final

remarks are drawn in Section 5.8.

5.3 Kinematics

We consider the planar motion of a slender robot, with flexible body modeled as a beam.

The material body in the reference configuration has the form of a prism P0 of E, where

E is the Euclideian three-dimensional space, with associated space of translations U.

The reference configuration P0 is referred to the material coordinates X = {X1, X2, X3}
along the orthonormal Cartesian basis {E1,E2,E3}. The cross section of the beam-like

body in the reference configuration is the rigid surface spanned by E2 and E3. For an

undeformed length `, the coordinate X1 ∈ [0, `] is the locus of the centroids of the cross

sections, and E1 spans the tangent space to the axis (support) of the beam described by

such coordinate.

We want to describe the motion of the robot as composed by a rigid body placement

and by a small deformation about the rigid body placement. Therefore we adopt the

concept of floating frame that is extensively described in [1, Chapter 5], and used in [2]

to formulate the problem of vibrations of beams caused by a prescribed rigid motion. As

it is illustrated schematically in Fig 5.1, the rigid body placement is described by the

change of coordinates

x(X, t) = d(t) + R(θ(t)) (X− δ`E1) (5.1)

that maps X ∈ P0 to x ∈ PR, where PR is the region corresponding to the rigid body

placement. The rigid change of coordinates is as usual composed of a rigid body dis-

placement d that represents the time-varying position of a point in PR with respect to

the origin of the fixed reference frame, and by the action of the rotation tensor R(θ)
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d(t
) +

R(θ(
t))

(X
− δ`

E1)
x(X

, t)

E1

E2

e1

e2

θ

X
η(s

)

Figure 5.1: Schematic of floating frame concept which describes the system’s motion by

a rigid body placement and by a small deformation about the rigid body placement.

defined by (see for example [74])

R(θ) = E3 ⊗ E3 + cos θ (E1 ⊗ E1 + E2 ⊗ E2)

− sin θ (E1 ⊗ E2 − E2 ⊗ E1) (5.2)

where ⊗ is the tensor product defined by the projection

(u⊗ v)w = (v ·w)u (5.3)

for u, v, w in U, with “·” indicating the associated inner product. Moreover, δ ∈ [0, 1]

defines the point on the axis that is left unaltered by the action of R, so that the rigid

body motion is composed of a translation d and of a rotation around an axis passing

through the point with position δ`E1 with respect to the left boundary of the undeformed

body. Note that R as defined in (5.2) is a rotation about E3, which is normal to the

plane of the motion. Therefore the rotation tensor R can be equivalently be represented

in the basis {E1,E2} by the two-dimensional rotation matrix

R(θ) =

(
cos θ − sin θ

sin θ cos θ

)
(5.4)

The small deformation about the rigid body placement PR is described by a map

χ : PR → P that takes points x and maps them to the point χ in the current configuration
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P:

χ(x, t, τ) = x(t) + U(x, t, τ) (5.5)

where U is a small deformation. In order to describe the two time scales that charac-

terize respectively the rigid body degrees of freedom oscillations and the deformation

oscillations, we have introduced the slow time

τ = εt (5.6)

with ε > 0 [75, Chapter 11], to formalize the assumption that the morphing (shape adap-

tation) is much faster than the evolution of the rigid body degrees of freedom; therefore

we will consider the quasi static shape adaptation obtained for ε� 1. Consistently with

the linearized planar Timoshenko beam theory [76] the deformation U is given by

U(x, t, τ) = (u(x1, τ)−X2ψ(x1, τ))e1(t) + w(x1, τ)e2(t) (5.7)

where ei = REi are rotated orthonormal basis vectors (floating reference frame [1]) that

are used to describe the rigid body placement PR, and xi = x · ei. From (5.1) we have

x1 = x · e1 = d · e1 + (X1 − δ`)e1 ·RE1

= d · e1 + (X1 − δ`)E1 ·RTRE1 = d · e1 + (X1 − δ`) (5.8)

x2 = x · e2 = d · e2 +X2e2 ·RE2 = d · e2 +X2 (5.9)

where we have used the property R−1 = RT (orthogonality of R) and the definition of

transpose v2 ·Rv1 = v1 ·RTv2 for any two vectors v1 and v2.

In the floating reference frame, the material time derivative is performed by keeping

x constant [2], and therefore PR is treated as the reference configuration with respect to

the deformation. This approximation holds due to the hypothesis of small deformations

around the rigid body placement. By accounting for the two time scales the material

time derivative maps to

˙(·) =
∂

∂t
+ ε

∂

∂τ
(5.10)

for which we will use the compact notation ∂t + ε∂τ . The velocity of a point χ in P is

obtained as its material time derivative, that is therefore given by

χ̇ = ∂td + ∂tθW(x− d) + U̇

= ∂td + ∂tθW((X1 − δ`)e1 +X2e2) + U̇ (5.11)
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where W is the skew-symmetric tensor

W = e2 ⊗ e1 − e1 ⊗ e2 (5.12)

which allows to describe the time derivative of unit basis vectors rotating with angular

velocity θ̇ as ėi = θ̇Wei; this relation has bees used to derive the third therm on the

right hand side of (5.11). In the rotating basis W has the matrix representation

W =

(
0 −1

1 0

)
(5.13)

with axial vector e3 ≡ E3, so that Wa = E3 ∧ a for every vector a, with operator ∧
referring to the wedge product. This is consistent with the well known property that

for planar motions the angular velocity is normal to the plane of the motion. The

action of the skew symmetric tensor W on the floating basis vectors allows to write ẋ as

∂td + ∂tθ((X1 − δ`)e2 −X2e1). In the floating reference frame the material derivative of

U is given by

U̇ = ε(∂τu−X2∂τψ)e1 + ε∂τwe2 + ∂tθWU

= (ε(∂τu−X2∂τψ)− w∂tθ)e1 + (ε∂tw + ∂tθ(u−X2ψ))e2 (5.14)

The time derivative if the map χ can therefore explicitly be written as

χ̇ = ∂td + (ε(∂τu−X2∂τψ)− ∂tθ(w +X2)) e1

+ (ε∂τw + ∂tθ(u−X2ψ +X1 − δ`)) e2 (5.15)

Within the hypothesis of small deformations we consider the linearization

(I +∇xU)T (I +∇xU) ' I +∇xU +∇T
xU

, so that the Green-Saint-Venant strain ε reduces to the symmetric part of ∇xU, and

the gradient is represented in operator form as ∇x = ∂
∂xj
⊗ ej. Therefore we obtain

∇xU = (u′ −X2ψ
′)e1 ⊗ e1 + w′e2 ⊗ e1 − ψe1 ⊗ e2 (5.16)

ε = sym∇xU

= (u′ −X2ψ
′)e1 ⊗ e1 +

1

2
(w′ − ψ)(e2 ⊗ e1 + e1 ⊗ e2) (5.17)

where (·)′ means differentiation with respect to x1.
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5.4 Continuous model of a slender floating mecha-

nism

5.4.1 Weak form

In this section we derive the weak form of the governing equations of a slender robot

with kinematics described in the previous Section. The weak form allows to state the

well posedness of a distributed parameters control problem with inputs suitably included

in the variational form.

The kinetic energy of the system is then given by

K =
1

2

∫

P

%χ̇ · χ̇dP (5.18)

where we have tacitly assumed that d is a boundary displacement. By relaxing this

assumption the integral would have to be extended over regular regions with interfaces

accounting for jump conditions. Given the geometry of P, we consider the Cartesian

product structure P = A × [0, `], where ` is the undeformed length of the beam and A

is the two-dimensional Euclideian point space defining a rigid cross section. The axis of

the beam is therefore spanned by the coordinate x1 ∈ [d1− δ`, d1 + `(1− δ)], whereas x2

and x3 span the cross section. Therefore the integral in P is accordingly decomposed as∫
P

=
∫ d1+`(1−δ)
d1−δ`

∫
A

.

By writing explicitly the inner product χ̇ · χ̇ with the expression in (5.15) we obtain

K =
1

2

∫ d1+`(1−δ)

d1−δ`∫

A

%
(
(∂td1 + ε∂τu− w∂tθ −X2 (∂tθ + ε∂τψ))2

+ (∂td2 + ε∂τw + ∂tθ (u+ x1 −X2ψ))2) dAdx1 (5.19)

where we have introduced di = d ·ei, that are the components of d in the body reference

frame. We now operate the change of coordinate x1(X1) = d1 + X1 − δ` (see (5.8))

that clearly has unit determinant of the Jacobian (as expected being a rigid change of

coordinate), and define the material descriptions of different scalar fields involved in the

integration

u?(X1, t) := u(x1(X1), t) = u(d1 +X1 − δ`) (5.20a)

w?(X1, t) := w(d1 +X1 − δ`) (5.20b)

ψ?(X1, t) := ψ(d1 +X1 − δ`) (5.20c)
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Since the origins of coordinates {X2, X3} are the centroids of the cross section (whose

locus describes the axis of the beam) we have
∫
A
%X2dA = 0, and

∫
A
%(X2)2dA = I, where

I is the moment of inertia about X3 (normal to the plane of motion). The expression for

the kinetic energy therefore becomes

K =
1

2

∫ `

0

(
%A
(
(∂td1 + ε∂τu

?)2 + (∂td2 + ε∂τw
?)2

+(∂tθ)
2
(
(d2 + w?)2 + (d1 + u? +X1 − δ`)2)

+2∂tθ ((d1 + u? +X1 − δ`) (∂td2 + ε∂τw
?)

−(d2 + w?) (∂td1 + ε∂τu
?)))

+I
(
(ψ?∂tθ)

2 + (∂tθ + ε∂τψ
?)2)) dX1 (5.21)

Let σ be the Cauchy stress tensor in P; the strain energy of the system is therefore

given by

1

2

∫

P

tr
(
σTε

)
dP

=
1

2

∫ d1+δ(1−`)

d1−δ`

∫

A

(σ11ε11 + 2σ12ε12)dAdx1

=
1

2

∫ d1+δ(1−`)

d1−δ`
(Nu′ +Mψ′ +Q(w′ − ψ)) dx1 (5.22)

where tr(σTε) is the scalar product in the space of linear operators Lin(U,U), and the

components of the tensors in the basis {e1, e2} are obtained as εij = ei · εej. Moreover,

by integrating over the cross section we have introduced the stress resultants

N =

∫

A

σ11dA, Q =

∫

A

σ12dA, M = −
∫

A

σ11x2dA (5.23)

which are scalars representing respectively the normal and shear forces (projections along

e1 and e2) and the bending moment (around e3). The potential energy of the system is

then given by

V =

∫ d1+`(1−δ)

d1−δ`

(
1

2
(Nu′ +Mψ′ +Q(w′ − ψ))

−bNu− bQw − bMψ) dx1 − f1d1 − f2d2 − f3θ (5.24)

where f1, f2, and f3 are respectively the components of the external force and of the

external torque that are dual of the rigid body degrees of freedom d and θ, and bN , bQ,
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and bM are distributed forces and a distributed torque that are dual of the deformations

u, w, and ψ. All force components are along the floating basis axes. We assume the

linear elastic material response, therefore adopting the following constitutive relations

N = AY u′, Q = kAG(w′ − ψ), M = IY ψ′ (5.25)

with Y , G, and k being constituive parameters for linear elastic homogeneous materials

representing respectively Young’s modulus, the shear modulus, and the shear shape factor

(k = 5/6 for rectangular cross section). By using the constitutive relations it is immediate

to introduce the material descriptions of the distributed force fields, so that the potential

energy can be written as

V =

∫ `

0

(
1

2

(
AY u?′

2
+ kAG(w?′ − ψ?)2 + IY ψ?′

2
)

−bNu? − bQw? − bMψ?) dX1 − f1d1 − f2d2 − f3θ (5.26)

We introduce the nondimensional kinematic variables X1/`, u
?/`, and w?/` with

respect to the length `, and the nondimensional forces bN`/kAG, bQ`/kAG, bM/kAG,

and fi/kAG. Since no confusion arises, we indicate henceforth the nondimensional fields

with the same symbols previously used for the the corresponding dimensional ones. Let

z = (d1, d2, θ, u
?, w?, ψ?) (5.27a)

∂z = (∂td1, ∂td2, ∂tθ, ∂τu
?, ∂τw

?, ∂τψ
?) (5.27b)

be the state vector and its time derivative. With the introduction of the nondimensional

parameters

α1 =
Y

kG
, α2 =

I

A`2
, t̄2 =

%`2

kG
(5.28)

where t̄ is a characteristic time, we rewrite the kinetic energy in nondimensional form as

K =
1

2

∫ 1

0

∂zTM(z, ε)∂zdX1

=
1

2

∫ 1

0

Mij(z, ε)∂zi∂zjdX1 (5.29)

where we have adopted the convention of summing repeated indexes in their respective

ranges. The non-zero entries of the 6× 6 matrix M are

M11 = M22 = 1 (5.30a)
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M14 = M25 = M41 = M52 = ε (5.30b)

M44 = M55 = ε2 (5.30c)

M66 = α2ε
2 (5.30d)

M36 = M63 = α2ε (5.30e)

M13 = M31 = −(d2 + w?) (5.30f)

M34 = M43 = −ε(d2 + w?) (5.30g)

M23 = M32 = d1 + u? +X1 − δ (5.30h)

M35 = M53 = ε(d1 + u? +X1 − δ) (5.30i)

M33 = α2(1 + ψ?)2 + (d1 + u? +X1 − δ)2 + (d2 + w?)2 (5.30j)

We define the collection of strain components ε̄, the collection of forces and torques τ ,

and the matrix K by

ε̄ = (u?′, w?′ − ψ?, ψ?′) (5.31a)

τ = (f1, f2, f3, bN , bQ, bM) (5.31b)

K = diag(α1, 1, α1α2) (5.31c)

so that the nondimensional potential energy is rewritten as

V =

∫ 1

0

(
1

2
ε̄TKε̄− τTz

)
dX1

=

∫ 1

0

(
1

2
Kij ε̄iε̄j − τizi

)
dX1 (5.32)

where the work term τizi is transported under the integral by dividing by the nondimen-

sional length of the domain, that in this case is 1.

In order to obtain the weak form of the evolution equations we introduce the La-

grangian function

L (z, ∂z, ε̄,b, τ ) = K(z, ∂z)− V(z, ε̄, τ ) (5.33)

The external forces τ can be interpreted as Lagrange multipliers if the corresponding

displacements are prescribed (kinematic constraints); otherwise, in a control framework,

they can be interpreted as control inputs to drive the corresponding dual kinematic

quantities to desired values. The (strong) governing evolution equations are the cofac-

tors of the variations z̃, τ̃ , that describe the evolution of the minimizers of the action
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functional
∫ t2
t1

Ldt between two fixed points t1 and t2; this formulation can be general-

ized to include the initial conditions by considering Gurtin’s convolution formulation,

see [77]. Minimization of the action functional corresponds to the stationarity of its gra-

dient (Gâteaux derivative) along the variations of its arguments. Here we consider the

weak form, that is built by considering the cofactors of all arguments of the Lagrangian

function; the weak form is suitable for numerical solution and it allows to pose the con-

trol problem in the appropriate Sobolev space. The stationarity of the gradient of the

Lagrangian gives

∫ t2

t1

∫ 1

0

(
∂z̃kMkj∂zj +

1

2
z̃k
∂Mij

∂zk
∂zi∂zj

−Kij ˜̄εiε̄j + z̃iτi + τ̃izi) dX1dt = 0 (5.34)

Time integration by parts of the first term gives

∫ t2

t1

∫ 1

0

(
−z̃kMkj∂

2zj − z̃k
∂Mkj

∂zi
∂zi∂zj + z̃k

1

2

∂Mij

∂zk
∂zi∂zj

−Kij ˜̄εiε̄j + z̃iτi + τ̃izi) dX1dt = 0 (5.35)

where, consistently with the Hamilton-Kirchhoff variational principle we have assumed

that all fields are assigned at times t1 and t2, which implies that the boundary terms

arising from the integration by parts in time are zero (since the corresponding variations

of the fields are zero whenever the fields are assigned). The symbol ∂2 means second

time derivative. By introducing

ckij =
∂Mkj

∂zi
− 1

2

∂Mij

∂zk
=

1

2

(
∂Mkj

∂zi
+
∂Mki

∂zj
− ∂Mij

∂zk

)
(5.36)

(Christoffel symbols) we can define the 6× 6 matrix

Ckj = ckij∂zi (5.37)
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with nonzero entries given by

C13 = C31 = ∂td2 +
1 + ε

2
∂τw

? + ∂tθ(d1 + u? +X1 − δ) (5.38a)

C43 = C34 =
1 + ε

2
∂td2 + ε∂τw

? + ∂tθ(d1 + u? +X1 − δ) (5.38b)

C23 = C32 = −∂td1 −
1 + ε

2
∂τu

? + ∂tθ(d2 + w?) (5.38c)

C53 = C35 = −1 + ε

2
∂td1 − ε∂τu? + ∂tθ(d2 + w?) (5.38d)

C33 = −(∂td1 + ∂τu
?)(d1 + u? +X1 − δ)

−(∂td2 + ∂τw
?)(d2 + w?)− α2ψ

?∂τψ
? (5.38e)

C36 = C63 = α2ψ
?∂tθ (5.38f)

By exploiting the arbitrariness of t1 and t2 the weak form of the problem is rewritten

as

0 =

∫ 1

0

(
z̃iMij∂

2zj + z̃iCij∂zj +Kij ˜̄εiε̄j − τ̃izi + τiz̃i
)

dX1

=

∫ 1

0

(
z̃TM(z, ε)∂2z + z̃TC(z, ∂z, ε)∂z

+˜̄εTKε̄− τ̃Tz − z̃Tτ
)

dX1 (5.39)

5.4.2 Boundary Conditions and External Loads as Feedback

If forcing terms in the weak form (5.39) are not assigned they can be interpreted as

Lagrange multipliers that are dual of enforced kinematic constraints. Here we are inter-

ested in modeling the system depicted in Figure 5.2, in which the beam is coupled with

a smooth substrate by a distributed system of compliant elements, and the forward loco-

motion is dictated by the coupling of the point on the beam at X1 = δ (that belongs to

the undeformed axis of the beam rigidly displaced) with a moving point on the substrate

described by the evolution of the arclength s∗(t). Therefore the rigid motion can be set

in the framework of a path tracking problem, in which the position and orientation of the

undeformed body are respectively dictated by the position and orientation of a driving

point on the substrate. Moreover, the shape of the system adapts to the shape of the

substrate through the distributed coupling exerted by the system. We set δ = 1 so that

the point of the axis that is left unaltered by the action of the rotation tensor R is the

extreme X1 = ` (that is, the beam rotates about the extreme at X1 = `). This point
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that can be interpreted as the head of a slender robot whenever this model is applied

such context.
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Figure 5.2: Sketch of the coupling between the flexible mechanism and a rigid substrate

described by the curve η. The coupling is exerted through a distributed system of

compliant elements. The point η(s∗(t)) is driven by the kinematics s∗(t)

We consider the distributed coupling with the substrate to be given by normal actions

with respect to the axis of the beam, therefore dual of the transverse displacement w.

This implies that bN = bM = 0 (no axial distributed forces and no distributed couples). In

a control framework, the external forces are considered as inputs determined by suitable

feedback laws. Therefore, given this characterization the nonzero components of the

external forces are assigned as feedback and therefore τ̃ = 0. Therefore the forcing term

in the functional (5.39) becomes

∫ 1

0

(
τ̃Tz + z̃Tτ

)
dX1

= f1d̃1 + f2d̃2 + f3θ̃ +

∫ 1

0

bQw̃
?dX1 (5.40)

with fis applied at X1 = 1 (head). The input vector is therefore redefined as

τ = (f1, f2, f3, 0, bQ, 0) . (5.41)
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5.4.3 Control problem statement

Let H be the product Hilbert space R×R×R× S1(0, 1)× S1(0, 1)× S1(0, 1), where R
is the set of real numbers and S1 is the Sobolev space of functions with first derivative

that is square summable in (0, 1), that is defined by the set

S1(0, 1) :=

{
f :

∫ 1

0

f ′(x1, t)
2dx1 <∞

}
(5.42)

Therefore the the state z belongs to R+ × H and the input vector τ belongs to R+ ×
R× R× R× S0(0, 1).

The variational formulation (5.39) includes the variations of the inputs, which implies

that parameters (control gains) in the feedback loop can be included in the minimization

process and therefore be determined adaptively by the evolution of the system. Here we

consider the gains to be given constants, and therefore we formally consider the feedback

τ (z, zd), where zd is a desired kinematic state that act as driving terms for the system.

Although not explicitly shown, the feedback can include time derivatives of the desired

state. The weak form (5.39) therefore specializes to

∫ 1

0

(
z̃TM(z)z̈ + z̃TC(z, ż)ż + ˜̄εTKε̄

)
dX1

=

∫ 1

0

z̃Tτ
(
z, zd

)
dX1 (5.43)

with the right-hand side acting as a forcing term.

The control problem for the slender mechanism is then formulated as follows: find

z that minimizes the action functional
∫ t2
t1

∫ `
0
L. This translates to the requirement of

finding z that satisfy (5.43) for all z̃.

5.5 Reduced order system

5.5.1 Galerkin projection

The reduced order model is obtained by separation of variables with respect to space

and time. Since the rigid body displacement degrees of freedom are functions of time

only the separation of variables for d and θ is trivial. The deformation fields are instead
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decomposed as

u?(X1, τ) = ūT(X1)a(τ) (5.44)

w?(X1, τ) = w̄T(X1)b(τ) (5.45)

ψ(X1, τ) = ψ̄T(X1)c(τ) (5.46)

where ū = (ū1, . . . , ūn)T, w̄ = (w̄1, . . . , w̄n)T, and ψ̄ =
(
ψ̄1, . . . , ψ̄n

)T
are n−dimensional

sets of spatial basis functions, and a = (a1, . . . , an)T, b = (b1, . . . , bn)T, and c =

(c1, . . . , cn)T are time dependent vectors of amplitudes. We introduce

z̄ =




I3×3 03×n

ūT(X1)

03×3 w̄T(X1)

ψ̄T(X1)


 , ζ = (d1, d2, θ, a,b, c) (5.47)

so that z = z̄ζ and z̃ = z̄ζ̃. Therefore (5.43) can be rewritten as

ζ̃T
(
µM(ζ, ε)∂2ζ + µC(ζ, ∂ζ, ε)∂ζ + µKζ = F

(
ζ, zd

))
= 0 (5.48)

where (∂ζ)i = ∂tζi for i = 1, 2, 3 and (∂ζ)i = ∂τζi for i > 3. The expression (5.48) has to

hold for all ζ̃, which implies the reduced order system evolution of the 3n+ 3 coefficients

in ζ

µM(ζ, ε)∂2ζ + µC(ζ, ∂ζ, ε)∂ζ + µKζ = F
(
ζ, zd

)
(5.49)

where 3n+ 3× 3n+ 3 operators µM, µC, and µK and the 3n+ 3 load vector F are given

by

µM(ζ, ε) =

∫ 1

0

z̄TM(z̄ζ, ε)z̄dX1 (5.50a)

µC(ζ, ∂ζ, ε) =

∫ 1

0

z̄TC(z̄ζ, z̄∂ζ, ε)z̄dX1 (5.50b)

µK =

∫ 1

0

(
03×3+3n

03+3n×3 K̄

)
dX1 (5.50c)

K̄ =




α1ū
′Tū′ 0n×n 0n×n

0n×n w̄′Tw̄′ −w̄′Tψ̄

0n×n −ψ̄Tw̄′ α1α2ψ̄
′Tψ̄′ + ψ̄Tψ̄


 (5.50d)

F
(
ζ, zd

)
=

∫ 1

0

z̃Tτ
(
z̄ζ, zd

)
dX1 (5.50e)



Path following and shape tracking with a continuous slender robot 111

5.5.2 Basis functions

The set of basis functions for the deformation fields of the beam is obtained by solving the

following homogeneous system for the nondimensionalized Timoshenko beam with free

ends boundary conditions and a distributed system of supporting springs with stiffness

per unit length κ

ü− α1u
′′ = 0 (5.51a)

ẅ − (w′ − ψ)′ + α3w = 0 (5.51b)

α2ψ̈ − α1α2ψ
′′ − (w′ − ψ) = 0 (5.51c)

u′(0, t) = u′(1, t) = 0, (5.51d)

w′(0, t)− ψ(0, t) = w′(1, t)− ψ(1, t) = 0 (5.51e)

ψ′(0, t) = ψ′(1, t) = 0 (5.51f)

where α1 and α2 are defined in (5.28), and

α3 =
κ`2

kGA
(5.52)

is a nondimensional measure of the stiffness of the supporting spring with respect to the

shear stiffness of the body. The solution is obtained by the usual separation of variables

u(X1, τ) = ū(X1) exp(Iωτ), w(X1, τ) = w̄(X1) exp(Iωτ), and ψ(X1, τ) = ψ̄(X1) exp(Iωτ),

where ω > 0 is the angular frequency and I is the imaginary unit. Since (5.51a) is un-

coupled the solution for ū is easily obtained as

ūi(X1) = B cos (iπX1) (5.53)

To obtain the natural frequencies and associated eigenfunctions for w and ψ we follow the

approach in [78], which is based on the solution of a vector eigenvalues problem for the

system of two coupled second order differential equations for the transverse displacement

and for the the rotation of the cross section. In our case, the two equations are (5.51b)

and (5.51b). This allows to enforce boundary conditions for free ends in a direct way.

A different approach based on the derivation of one fourth order governing equation ob-

tained by combining (5.51b) and (5.51b) is presented in the original work of Timoshenko

[76]. However in this case the application of boundary conditions requires special atten-

tion [79]. The vector eigenvalues problem has different general solutions depending on

the choice of material parameters [78]. The general solution of the eigenvalues problem is
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sought by considering the vector evaluated function exp(λx)
(
W̄ Ψ̄

)T
, where W̄ and

Ψ̄ are constants. Such function is a solution for some positive constant λ if and only if

(
λ2 + β1 −λ
β3λ λ2 + β2

)(
W̄

Ψ̄

)
=

(
0

0

)
(5.54)

with nondimensional parameters βi defined by

β1 = ω2 − α3, β2 =
1

α1

(
ω2 − 1

α2

)
, β3 =

1

α1α2

(5.55)

The roots λ2 of the characteristic polynomial λ4 + (β1 + β2 + β3)λ2 + β1β2 = 0 are

λ2
1,2 = −1

2
(β1 + β2 + β3)

(
1±
√

∆
)

(5.56)

∆ = 1− 4β1β2

(β1 + β2 + β3)2 (5.57)

In order for λ2 to be real it must be ∆ > 0, which is satisfied for β1β2 < γ2/4, where

γ = β1 + β2 + β3. The special case λ2 = 0 occurs when ∆ = 1, that is β1β2 = 0 or

β1 = 0⇒ ω2 = α3, (5.58)

β2 = 0⇒ ω2 = α2 or α1 = 0 (5.59)

This corresponds to rigid body motions of the system [79]. Here we consider the system

made of a material with shear modulus ten times smaller than the Young’s modulus,

and we consider the overall shear stiffness kGA`2 to be one hundred times larger than

the bending stiffness Y I. Moreover we set the supporting springs to be softer than the

beam (with ratio 1/2). Therefore parameters αi are assigned to the numerical values in

Table 5.1.

Table 5.1: Nondimensional parameters of the Timoshenko beam

α1 α1α2 α3

10 10−2 0.5

Let ω∆ be the root of ∆ = 0 and ωγ be the root of γ = 0; with the choice of parameters

listed above we have ω∆ = 0.707 and ωγ = 0.674. Moreover, ωλ = 0.707 is the root of

β1β2 = 0. The condition ∆ > 0 implies ω > ω∆; therefore it must be γ > 0 since this is

the case for γ(ω > ωγ) > 0, and in this case ωγ < ω∆. For ∆ > 0 and γ > 0 we have
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λ1 = ±Iν1 with ν2
1 = γ

2

(√
∆ + 1

)
; ∆ > 0 also implies β1β2 < 0, since this is the case

for β1β2 evaluated at ω > ωλ, and ωλ = ω∆. Therefore
√

∆ > 1 with λ2 = ±ν2 and

ν2
2 = γ

2

(√
∆− 1

)
. Here ∆ > 0 dictates ω > ω∆. The general solution is therefore given

by

Φ(x) = C1

(
sin ν1X1

−β1−ν21
ν1

cos ν1X1

)
+ C2

(
cos ν1X1

β1−ν21
ν1

sin ν1X1

)

+C3

(
sinh ν2X1

β1+ν22
ν2

cosh ν2X1

)
+ C4

(
cosh ν2X1

β1+ν22
ν2

sinh ν2X1

)
(5.60)

By imposing the free end boundary conditions at X1 = 0 and X1 = 1 we obtain the

linear algebraic relations involving C3 and C4 and coefficient matrix. The nontrivial

solutions of the system are obtained by investigating the condition for rank deficiency of

the coefficients matrix, which translates into the following condition for the determinant

− cos ν1 cosh ν2 +
ν1(ν2

1 − β1)

ν2(ν2
2 + β1)

sin ν1 sinh ν2 + 1 = 0 (5.61)

All parameters in the characteristic equation depend on ω and on the material and

geometric parameters of the system. Therefore, once the material and the geometry are

defined the characteristic equation is a nonlinear function of ω only. The first seven

roots of the characteristic equation that determine the corresponding modes are given

in Table 5.2. The mode shapes are normalized with respect to the maximum amplitude

for x ∈ (0, 1) (boundaries not included). The corresponding dimensional values of the

frequencies are obtained from the ones in Table 5.2 as ω/t̄ = ω
`

√
kG
%

.

Table 5.2: First seven roots of the characteristic equation for the linear modes

n 1 2 3 4 5 6 7

ω 2.184 5.004 8.351 11.81 15.28 18.68 22.02

5.6 Feedback and Control Law

Let η(s∗) = η1(s∗)E1 + η2(s∗)E2 be the position in the global frame of a point on

the substrate in which the mechanism is deployed, parametrized by the arclength s∗.

Moreover, let

p(X1) = x−X2e2 = d + (X1 − 1)e1 (5.62)
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be the point on the undeformed axes for δ = 1, and g be a vector with constant com-

ponents in the body reference frame so that ġ = Wg. The desired state is defined

by

zd =




(η(s∗)− g) · e1

(η(s∗)− g) · e2

θη(s∗)

0

(η(s̄(X1))− g) · e2

0




, (5.63)

where tan θη = η′·e2
η′·e1 , so that θη is the global orientation of the tangent vector η′, and

s̄(X1) is the arclength that defines a point on the curve corresponding to the solution of

the minimization problem s̄(X1) = arg mins ‖p(X1)−η(s)‖, which is solved by the roots

s of the scalar equation (p(X1)− η(s)) · η′(s) = 0.

We consider the rigid body motion to be much slower than the shape morphing with

respect to the rigid substrate. Therefore we restrict the analysis to a class of hyper-

redundant slender mechanisms that are soft enough to morph continuously when moving

forward with respect to the substrate. This hypothesis is formalized by considering the

limit case ε � 1, so that fields that depend on the slow time τ are nearly steady-state

with respect to the evolution in t. Within this framework, the only nonzero entries of the

nonlinear matrix operator in (5.30) are those defined by Mij, i, j ≤ 3 (they still depend

on deformaiton fields u?, w?, and ψ?), and M can be represented in block form as

M =

(
Mx 03×3

03×3 03×3

)
(5.64)

with entries of the 3× 3 block Mx given in (5.30). The operator µM can be correspond-

ingly block partitioned, with the only nonzero block being the upper left 3× 3 one given

by

µMx =

∫ 1

0

MxdX1 (5.65)

as follows from the definition of the basis functions in (5.47) and by the definition in

(5.50). For ε� 1 the matrix operator C can be partitioned as

C =

(
Cx CxU

CT
xU 03×3

)
(5.66)
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with nonzero 3×3 blocks following from (5.38) for ε� 1. Correspondingly we can define

the 3 × 3 and the 3 × 3n operators µCx and µCxU
following from the induced block

partition of the operator µC in (5.50)

µC =

(
µCx µCxU

µT
CxU

03n×3n

)
(5.67)

Passivity based controller is a design technique that achieves system stabilization via the

route of passivation, that is, rendering the closedloop system passive with a desired stor-

age function (that usually qualifies as a Lyapunov function for the stability analysis.)[80].

It involves in controlling a system with the intention at making the closed-loop system

passive. The block diagram of passivity based control is shown in Fig 5.3. Therefore,

by partition the state vector as ζ(t) = (ξ(t),q(0)), where the first block collects the 3

rigid body degrees of freedom and the second block collects the 3n deformation degrees

of freedom, we rewrite the system (5.49) as

µMx ξ̈ + µCx ξ̇ = Fξ (5.68)

µT
CxU

ξ̇ + K̄q = Fq (5.69)

where K̄ is defined in (5.50) and Fξ and Fq are the 3 and 3n blocks induced by the

partition of F in (5.50). In order to set the shape morphing as a static deformation, we

choose the nonlinear feedback

Fq = µT
CxU

ξ̇ + α3(Hq− fq(qd)), (5.70)

H =

∫ 1

0

ϕTϕdX1, fq(qd) =

∫ 1

0

ϕTqddX1 (5.71)

where the 3 × n matrix ϕ is given by (ū, w̄, ψ̄)T (lower right block of z in (5.47)), and

qd = (0, (η(s̄(X1))−g) ·e2, 0) is the desired state for the deformation field. Therefore, in

a finite dimensional subset of L2 the nonlinear feedback Fq dictates the shape morphing

of the slender mechanism to the substrate to which it is coupled, and α3 defined in (5.52)

can be considered as a tuning parameter (proportional gain in the time varying case) that

measures the stiffness of the elastic supports with respect to the stiffness of the body.

Therefore a large value of α3 means that the supports are much stiffer that the body and

the shape morphs to the substrate in a passive way, since the actuation provided by the

surface through the supports overcomes the elastic resistance of the body. For very large

α3 the second term becomes dominant (as long as the state ξ and its time derivative
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+
-

ξ̈d, ξ̇d, ξd ξ̈, ξ̇, ξ

ξ̇

++
-

eq(72)
Fξ Inverse

Dynamics
eq(68)

µT
CxU

qd

α3fq
+ Fq

K̄−1 q

H

Figure 5.3: Block diagram of the passivity based control system.

are bounded) and the feedback ensures convergence of q to the desired state in a finite

dimensional subset of L2.

The loop for the path tracking problem (rigid body motion) is closed by considering

the following passivity based feedback [4, Chapter 8]

Fξ = µMx(ξ̈d + Λγ̇) + µCx(ξ̇d + Λγ) + L(γ̇ + Λγ) (5.72)

where Λ and L are 3 × 3 symmetric positive definite gain matrices, and γ = ξd − ξ is

the error with desired state ξd given by the first three components of zd in (5.63). The

time derivatives of the desired state are

ξ̇d =




(
ṡ∗η′(s∗)− ġ

)
· e1(

ṡ∗η′(s∗)− ġ
)
· e2

ṡ∗κη(s∗)


 , (5.73)

ξ̈d =




(
s̈∗η′(s∗) + ṡ∗

2
η′′(s∗)− g̈

)
· e1(

s̈∗η′(s∗) + ṡ∗
2
η′′(s∗)− g̈

)
· e2

s̈∗κη(s∗) + ṡ∗
2
κ′η(s∗)


 (5.74)

where ṡ∗ can be interpreted as the forward speed of the system since s∗(t) is the prescribed

trajectory of the arclength on the path that drives the path tracking, κη = θ′η = ‖η′′‖ is

the curvature of the substrate, and η′′ = κηN, with N normal to the path. The closed
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loop system can therefore be written as

µMx(ξ,q)(γ̈ + Λγ̇) + (µCx(ξ,q) + L)(γ̇ + Λγ) = 0 (5.75)

(K̄ + α3H)q = α3fq(qd) (5.76)

We can now establish global asymptotic stability of the error γ.

Proposition 1. The error γ and error rate γ̇ in the closed loop system (5.75) are globally

asymptotically stable.

Proof. Let β = γ̇ + Λγ. Consider the candidate Lyapunov function

V =
1

2
βTµMxβ + γTΛLγ (5.77)

The time derivative along the trajectories defined by (5.75) gives

V̇ = βTµMxβ̇ +
1

2
βTµ̇Mxβ + 2γTΛLγ̇

=
1

2
βT(µ̇Mx − 2µCx)β − βTLβ + 2γTΛLγ̇ (5.78)

From the definition of C in (5.36) and (5.37) it follows that the matrix µ̇Mx − 2µCx is

skew symmetric; therefore the first term on the right hand side is zero. Moreover, by

using the definition of β

V̇ = −γ̇TLγ̇ − γTΛTLΛγ ≤ 0 (5.79)

with the equality holding for γ = 0 and γ̇ = 0, that therefore define a globally asymp-

totically stable equilibrium.

5.7 Simulation Results and Numerical Examples

We consider a system made of a material with shear modulus ten times smaller than the

Young’s modulus (α1 = 0.1). Moreover, we consider the overall shear stiffness kGA`2 to

be one hundred times larger than the bending stiffness EI (α1α2 = 100). As emerged

from the theoretical analysis, two key parameters are the kinematics s∗(t) of the driving

arclength on the path, and the value of α3; specifically, s∗(t) determines how fast is the

rigid body motion of the system, and therefore the validity of the simplifying hypothesis

ε � 1 (upon which we have discarded terms in O(ε)) that characterizes the slow time,
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Figure 5.4: Sketch of the geometry of the path defining the rigid substrate.

while α3 determines how rigid is the support with respect to the body. We illustrate this

by considering different combinations.

We set the gap function g to zero, set Λ to be the identity matrix, and L =

diag(4, 10, 20). The path profile η is parametrized as

η(s) = sE1 + 0.1(s− 10)2(u(s)− u(s− 10))E2, (5.80)

where u is the unit step function, which evaluates to 1 whenever its argument is greater

than 0. As shown in Fig. 5.4 the path is the merge of a parabolic profile and of a straight

profile.

As a first illustration we consider a system with relatively stiff supports with respect

to the stiffness of the body (α3 = 20, see eq. (5.52)). In this case we consider the family

of driving parameters s∗(t) = vt, where v is assigned and determines how fast is the

rigid body motion. We consider one degree of freedom for each deformation field, and

therefore the dimension of q is 3. Tracking errors ‖ei · η(s∗(t)) − di(t)‖, i = 1, 2, and

|θη(s∗(t))− θ(t)| are shown in Figures 5.5 and 5.6 for v = 0.005 and 0.03 to characterize

slow and fast motions, respectively. Consistently with theoretical predictions, the Figures

reveal that the tracking error corresponding to fast motion is in general larger on the

part of the portion of the path with nonzero curvature. For s∗(t) = 0.03t, Figure 5.7(a)

shows four snapshots of the system: the initial condition t = 0; an intermediate state on

the parabolic portion of the path at point s = 1.5, a state across the point s = 10 where

the change of curvature occurs, and the final state where the head overlaps to the last

defined point of the path (s = 15). The zoom of the snapshot around s = 10 is shown in
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Figure 5.5: Head tracking errors |e1 ·η(s∗(t))−d1(t)| (solid line) and |e2 ·η(s∗(t))−d2(t)|
(dashed line) for s(t) = 0.005t; (a) α3 = 20 and s∗(t) = 0.03t and (b) α3 = 20 and

s∗(t) = 0.005t.
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Figure 5.6: (a) Orientation tracking errors for α3 = 20 and s∗(t) = 0.03t; (b) Orientation

tracking errors for α3 = 20 and s∗(t) = 0.005t.
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Figure 5.7: For α3 = 20 and s∗(t) = 0.03t (a) four snapshots of the system and (b)

snapshot around s = 10, with substrate represented by continuous line.
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Fig. 5.7(b).

To illustrate the effect of the relative stiffness α3, we consider the driving kinematics

s∗(t) = 0.03t and two values of α3. As shown in Figure 5.8 this parameter does not affect

the rigid body motion (head tracking error), which is expected (see equation (5.75)) since

α3 is a relative measure of stiffness of the supports with respect to the stiffness of the

beam. Note that Fig. 5.8(a) is the same as Fig. 5.5(a) but zoomed near s = 0 to enhance

the variation of the error. Same consideration applies to the orientation tracking error

as shown by Fig. 5.9 when compared with Fig. 5.6(a) (same s∗(t)). On the other hand,

the shape morphing is affected by α3 (see equation (5.75)) as qualitatively shown in

Fig. 5.10 in which the same snapshot in Fig. 5.7(b) is represented for α3 = 0.5 (α3 = 20

in Fig. 5.7(b)). Indeed with increasing α3 the actuation from the rigid surface through

the elastic supports becomes relatively higher than the stiffness of the body that tends

to react against the shape change.

For the same profile η, for α3 = 20 and s∗(t) = 0.03, Fig. 5.11(a) shows the time

histories of the the the L2 error norms defined by

‖η · e2 − w?‖L2 :=

(∫ 1

0

(η · e2 − w?)2 dX1

) 1
2

(5.81)

with increasing number of basis functions to approximate the spatial fields. Curves are

virtually overlapped, which reveals that within the simplified model considered here the

first mode captures the salient features of the system in terms of shape morphing, as

expected by the hypothesis that the radius of curvature of the substrate is much larger

that the length of the mechanism, and therefore locally it is not expected to have sharp

changes of curvature. To further show the matching between curves, the difference in

the L2 norm for three pairs of consecutive odd number of basis functions is shown in

Fig. 5.11. For the class of systems considered here one mode is therefore sufficient to

describe the shape morphing.

The deformed shapes obtained with one mode and with seven modes are shown in

Figure 5.12, with the proximity between the two curves confirming that the approxima-

tion based on the fundamental modes is accurate within the class of problems considered

here.
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Figure 5.8: Head tracking errors |e1 ·η(s∗(t))−d1(t)| (solid line) and |e2 ·η(s∗(t))−d2(t)|
(dashed line) for s∗(t) = 0.03t; (a) α3 = 20; (b) α3 = 0.5. Results are computed for

0 ≤ s ≤ 15, but they are plotted only for 0 ≤ s ≤ 1.5 in order to zoom on the variation

of the tracking error.
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Figure 5.9: Orientation tracking error for α3 = 0.5 and s∗(t) = 0.03t.
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Figure 5.10: For α3 = 0.5, snapshot of the deformed shape (dashed line) with a near

portion of the rigid substrate represented by the continuous line.
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Figure 5.11: (a) L2 error norm, ‖w?n − η · e2‖L2 with number of basis functions n =

1, 3, 5, 7; (b) L2 error norms
∥∥w?n − w?n−2

∥∥
L2 for n = 1, 3, 5.
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Figure 5.12: Snapshot of the system for α3 = 20 and s∗(t) = 0.03t at s = 10; (a)

deflection field approximated with one basis function; (b) deflection field approximated

with seven basis functions.
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5.8 Conclusions

We have presented a distributed parameters model for the forward locomotion and shape

morphing of a slender hyper-redundant mechanism. The mechanism is coupled with a

rigid substrate by a distributed system of compliant elements, and the deformability of

the system is modeled by adopting the planar linear Timoshenko beam theory. Two

time scales are introduced to formalize the modeling assumption that the evolution of

the rigid body motion is much slower than the evolution of the shape adaptation with

respect to a coupled substrate. The control problem is posed in the appropriate product

Hilbert space in terms of a suitable weak form that encodes the coupling between rigid

body motion and deformation. A reduced order model is introduced, based on space-

time separation and projection on spatial mode shapes of Timoshenko beams. The L2

norm convergence of the approximate solution is assessed, which reveals that for this

class of systems one spatial basis function gives accurate results. The influence of key

parameters is illustrated by numerical simulations.

Current and future work include the consideration of deformable substrate models

and the formulation of the inverse problem to use the device as a sensor with respect

to geometry and constitutive parameters of the environment in which it is deployed.

Future plans include the hardware realization of a hyper-redundant robotic device for

autonomous operation in a variety of environments.
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Chapter 6

Sensing linear viscoelastic

constitutive parameters with a

Timoshenko beam on a multi-layer

foundation: modeling and simulation

The work in this chapter is published in the Journal of Sensing and BioSensing Research.[74]

6.1 Abstract

We present a sensor model comprised of a Timoshenko beam coupled with a linear

viscoelastic substrate via a distributed system of compliant elements. The system of

governing equations includes the evolution of the kinematic descriptors of the Timoshenko

beam and of the interface between the coupling elements and the viscoelastic substrate.

This model is used to pose an inverse problem aimed at estimating the constitutive

parameters of the substrate from deformation measurements of the beam induced by

different input forces and torques. The sensing model is demonstrated by comparing its

prediction with published experimentally obtained constitutive parameters identifying

standard linear viscoelastic material models, showing good agreement between model

estimations and experimental results.

Keywords: Viscoelastic response Sensor model Distributed parameters system

Inverse problem

137
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6.2 Introduction

In this work we propose a model for a continuous deformable system that can be used

as a sensor to estimate constitutive parameters of a substrate to which it is coupled.

The sensor is comprised of a planar Timoshenko beam, and of a distributed system

of compliant elements that exert the coupling with the substrate. The system is a

sensor in the sense that kinematic quantities (that is, deflections and rotations along the

axis of the beam) are acquired through measurements; the model of the system allows

then to define a cost function that encodes least square residuals between measurements

and model displacements, including constitutive parameters that can be estimated by

minimizing the cost function. This leads naturally to an inverse problem formulation, in

which the action or external forces (from the substrate) that determine a given kinematics

(measured) has to be found. One important application of this work is the estimation of

material parameters for soft biological tissues, which is demonstrated by comparison of

the predictions of the proposed model with published results.

Inverse problems deal in general with the determination of unknown parameters in

a wide range of engineering and science applications [1–5]. Inverse problems for hyper

redundant mechanisms with different geometric and dynamic conditions can be found

in [6–11]. For elongated hyper-redundant systems models of one dimensional continua

with local Euclideian structure (beam models) are often naturally adopted, due to their

suitability in describing the features associated with the slenderness. Among all, many

studies have been dedicated to inverse problems applied to structural health monitoring,

crack identification, or to the estimation of material properties of soils [12–25]. Addition-

ally, the mechanical properties play a key role in stability, development, and remodeling

of biological tissues, and the constitutive response of biomaterials can be correlated to

the physical structure of living tissues and with eventual abnormalities, resulting into

diagnosing techniques [26, 27]. The links between biomechanics and human diseases have

been the subject of considerable scientific research efforts [28–31]. Recent developments

of the study of biological systems has reached a point where it can benefit considerably

from contributions from continuum mechanics, which have provided a framework to ana-

lyze and predict the behavior of biomechanical mechanisms without specifically modeling

the properties at the cellular and molecular levels [32–34].

In inverse problem solutions, different optimization techniques are used to estimate

time dependent parameters, often related to root searching iterative methods belonging to

the family of steepest descent and scaled steepest descent methods. Textbook [35] present
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general methods of solution of inverse problems for vibrating systems; the application of

different optimization methods to the solution of inverse problems for linear and nonlinear

vibrating and static systems can be found in [36–42]. In this work we use the least squares

error method to reconstruct smooth beam deformed shapes from discrete measurements

along the axis, and to estimate time dependent material parameters in the constitutive

models of soft tissues coupled with the sensor. This class of numerical optimization tools

has been used in [43, 44] to estimate time dependent material parameters, and in [45–47]

to solve inverse problems in linear and non-linear vibrating systems.

The rest of paper is organized as follows. In Section 6.3 we present the continuous

model of a linear Timoshenko beam coupled with a viscoelastic foundation by a contin-

uous distribution of compliant elements. The viscoelastic foundation represents linear

viscoelastic materials for which we want to estimate constitutive parameters. This set-

ting allows to formulate the problem as the one of a beam on a multi-layer foundation.

A reduced order model for the beam on viscoelastic foundation is then derived, to allow

to solve the coupled system of governing partial differential equations. In Section 6.4

we formulate the inverse problem to estimate constitutive parameters of the substrate.

Results and discussions are presented in Section 6.5.

6.3 Mechanical model of the coupled system

In this section we present the mechanical model of a deformable body coupled with a vis-

coelastic substrate through a distributed system of deformable elements. The deformable

body along with the distributed system of coupling elements is inspired by a class of or-

ganisms that move on unstructured substrates by adapting the shape of their bodies

to non-zero curvatures of the substrates (shape morphing) and by forward locomoting

through a traveling wave-like motion transmitted by the legs in contact with the sub-

strate. These features have been used in [48, 49] to model and simulate shape morphing

and forward locomotion. Here, these ideas are extended to exploit the system’s features

as a sensor, in which case the shape morphing parameters are observable (measured) and

suitable characteristics of the substrate are reconstructed based on the model presented

below. Specifically, we consider an elastic elongated body on a generalized foundation,

where the two layers of the foundation are provided by the coupling system and by the

substrate, see schematics in Fig. 6.1. The governing equations of the system include the

evolution of the Timoshenko beam and of the interface between the substrate and the

coupling elements.
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d(x) = η(x, t0)
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Figure 6.1: Sensor mechanism analogy model on viscoelastic foundation, and detail of

the free body diagram of a portion of the beam.

6.3.1 Sensor’s body model

We are interested in describing the kinematics of a deformable body that can be con-

sidered as the limit of a sequence of rigid elements connected through soft elements

acting as spherical joints. This reproduces the salient characteristics of the bodies of

millipedes [50–52] that specifically characterizes their peculiar shape morphing coupled

with forward locomotion. In order to retain the independent relative rotational motion

between two contiguous elements, it is natural to adapt a Timoshenko beam model that

is a one dimensional continuum (axis) with a local Euclideian structure describing the

state of cross section [49]. We consider the variation of the curvature of the substrate

to be small, and the mechanism to be locally parallel to the substRrate, which implies

that deformations are small [53]. Let {x, y, z} be a fixed rectangular Cartesian frame

with x ∈ [0, L] spanning the initially rectilinear axis of the beam, and {y, z} spanning

the beam’s cross section. By referring to Fig. 6.1, let u be the axial displacement, ψ be

the rotation angle of the cross section, and w be the transverse displacement. The linear
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planar Timoshenko beam is then described by the following set of evolution equations

%A
∂2u

∂t2
+ cu

∂u

∂t
=

∂

∂x

(
EA

∂u

∂x

)
+ pu (6.1a)

%A
∂2w

∂t2
+ cw

∂w

∂t
=

∂

∂x

(
kAG

(
∂w

∂x
− ψ

))
+ pw (6.1b)

%I
∂2ψ

∂t2
+ cψ

∂ψ

∂t
=

∂

∂x

(
EI

∂ψ

∂x

)
+ kAG

(
∂w

∂x
− ψ

)
+ pψ (6.1c)

where % is the volume mass density, A the area of the cross section, I the moment of

inertia, E and G respectively Young’s and shear elastic moduli, k is the shear mod-

ulus (nondimensional parameter that depends on the geometry), and pu, pw, and pψ

are distributed loads (per unit length) in the axial and transverse directions and a dis-

tributed couple perpendicular to the plane of motion. Terms proportional to the first

time derivatives through coefficients cu, cw, and cψ model the structural damping as

equivalent viscous damping [54]. Structural damping accounts for hysteresis phenomena

in elastic materials undergoing cyclic loading [54, 55], and therefore it depends on the

frequency of excitation. In equivalent viscous damping models the dependency on the

frequency of excitation ω̄ is included through the proportional coefficients by the inverse

law cu = c̄u/(πω̄) (similarly for cw and cφ) [55], where c̄u is a constant independent of ω̄.

We consider the following force (von Neuman) boundary conditions

At x = 0 : kAG

(
∂w

∂x
− ψ

)
+Q0 = 0, EI

∂ψ

∂x
+ T0 = 0 (6.2a)

At x = ` : −kAG
(
∂w

∂x
− ψ

)
+Q` = 0, −EI ∂ψ

∂x
+ T` = 0 (6.2b)

where Q0, Q` and T0, T` are respectively shear forces and bending moments applied at

the boundaries x = 0 and x = `, see Fig. 6.1.

6.3.2 Substrate model

Figure 6.1, shows a Timoshenko beam as sensor which is supported by a system of

distributed compliant elements connected with a substrate with viscoelastic response.

Several foundation models can be found in the literature to describe thin structures on

continua. For linear viscoelastic materials, the relation between stress and strain is a

function of strain and strain rate. With reference to Fig. 6.2, typical linear viscoelastic

responses have lumped representations described by Kelvin-Voigt, Maxwell, and standard

linear models. The standard linear model is used to describe the linear viscoelastic
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response of a number of soft and biological materials, among others. The constitutive

relation for the standard solid model is [56]

κ1σ + µσ̇ = κ1κ2ε+ µ (κ1 + κ2) ε̇ (6.3)

where σ is the normal stress, ε is the normal strain, a superimposed dot means material

time differentiation, and κ1, κ2, and µ are stiffness and damping parameters of the

elements represented in Fig. 6.2, having the physical dimensions of elastic and viscous

moduli, respectively. Here we defined normal stress and normal strain by considering

a continuous distribution of lumped elements. By referring to Fig. 6.1 we define the

undeformed profile of the substrate to be d(x), and the deformation of the same profile

with respect to the undeformed configuration to be η(x, t). The profile d(x) can be

interpreted as the thickness of a viscoelastic layer with respect to the depth of a layer

that is not affected by the interaction with the beam, so that the normal strain ε in the

viscoelastic model can be expressed as ε = η/d. Considering pη as the normal force per

unit width of the substrate exerted by the viscoelastic layer, we can rewrite the balance

in (6.3) as

κ1pη + µṗη = κ1κ2
η

d
+ µ (κ1 + κ2)

η̇

d
(6.4)

i) Kelvin Model

ii) Maxwell Model

iii) Standard Linear Model

κ µ

µ

µ

κ

κ2 κ1
0.1 0.2 0.5 1.0 2.0 5.0 10.0 20.0 50.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

logHtL

Σ
Ht
L

(a) (b)

Figure 6.2: (a) Three linear viscoelastic models and (b) stress-relaxation response of an

standard linear viscoelastic model with κ1 = 2 N m−1, κ2 = 1.5 N m−1, µ = 20 N s m−1.
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6.3.3 Model of the coupled system

The sensing system modelled in this work is comprised of a deformable body coupled

with a substrate through a distributed set of compliant elements. In order to describe

the coupling between the different parts we adopt a multi-layer foundation model with a

beam resting on it. Specifically, the foundation model is comprised of two layers respec-

tively representing the coupling elements and the visco-elastic substrate. Following [57]

we obtain an evolution equation for the interface between the two layers that is coupled

with the evolution of the body described as a Timoshenko beam. The solution of the

evolution of the interface describes the profile of the substrate to which the sensor is

deployed. Different elastic and visco-elastic foundation models have been introduced to

appropriately describe relevant scenarios [57]. The simplest is the Wrinkler model, in

which the foundation is described as a system of independent springs reacting to the

deflection of the body [58, 59]. Two parameters extensions of the Wrinkler model have

been proposed by Filolenko-Borodich [60] and Pasternak [61–63] respectively by consid-

ering membrane like interactions (with constant tension) and shear interactions among

springs. Alternatively to this family of models that are based on interactions between

mechanical elements, continuum medium based model have been proposed based on vari-

ational formulations that include assumed kinematics of the foundation elastic medium

[58, 64]. The Vlasov model [65] is based on the assumption that the in-plane displace-

ment of the structure is identically zero, and the displacement on the transverse direction

is controlled by the structure’s deflection through a shape function that expresses the

dependency on the depth of the elastic medium. A rigorous derivation of the shape

function of the Vlasov model is presented in [64]. The generalized Vlazov-Jones model

is presented in [66] to account for non-vanishing in-plane structural displacements, and

adapted in [67] to to describe the isotropic matrix material in syntactic foams particulate

composites. All two parameter models are equivalent in the sense that they are described

by the same constitutive relation, except for the computation of the parameters [68].

To describe the interaction between the coupling elements and the body we adopt a

generalized foundation model [68], in which the coupling elements transfer a distributed

force and a distributed couple constitutively related to the kinematics of the Timoshenko

beam and to the interface deformation descriptor η. By introducing the external body

forces pb and external body couples pc we specify the forces and couples in (6.1) by

pw = pb − κw(w − η), pψ = pc − κψ
(
ψ − ∂η

∂x

)
(6.5)
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where κw and κψ (respectively with SI physical dimensions N m−2 and N m−1) are elastic

constants associated to linear and rotational distributed springs. Therefore the coupling

elements relate the profile η and its slope to the kinematics of the Timoshenko beam. In

the sensing framework pb and pc can be considered as inputs to the system that allow

to estimate constitutive parameters, as specified below. The reactions −κw(w − η) and

κψ(ψ−∂η/∂x) are measured with respect to the static reactions −κwd and κψ∂d/∂x, and

therefore d(x) can be considered as the initial undisturbed profile under static equilibrium

conditions. Additionally, we assume pu = 0 as we focus on the deflection of the body.

To obtain the evolution of the interface we assume that only normal interactions are

transmitted through it, that is the coupling elements and the substrate interacts only

through normal forces. More general multi-layer foundations consider shear interactions

as well [69]. The balance of normal forces at the interface gives

−κw(w − η) + pη = 0 (6.6)

Substituting (6.6) into (6.4) we obtain the evolution equation for the interface that has

initial undisturbed profile d(x)

κ1κw(w − η) + µκw(ẇ − η̇)− κ1κ2
η

d
− µ (κ1 + κ2)

η̇

d
= 0 (6.7)

6.3.4 Nondimensional Governing Equations

We introduce the nondimensional variables

x̂ =
x

`
, t̂ =

t

τ
, ŵ =

w

`
, p̂b =

pb
κw`

, p̂c =
pc
κψ`

, η̂ =
η

`
, d̂ =

d

`
(6.8)

where ` is the total length of the undeformed body, and τ is the characteristic time that

is given by

τ 2 =
%`2

kG
(6.9)

By substituting (6.5) into (6.1b),(6.1c) and (6.7), we rewrite the governing equations in

nondimensional form as

∂2w

∂t2
+
αw
ω?

∂w

∂t
− ∂2w

∂x2
+
∂ψ

∂x
+ α3w = pb + α3η (6.10a)

α1
∂2ψ

∂t2
+
αψ
ω?

∂ψ

∂t
− ∂2ψ

∂x2
+ α4ψ − α1α2

(
∂w

∂x
− ψ

)
= pc + α4

∂η

∂x
(6.10b)

β1(w − η) + βµ(ẇ − η̇)− β1β2
η

d
− βµ (β1 + β2)

η̇

d
= 0 (6.10c)
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Here we have dropped the hat to indicate nondimensional quantities, and we have

introduced the nondimensional groups

α1 =
kG

E
, α2 =

A`2

I
, α3 =

κw`
2

kAG
, α4 =

κψ
EI

(6.11a)

ω? = ω̄τ, αw =
c̄w`

2

πkAG
, αψ =

c̄ψ`
2

πEI
(6.11b)

β1 =
κ1

κ`
, β2 =

κ2

κ`
, βµ =

µ

κ`τ
. (6.11c)

Therefore α1α2 is a measure of the shear stiffness versus the bending stiffness, α3 is

a measure of the legs’ linear stiffness versus the shear stiffness, α4 measures the leg’s

bending stiffness with respect to the bending stiffness of the body, and αw and αψ are

structural damping factors.

The nondimensional version of boundary conditions (6.2) is

At x = 0 :
∂w

∂x
− ψ + Q̂0 = 0,

∂ψ

∂x
+ T̂0 = 0 (6.12a)

At x = ` : −
(
∂w

∂x
− ψ

)
+ Q̂1 = 0, −∂ψ

∂x
+ T̂1 = 0 (6.12b)

where nondimensional forces and torques Q̂ and T̂ are obtained from the corresponding

dimensional ones respectively by dividing by kAG and by EI. Since no ambiguity arises,

in the following we will drop the hat for the nondimensional boundary forces and torques.

By assuming that only the portion of the substrate in contact with the sensor experiences

deformation, we adopt the following boundary conditions for the field η

η(x, t) = 0 at x = 0 and x = 1. (6.13)

6.3.5 Reduced Order Model

We obtain a reduced order model for the flexural and rotational motions through Galerkin

projections of the fields w, ψ, and η on suitable bases. By separation of variables, the

kinematic fields are expressed as

w(x, t) = w̄T(x)a(t) (6.14a)

ψ(x, t) = ψ̄T(x)b(t) (6.14b)

η(x, t) = η̄(x)c(t) (6.14c)

where w̄ = (w̄1 · · · w̄n)T, ψ̄ =
(
ψ̄1 · · · ψ̄n

)T
, and η̄ are spatial basis functions. Basis

functions w̄ and ψ̄ are obtained by solving the vector eigenvalues problem associated
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with a planar Timoshenko beam with free end boundary conditions, see [49] and the

Appendix for details. The mode shapes are normalized with respect to the maximum

amplitude. The plots of the first three modes w̄, and ψ̄ normalized with respect to the

maximum value are given in Figure 6.3. The interface η is considered as a perturbation

of the undeformed profile d(x), and the basis function η̄ is chosen to be a quadratic

polynomial satisfying homogeneous boundary conditions

η̄(x) = x(x− 1) (6.15)

Coefficients a = (a1 · · · an)T, b = (b1 · · · bn)T and c(t) represent unknowns time de-

pendent amplitudes. By introducing the matrices (see Appendix 6.6 for more details)

M1 =

∫ 1

0

w̄w̄Tdx, M2 =

∫ 1

0

ψ̄ψ̄Tdx, M3 =

∫ 1

0

η̄2dx (6.16a)

K1 =

∫ 1

0

dw̄

dx

dw̄T

dx
dx, K2 =

∫ 1

0

dψ̄

dx

dψ̄T

dx
dx, K3 =

∫ 1

0

η̄2

d
dx (6.16b)

Kwψ =

∫ 1

0

dw̄

dx
ψ̄Tdx, Kηw =

∫ 1

0

η̄w̄dx, Kψη =

∫ 1

0

ψ̄T dη̄

dx
dx (6.16c)

we obtain the reduced order model in the form of the following coupled ordinary differ-

ential equations for the amplitudes a(t), b(t) and c(t)

M1ä(t) +
αw
ω?

M1ȧ(t) + (K1 + α3M1) a(t)−Kwψb(t)− α3K
T
ηwc(t) = Fw(t) (6.17a)

α1M2b̈(t) +
αψ
ω?

M2ḃ(t) + (K2 + (α1α2 + α4) M2)b(t)− α1α2K
T
wψa(t)

−α4Kψηc(t) = Fψ(t) (6.17b)

βµ (M3 + (β1 + β2)K3) ċ(t) + β1 (M3 + β2K3) c(t)−Kηw (β1a(t) + βµȧ(t)) = 0 (6.17c)

where forcing terms Fw and Fψ are given by

Fw = − (Q0w̄(0) +Q1w̄(1)) +

∫ 1

0

pbw̄dx (6.18a)

Fψ = −
(
T0ψ̄(0) + T1ψ̄(1)

)
+

∫ 1

0

pcψ̄dx (6.18b)

Forces and moments in (6.18) can be considered as inputs to the sensor system, with

corresponding deformations and internal forces obtained by measurements.
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Figure 6.3: First three flexural and rotational modes, normalized with respect to the

maximum value along the beam’s span.
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Figure 6.4: Schematic for the sensor system with set of observation points (s1, s2, · · · , sn)

along the beam axis.

6.4 Inverse Problem

In this section we present a procedure to use the model described in Section 6.3 to es-

timate the material properties of the viscoelastic layer, see Fig. 6.4. The model for the

coupled system is given by the set of equations (6.10), which describe the coupled evolu-

tion of the beam and of the interface between the substrate and the coupling elements.

We formulate an inverse problem based on the model (6.10) to estimate the material

parameters of the substrate given displacement and/or force measurements of the beam.

The general structure of the inverse problem is schematized in Fig. 6.5, where a least

squares residuals cost function is build from measurements and the model, and material

parameters are selected as minimizers of such cost function. As specified below, different

cost functions can be defined based on the nature of measurements, that is weather

considering a displacement sensor or a force sensor.

6.4.1 Displacement sensor

When using the system as a displacement sensor, a time series of displacements of the

beam are taken at a set of observation points x1, . . . , xn along the axis of the beam. Such

time series measurements can be typically collected by a system of strain gauges or other

common strain sensors while the system responds to a suitable excitation. At time t, the

spatial sets of displacements are denoted by the collections

w̃(t) = (w̃1(t), . . . , w̃n(t))T (6.19a)

ψ̃(t) =
(
ψ̃1(t), . . . , ψ̃n(t)

)T
(6.19b)
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Figure 6.5: General flowchart of inverse problem.

In order to estimate the material parameters corresponding to the model (6.10) we define

the least square residuals cost function by

R(ĝ) =
1

2

N∑

j=1

(
(w̃(tj)−w(ĝ, tj))

T (w̃(tj)−w(ĝ, tj))

+
(
ψ̃(tj)−ψ(ĝ, tj)

)T (
ψ̃(tj)−ψ(ĝ, tj)

))
(6.20)

where ĝ is a set of estimated parameters, that in this case include the viscoelastic con-

stitutive parameters of the substrate, that is ĝ = (β̂f1 , β̂f2 , β̂µ);

w(ĝ, t) = (w(x1, t), . . . , w(xn, t))
T , ψ(ĝ, t) = (ψ(x1, t), . . . , ψ(xn, t))

T (6.21)

are n-collections obtained by evaluating at the observation points a solution of (6.10) for

a given set of parameters ĝ.

The cost function is minimized through a Nelder-Mead method which is natively

implemented in a Matlab© routine solver [70]. This method is based on an iterative

technique to solve nonlinear inverse problems for parameter estimation. By referring to

Fig. 6.5 the routine stops when the residual R is smaller than a user defined parameter,

which in this work is set to 10−7. The default value from the solver is 10−4.
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6.5 Results and Discussions

6.5.1 Geometry and material parameters

We consider a beam with rectangular cross section. The structural damping parameters

are set to αw = αψ = 10, see Section 6.3.1 for details. The material is characterized

by shear modulus ten times smaller than the Young’s modulus, and therefore α1 = 0.1.

Moreover, we consider the overall shear stiffness kGA`2 to be one hundred times larger

than the bending stiffness EI, and therefore α1α2 = 100. Simulations do not require

the specification of the scaling time τ ; however, the choice of this parameter dictates

the density and the length of the device once the shear modulus is given. Simulation

scenarios are always set with measuring dataset for the vertical and rotational deflection

of the system with α3 = 10, meaning that the stiffness of the coupling elements is ten

times larger than the shear stiffness of the body so that the body of the sensor morphs

according to the shape of the substrate, see [49]. The undisturbed depth of the substrate

is set to d = 1. The sensor model presented in this work was tested by estimating the

viscoelastic parameters of specimens tested in [71], where standard linear viscoelastic

material parameters where obtained from experimental data through material response

fit.

Fields w and ψ in the reduced order model are both projected on the first two bases

functions; this choise is dictated by the necessity to capture even and odd characteristics

of forcing terms, see Fig. 6.3.

6.5.2 Displacement sensor

In this section we present simulation results for the system deployed as a displacement

sensor. The implementation of this scenario requires a set of N observation points along

the axis of the beam on which strain and/or displacement sensors are installed (typically

strain gauges). To induce a deformation of the beam coupled with the substrate we

consider two different force inputs. In the first case we consider in (6.18) Q0 = Q1 = −Q,

while all the other forcing terms are zero. The forces are applied for 20 nondimensional

time units, so that the forcint term becomes

Fw(t) = Q(w̄(0) + w̄(1))(u(t)− u(t− 20)) (6.22)

where u is the unit step function which evaluates to 1 whenever its argument is greater

than 0. In the second case we considered a distributed torque pc in (6.18), while the
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remaining forcing parameters in (6.18) are zero. The distributed torque is nonzero in the

nondimensional time interval [0, 20], so that the expression for pc is

pc = −T
(
u(x)− 2u

(
x− 1

2

))
(u(t)− u(t− 20)) (6.23)

where T is the nondimensional amplitude of the distributed torque.

Table 6.1: Standard linear viscoelastic material parameters experimentally obtained in

[71] for different specimens.

Specimen β1 β2 µ

PH45 0.68 0.39 2.14

PH56 0.56 0.48 5.54

PH76 0.80 0.19 3.76

Simulated measurements for the cost function (6.19) were generated by solving (6.17)

for the deformation of the beam when a given set of material parameters are assigned.

Simulated measurements are taken with sample rate 1 Hz, and unless otherwise specified

white noise with standard deviation 4% is added. Material parameters for the beam

system are described above, whereas for the substrate we adopted the ones published in

[71] and reported in Table 6.1 in nondimensional form. The actual measurements are

obtained from the displacements by adding white noise. All numerical examples refer to a

system with two observaton points at the abscissaee x = 0.5 and x = 0.75 along the axes

of the beam. The set of nondimensional beam parameters is completed by considering

three cases with α4 = (1, 10, 20), meaning that the rotational stiffness of the coupling

springs could be in the order of the bending stiffness of the body or stiffer. When the

displacement is projected on the first two bases functions, the input force (6.22) with

Q0 = Q1 = 1 is

Fw =

(
−3.16233

0

)
(u(t)− u(t− 20)) (6.24)

Dots and solid lines in Fig. 6.6 show simulated measurements and displacement solutions

for vertical and rotational displacements of the Timoshenko beam from the reduced or-

der model, with α3 = 10 and α4 = 10. The corresponding estimated material properties

are shown in the first row of Table. 6.2. These results are in good agreement with the

measurements from [71] reported in Table 6.1 in nondimensional form for comparison.



Sensing linear viscoelastic constitutive parameters 152

Corresponding deflection η(x) of the substrate at x = 0.5 is shown in Fig. 6.7(a) re-

vealing a typical creep response due to a step load history; three snapshots (t = 16,

t = 20 and t = 100) of the deflections of the beam and of the substrate obtained as

the solution of the reduced order model are shown in Fig. 6.7(b), where the horizontal

configuration corresponds to unloaded specimen after 80 nondimensional time units the

force is released.

Table 6.2: Estimated material properties of a standard linear viscoelastic substrate with

step input forces 6.24.

α3 α4 β1 β1 βµ

10 1 0.81 0.19 3.77

10 10 0.79 0.22 3.72

10 20 0.78 0.22 3.71

For different values of the coupling elements stiffeness α4 = (1, 10, 20) and for α3 = 10,

the converged estimated viscoelastic parameters are summarized in Table 6.2. Corre-

sponding deflections of the substrate at x = 0.5 are shown in Fig. 6.8(a), and deformed

shapes of the beam and of the substrate at t = 20 are shown in Fig. 6.8(b). For the

simulated sensor system increase in α4 causes an increasing in the beam deflection and

consequently in the induced deflection viscoleastic substrate, but material parameters es-

timation is not significantly affected. On the other hand, increase in α3 means increasing

the stiffness of the cupling springs with respect to the stiffness of the beam, which implies

smaller deflections w and η for the same input force. At the limit, for very large α3, the

deflection of the beam would morph on the profile d(x), and therefore very stiff coupling

elements would compromise the functioning of the sensor deployed on an initially flat

substrate.

As a second example we consider the input torque (6.23). For T = 5, the projected

input torque Fψ in (6.18) is

Fψ =

(
14.04

0

)
(u(t)− u(t− 20)) (6.25)

Table. 6.3 shows the corresponding converged estimated parameters for α3 = 10 and

α4 = (1, 10, 20); also in this case the estimated parameters are in good agreement with

the ones reported by [71], and no significant difference is observed with respect to the

input considered above. Dots and solid lines in Fig. 6.9 show simulated measurements
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Figure 6.6: Simulated measurements (dots) and displacement solutions (solid line) of

governing equations of the coupled system (6.17) for α3 = 10 and α4 = 10 and step input

force (6.24), for (a) vertical displacement, and (b) rotational displacement.
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Figure 6.7: Plot of (a) time history of the deflection of the substrate at x = 0.5; (b)

beam and substrate deformed shapes at nondimensional times t = 16, t = 20, t = 100,

for α3 = 10 and α4 = 10 and step input force (6.24).
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Figure 6.8: Plot of (a) Time history of the deflection of the substrate at x = 0.5 ; (b)

Beam and substrate deformed shapes at ondimensional times t = 16, t = 20, t = 100,

for α3 = 10 and α4 = (1, 10, 20) and step input force (6.24).
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Table 6.3: Estimated material properties of a standard linear viscoelastic substrate with

step input distributed torque (6.25).

α3 α4 β1 β1 βµ

10 1 0.81 0.19 3.77

10 10 0.81 0.19 3.76

10 20 0.79 0.182 3.76

and displacement solutions from the reduced order model, for α3 = 10 and α4 = 10; as

before, measurements are simulated with material properties from Table 6.1, and time

history of the displacement is plotted with estimated material parameters from Table 6.3.

Corresponding deflection η of the substrate at x = 0.5 is shown in Fig. 6.10(a), and

Fig. 6.10(b) shows three snapshots (t = 16, t = 20 and t = 100) of the deflections of the

beam and of the substrate obtained as solutions of the reduced order model. Deflection

of the substrate at x = 0.5 for α3 = 10, α4 = (1, 10, 20), and estimated parameters, which

are summarized Table 6.3, are shown in Fig. 6.11(a), and deflections of the beam and of

the substrate for the governing equations of the coupled system for t = 20 are shown in

Fig. 6.11(b). Also in this case the displacements are consistent with the expected creep

response.

Simulation results were repeated by simulating strain measurements with three dif-

ferent white noise levels and applying the input force in (6.24), in order to check the

robustness of the method with respect to noise. Specifically, measurements were sim-

ulated by adding to the model output displacement white noise terms sampled from

Gaussian distributions with 2%, 6%, and 10% standard deviations. Noisy displacements

for 6% and 10% cases are shown as dots in Fig. 6.12, along with solid lines showing

their common expected values. Estimated material parameters for the three cases are

shown in Table 6.4, revealing a close agreement regardless of the different noises con-

sidered. Further increasing of the noise would require the inclusion of noise elimination

techniques [72].

In order to check the consistence of the sensor with respect to different specimens, the

material property estimation has been repeated by simulating strain measurements with

three different specimens presented in Table I of [71] (see Table 6.1 above). Considering

the input force (6.24) and for α3 = 10 and α4 = 10, Table 6.5 presents the converged

estimated parameters for three specimens, that are in good agreement with the ones ex-

perimentally obtained in [71]. Deflections η of these specimens at x = 0.5, corresponding



Sensing linear viscoelastic constitutive parameters 157

0 20 40 60 80 100

-0.025

-0.020

-0.015

-0.010

-0.005

0.000

t

w
H0
.5
,t
L

Α3=10, Α4=10

(a)

0 20 40 60 80 100

0.00

0.05

0.10

0.15

0.20

t

Ψ
H0
.7
5
,t
L

Α3=10, Α4=10

(b)

Figure 6.9: Simulated measurements (dots) and displacement solutions (solid line) of

governing equations of the coupled system (6.17) for α3 = 10 and α4 = 10 and step

torque (6.25), for (a) vertical displacement, and (b) rotational displacement.
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Figure 6.10: Plot of (a) time history of the deflection of the substrate at x = 0.5 ; (b)

beam and substrate deformed shapes at nondimensional times t = 16, t = 20, t = 100,

for α3 = 10 and α4 = 10 and step torque (6.25).
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Figure 6.11: Plot of (a) time history of the deflection of the substrate at x = 0.5 ; (b)

beam and substrate deformed shapes at nondimensional time t = 20, for α3 = 10 and

α4 = (1, 10, 20) and step torque (6.25).
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Table 6.4: Estimated material properties for the standard linear viscoelastic substrate

with respect different noise standard deviations for simulated measurements, α3 = 10,

α4 = 10, and step input force (6.24).

Noise standard deviation β1 β1 βµ

2% 0.81 0.19 3.76

6% 0.81 0.19 3.77

10% 0.84 0.21 3.82

to estimated parameters in Table 6.5, are shown in Fig. 6.13.

Table 6.5: Estimated material properties for different specimens in [71]. Simulated mea-

surements are obtained for α3 = 10, α4 = 10, and step input force (6.24).

Material β1 β1 βµ

PH45 0.67 0.38 2.13

PH56 0.56 0.47 5.54

PH76 0.81 0.19 3.76

6.6 Conclusion

We derived the initial boundary values problem governing the evolution of a Timoshenko

beam and of the profile of a linear viscoelastic substrate that are coupled through a

system of compliant elements. This system has been used as the model to pose an inverse

problem for the estimation of the constitutive parameters of the viscoelastic substrate,

with material response modeled as standard linear viscoelastic. Material parameters

are the minimizing set of a least square cost function encoding the residuals between

displacement measurements and model predicted displacements.

Predictions of the sensing apparatus are obtained by simulating the estimation of ma-

terial parameters for specimens that have been experimentally characterized. Simulated

measurements are based on the published values of constitutive viscoelastic parameters.

Predictions of the model accurately reproduce published experimental characterizations

of standard linear viscoelastic materials, and they show robustness with respect to rela-

tively high white noise added to the simulated measurements.

Current and future work include the hardware realization of the system proposed
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Figure 6.12: Simulated measurements (dots) and displacement solutions (solid line) based

on estimated parameters in Table 6.5 with step input force (6.24) for (a) noisy mea-

surements with standard deviation ±6%, and (b) noisy measurements with standard

deviation ±10%.

here, and the experimental testing on soft and biological tissues that typically exhibit

viscoelastic responses. The sensor model is being merged with a locomotion and shape
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Figure 6.13: Simulated substrate displacement at point x = 0.5, based on estimated

parameters in Table 6.4 with step input force (6.24).

morphing model for the same system, with the goal of realizing an autonomous hyper-

redundant robotic system that can be deployed in non-structured environments and can

be used for sensing, monitoring, and exploring. Device miniaturization allow for sensing

of biological tissues with diagnosis related applications.
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Appendix 1: Basis functions

To obtain the natural frequencies and associated eigenfunctions for w and ψ we follow the

approach in [73], which is based on the solution of a vector eigenvalues problem for the

system of two coupled second order differential equations for the transverse displacement

and for the the rotation of the cross section. For the analytical expressions we follow

the general procedure that consists on the time-space separation of variables followed by

substitution in the homogeneous governing equations. The general solution of the second

and third equations (6.10) with α3 = α4 = 0 (no forcing terms and no coupling with the

substrate) is therefore assumed to be of the form

(w(x, t) ψ(x, t))T = exp(iωt) (W (x) Ψ(x))T

where ω is the frequency of oscillation, i =
√
−1 is the imaginary unit, and W (x), Ψ(x)

are functions in [0, 1] that express the dependency on x. By separating the variables

and considering the vector evaluated function exp(λx)
(
W̄ Ψ̄

)T
, where W̄ and Ψ̄ are

constants, in the spatial eigenvalue problem. Spatial eigenvalue function is a solution for

some positive constant λ if and only if

(
λ2 + β1 −λ
β3λ λ2 + β2

)(
W̄

Ψ̄

)
=

(
0

0

)

with nondimensional parameters βi defined by

β1 = ω2, β2 = α1

(
ω2 − α2

)
, β3 = α1α2

In order the root of the characteristic polynomial λ4 + (β1 + β2 + β3)λ2 + β1β2 = 0 to be

real it must be ∆ > 0, which is satisfied for β1β2 < γ2/4, where γ = β1 + β2 + β3. The

condition ∆ > 0 dictates ω > 0; therefore it must be γ > 0 since this is the case when γ

is evaluated for ω > 0. For ∆ > 0 and γ > 0 we have

λ1 = ±iθ, θ2 =
γ

2

(√
∆ + 1

)

For β1β2 < 0 we have
√

∆ > 1 and

λ2 = ±µ, µ2 =
γ

2

(√
∆− 1

)
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For this case the general solution is therefore given by [73]

Φ(x) = C1

(
sin θx

−β1−θ2
θ

cos θx

)
+ C2

(
cos θx

β1−θ2
θ

sin θx

)

+C3

(
sinhµx

β1+µ2

µ
coshµx

)
+ C4

(
coshµx

β1+µ2

µ
sinhµx

)

Imposing the free end boundary conditions at x = 0 we obtain

C1 = C3
θ

µ
C2 = −C4

β1 + µ2

β1 − θ2

By imposing the free end boundary conditions at x = 1 we obtain the following linear

algebraic relations involving C3 and C4

A

(
C3

C4

)
=

(
0

0

)

with coefficients matrix A given by

A =

(
θ
µ

(β1 − θ2) sin θ + (β1 + µ2) sinhµ (β1 + µ2) (coshµ− cos θ)

−β1
µ

coshµ −β1
µ

sinhµ

)

The nontrivial solutions of the system are obtained by investigating the condition for

rank deficiency of the coefficients matrix, which translates to the determinant being zero

− cos θ coshµ+
θ(θ2 − β1)

µ(µ2 + β1)
sin θ sinhµ+ 1 = 0 (6.26)

All parameters in the characteristic equation depend on ω and on the material and

geometric parameters of the system. Therefore, once the material and the geometry are

defined the characteristic equation is a nonlinear function of ω only.

Appendix 2: Galerkin projection

The Galerkin projection technique dictates the substitution of (6.14) into the second

and third equations (6.10) and premultiplication by the sets of test functions w̄, ψ̄,

and η̄ respectively. Integration of the domain of the projected governing equations and
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integration by parts give

∫ 1

0

w̄
(
w̄Tä +

αw
ω?

w̄Tȧ + α3w̄
Ta
)

dx−
∫ 1

0

dw̄

dx
ψ̄Tbdx+

∫ 1

0

dw̄

dx

dw̄T

dx
adx

− w̄

(
dw̄T

dx
a− ψ̄Tb

)∣∣∣∣
1

0

−
∫ 1

0

α3w̄η̄dx =

∫ 1

0

w̄pbdx (6.27)

∫ 1

0

ψ̄

(
ψ̄Tb̈ +

αψ
ω?
ψ̄Tḃ− α1α2

(
dw̄T

dx
a− ψ̄Tb

)
− α4

dψ̄T

dx
b

)
dx

+

∫ 1

0

dψ̄

dx

dψT

dx
bdx− ψ̄dψ̄T

dx
b

∣∣∣∣
1

0

+

∫ 1

0

α4ψ̄
∂η̄

∂x
dx =

∫ 1

0

ψ̄pcdx (6.28)

∫ 1

0

η̄
(

(βµη̄ + βµ(β1 + β2)
η̄

d
)ċ + (β1η̄ + β1β2

η̄

d
)c
)

dx

−
∫ 1

0

η̄ (β1w̄ȧ + β2w̄a) dx = 0 (6.29)
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Chapter 7

Summary and Conclusions

7.1 Summary

The first part of the thesis has served as an introduction about organization and moti-

vation of this work. A detailed introduction has been proposed to describe the robotic

modelling in general. A literature review in the field of hyper redundant mechanisms

and robotics is given Chapter 1. An overview of significant modeling frameworks used

in the attached papers has been given in the rest of Part I.

In Chapter 4 we presented the model of a continuous slender mechanism that is

the first step towards the modeling and design of a hyper-redundant autonomous with

adaptive body shape. The model describes the coupling with a substrate represented

by a smooth curve, with the physical connection between the body and the substrate

represented by a distribution of linear compliant elements. The time varying system is

conveniently described in closed loop form with desired trajectory related to the shape

of the substrate. We formulated the problem as a tracking system with the deformed

shape of the robot reproducing the shape of the substrate. The model proposed here is

suitable to describe the shape adaptation of slender flexible robotic devices coupled with

the substrate. If the device is used as a sensor, the deformation can be used as a measure

of the shape of an unknown substrate, and therefore to estimate it.

Chapter 5 included the explicit inclusion of the rigid body motion with tracking of

the position and orientation of the substrate to dictate the undeformed configuration of

the system with respect to which one measures the deformation. Considering the floating

frame description, the forward locomotion is expressed in terms of the rigid body degrees

of freedom tracking a moving point on the substrate.

175
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Chapter 6 described a sensor model for a hyper redundant slender mechanism for

estimating the properties of a viscoelastic substrate. A constitutive model has been

introduced for a system of beam with distributed compliant elements which are coupled

with the viscoelastic profile. The governing equations for this coupled system has been

addressed, and the sensor model was based on numerical inverse problem method, which

used the reduced order form of the governing equation as referenced model. The presented

inverse problem is based on residual least square error method, which used a system of

distributed displacement sensors as measurements.

7.2 Contributions

The contributions of the candidate’s research cover the objectives set out for this thesis.

These objectives were:

Developing a continuous, hyper redundant model for a slender robot: We

developed an appreciation of the robot’s flexible body as a linearized planar Timoshenko

beam theory, where the shape morphing is associated to the coupling with a substrate

that models a generic environment in which the system could be deployed. This me-

chanical model mimics the spinal locomotion mechanisms of millipedes and centipedes

in which the flexible body morphs with respect to the curvature of the substrate. The in-

teraction with the environment has been described by a continuous distribution of spring

elements mimicking the robot legs.

Developing an inverse problem for a slender mechanism: We Developed a

study of distributed sensor in order to find the properties of the environment that system

has been deployed in. Since distributed compliant elements can act as a distributed sensor

to reconstruct the kinematics of the substrate to which the robot is coupled. This work

performs an inverse problem for continuous systems using distributed strain gauges. By

exploiting this relation and the possible generalization, one can model the robot as a

sensor to infer certain material properties of the substrate.

Developing a model of a slender robot for path tracking: We developed a

study on spinal and forward motion control algorithms, in which proposed system’s La-

grangian gives an algorithm for classical and modern control framework, in order to tune

the system deformability and control the forward motion. To describe the motion of the

robot, we adopt the concept of floating frame that is composed of a rigid body placement

and by deformation about the rigid body placement. We proposed mathematical models,

which analytically deal with both shape adaptation and forward motion modelling of a
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slender robot mechanism through linear Timoshenko beam theory. Systems modelled

in this manner are referred to as distributed parameter (continuous) systems, in which,

both forces and deformabilty are distributed throughout the extent of the system which

is treated as continuous.

Developing a bio-inspired model for a slender robot: We developed a study of

millipede’s locomotion. In order to cover all essential steps in the analysis of the system,

we propose mathematical models, which analytically deal with both shape adaptation

and forward motion modelling of a slender robot mechanism through linear Timoshenko

beam theory. Systems modelled in this manner are referred to as distributed parameter

(continuous) systems, in which, both forces and deformabilty are distributed throughout

the extent of the system which is treated as continuous.

7.3 Future Work

Possible future research directions developing from this study are:

Shape Reconstruction Sensor: Considering the concept of the first paper (Chap-

ter 4), the presented model can be used as shape sensor to reconstruct the shape of

curvy substrates, which are out of reach to measure, like gastrointestinal organs inside

the body, body’s vessels or even pipes in hazardous area. Also, it can be used as a health

monitoring sensor in order to check the deformation of the gas pipe or dams, which are

hard to measure technically.

Shape Morphing Robot using Smart Materials: Considering the work pre-

sented in Chapter 5 , by adding layer of Shape Memory Polymer, which creates a high

deformation with low electric consumption, we can develop the presented model as a

tunable system with respect to different environments.

Force Sensor: Considering the work presented in Chapter 6, we can consider the

system of compliant elements as distributed force sensors. Then, the presented model can

be used as a sensor to estimate other properties of a viscoelastic substrate like relaxation

moduli.
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Glossary of Terms

H : Hilbert Space.

L : Lebesgue Space.

t : the deformation oscillations time.

τ : rigid body degrees of freedom oscillations time.

w(x, t) : transverse displacement of the beam compared to the centerline.

u : represent the components of displacement parallel to x direction.

v : represent the components of displacement parallel to y direction.

w : represent the components of displacement parallel z direction.

pu(x, t) : external distributed axial force.

pw(x, t) : external distributed vertical force.

pψ(x, t) : external distributed torque.

M(x, t) : bending moment.

V (x, t) : shear force.

A : [m2], cross sectional area A = y.z.

ρ : [kg m−3], density of the beam.

δ : variation inintegrating; used in Hamilton’s Principle.

π : strain energy.

K : kinetic energy.

σ : Cauchy stress tensor.

εij : strain component.

σij : stress component.

G : [Pa], shear modulus.
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k : shear correction factor.

E : [Pa], Young’s modulus.

I : [m4], moment of inertia with respect to the y axis.

g : [m s−2], gravitational acceleration.

` : [m], length of the beam.

β : shear angle

ν : linear velocity.

ω : angular velocity.

pη(x, t) : force per unit length exerted by the elastic foundation.

Mη : induced moment by the elastic foundation.

κw : foundation elastic coefficient.

κw1 : second elastic foundation.

Es : Young’s modulus of foundation.

νs : Poisson’s ratio of foundation.

κG : shear modulus of foundation.

µ : damping parameter of viscoelastic model.

R : position of the reference frame origin (X ′1, X
′
2, X

′
3) with respect to the inertial refer-

ence (X1, X2, X3).

θ : orientation of the body reference with respect to the inertial reference.

ū : position vector of the arbitrary point.

A : transformation matrix between the floating and inertial reference frame.

S : space-dependent shape matrix,

qf : time-dependent vector, generalized coordinates of the deformable body.
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U : system deformation in a floating frame.

{E1,E2,E3} : orthonormal Cartesian basis.

X = {X1, X2, X3} : material coordinates.

R : rigid body rotation matrix.

d : rigid body translation matrix.

ū, w̄, ψ̄ : n− dimensional sets of spatial basis functions.



Appendix A

Floating Frame Approach

To present a flexible multi-body system in the motion, we can use different approach

like; Inertial frame, Co-rotational frame and Floating frame of references. In the Inertial

frame approach; an absolute nodal co-ordinates is defined in an absolute reference frame,

and no distinction between the rigid and elastic coordinates is exist. In Co-rotational

frame; the motion will be separated into the gross motion and small deformation motion

of the finite elements which follow the gross motion. In the concept of floating frame

of reference we use a reference frame that follows the motion of the flexible body, in

which the reference motion is not the rigid body motion. Therefore, different coordinate

systems can be selected for a deformable body. The floating frame does not lead to a

separation between the gross motion and the small deformation. In this study the floating

frame concept is being used to develop the dynamic equations of a mobile flexible slender

mechanism. In order to solve dynamic equations using Galerkin approximation; a shape

function should be taken into account, and naturally the isoparametric elements for the

shape functions should satisfy the kinetic boundaries and also describe the arbitrary

rigid body translations and infinitesimal rotations. On the other hand; in the Floating

frame, the motion of the flexible body can be represented by two sets of reference and

elastic coordinates. The reference coordinates show the position and orientation of the

floating reference origin and the elastic coordinates identify the displacements of the

deformable body with respect to the body reference. The reference frame configuration

can be expressed as,

qr =
[
RT θT

]T
(A.1)

where R is a vector that describes the position of the reference frame origin (X ′1, X
′
2, X

′
3),

with respect to the inertial reference (X1, X2, X3), and θ represents the orientation of the

206
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system’s body reference with respect to the inertial reference. Therefore, the position

vector r can be considered in the inertial reference frame as the position vector of an

arbitrary point on flexible body with respect to the inertial origin,

r = R + Au (A.2)

where u is the local position vector of the arbitrary point P, and A is the transformation

matrix between the floating and inertial reference frame,

A =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1


 (A.3)

Considering the gross as a rigid body; the components of relevant vector for any two ar-

bitrary points on the body coordinate system remain unchanged, but considering relative

motion, in flexible bodies the distance between two arbitrary points on the deformable

body does not remain constant, and local position vector of point P can be redefine as,

u = u0 + uf (A.4)

where u0 is the position vector of point P in the undeformed state, and uf is the dis-

placement vector of point P with respect to undeformed state, which is a space-time

dependent vector, and it can be defined by projection method as partial sums of the se-

ries of the base functions and time dependant coefficient. Therefore, the equation (A.4)

can be rewritten as

u = u0 + Sqf (A.5)

where S is a space-dependent shape matrix, and qf is the vector of time-dependent elastic

generalized coordinates of the deformable body. Then we can rewrite the global position

of an arbitrary point P ( equation (A.2) ) in the planar case,

r = R + A (u0 + Sqf ) (A.6)

The velocity equation can be obtained by differentiating (A.2) with respect to time,

ṙ = Ṙ + Ȧu + Au̇ (A.7)

where, considering time derivatives of the elastic coordinates of body the u̇0 = 0, and

u̇ = Sq̇f , therefore (A.7) can be rewritten as;

ṙ = Ṙ + Ȧu + ASq̇f (A.8)
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By rewriting Ȧu = Bθ̇, we can isolate the velocity term, in which θ is here the vector

which elements θ̇ are the time derivatives of the rotational coordinates of the body

reference, and B = B(θ,qf ) can be defined

B =

[
∂

∂θ1

(Au) ,
∂

∂θ2

(Au) . . .
∂

∂θnr

(Au)

]
(A.9)

where the nr is the total number of rotational coordinates of the reference of body, and

using chain rule, equation (A.9) can be rewrite

B =
nr∑

k=1

∂

∂θk
(Au) θ̇k (A.10)

then by substitution Ȧu = Bθ̇ into (A.8), the partitioned form of the absolute velocity

vector can be found

ṙ =
[
I B AS

]



Ṙ

θ̇

q̇f


 (A.11)

where I is a 3× 3 identity matrix.

As it stated in Paper B, using velocity equation and developing expressions for the

kinetic energy and considering virtual work principles the mass matrix, the quadratic

velocity vector for the elastic and external forces can be derived.
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