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Abstract 

The goal of the research reported in this thesis is to establish the feasibility of a novel optical 

architecture for an optical route & select circuit switch suitable for implementation as a 

photonic integrated circuit. The proposed architecture combines Optical Phased Array (OPA) 

switch elements implemented as multimode interference coupler based Generalised Mach-

Zehnder Interferometers (GMZI) with a planar Lüneburg lens-based optical transpose 

interconnection network implemented using graded metamaterial waveguide slabs. The 

proposed switch is transparent to signal format and, in principle, can have zero excess 

insertion loss and scale to large port counts. These switches will enable the low-energy 

consumption high capacity communications network infrastructure needed to provide 

environmentally-friendly broadband access to all. 

The thesis first explains the importance of switch structures in optical communications 

networks and the difficulties of scaling to a large number of switch ports. The thesis then 

introduces the Talbot effect, i.e. the self-imaging of periodic field distributions in free space. 

It elaborates on a new approach to finding the phase relations between pairs of Talbot image 

planes at carefully selected positions. The free space Talbot effect is mapped to the 

waveguide Talbot effect which is fundamental to the operation of multimode interference 

couplers (MMI). Knowledge of the phase relation between the MMI ports is necessary to 

achieve correct operation of the GMZI OPA switch elements. An outline of the design 

procedures is given that can be applied to optimise the performance of MMI couplers and, as 

a consequence, the GMZI OPA switch elements. The Lüneburg Optical Transpose 

Interconnection System (LOTIS) is introduced as a potential solution to the problem of 

excessive insertion loss and cross-talk caused by the large number of crossovers in a switch 

fabric. Finally, the thesis explains how a Lüneburg lens may be implemented in a graded 

‘metamaterial’, i.e. a composite material consisting of ‘atoms’ arranged on a regular lattice 

suspended in a host by nano-structuring of silicon waveguide slabs using a single etch-step. 

Furthermore, the propagation of light in graded almost-periodic structures is discussed. 

Detailed consideration is given to the calibration of the local homogenised effective index; in 

terms of the local parameters of the metamaterial microstructure in the plane and the 

corrections necessary to accommodate slab waveguide confinement in the normal to the 
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plane. The concept and designs were verified by FDTD simulation. A     LOTIS structure 

showed correct routing of light with a low insertion loss of -0.25 dB and crosstalk of              

-24.12 dB. An -0.45 dB excess loss for 2D analysis and an -0.83 dB insertion excess loss for 

3D analysis of two side by side metamaterial Lüneburg lenses with diameter of 15 μm was 

measured, which suggests that the metamaterial implementation produces minimal additional 

impairments to the switch. 
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Chapter 1. Introduction 

In science and engineering research one encounters phenomena, theories and techniques that 

inspire through their intrinsic beauty, elegance or ingenuity, yet have practical application. 

This thesis concerns one example: a silicon photonics integrated circuit concept that 

harnesses the beauty of the Talbot effect, the elegance of Lüneburg lenses, and the ingenuity 

of metamaterial design towards the practical goal of transparent optical switching. This will 

enable the low-energy consumption high capacity communications network infrastructure 

needed to provide environmentally-friendly broadband access to all. This chapter provides 

the motivation and background necessary to set the research in context, outlines the problem 

to be addressed and explains how the thesis has been structured to meet its objectives. 

1.1 Background & Motivation 

1.1.1 Optical Switch Networks 

The sight of pedestrians in public places consulting small hand-held wireless devices that 

display moving images transmitted over the communications network infrastructure, 

something that was science fiction a couple of decades ago, is now accepted as 

commonplace. The first and last segments of a path through a network are often via wireless 

links but the intermediate links are universally wired by optical fibre. Yet today, the nodes of 

the network, where signals must be switched between different links, are largely electronic. 

At every switching node, optical signals must be converted to electronic signals (O/E 

conversion), switched and buffered electronically, and then converted from an electronic 

signal back to an optical signal (E/O conversion) before traversing the next segment. As a 

consequence, the switching process becomes dependent on the modulation format, the data 

protocol, and the bit-rate. Any upgrade to the network thereby requires upgrades to the O/E 

& E/O interfaces. An upgrade of the node electronics as a whole may be necessary to 

accommodate changes in protocol or improvements in capacity, such as provided by 

advanced coherent optical modulation formats that can boost channel capacities to 100 

Gbit/s. 

Yet, most of the traffic entering a node is bypass traffic destined to other nodes and has no 

need of O/E conversion. This observation has led to the introduction of reconfigurable 
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optical add drop modules (ROADMs) and the wavelength selective switches (WSSs) from 

which they may be constructed. ROADM & WSS technology enables wavelength channels 

to be selected from an incoming wavelength division multiplex (WDM) to ‘drop’ incoming 

traffic, destined locally to the node, and to ‘add’ a wavelength channel  onto the outgoing 

wavelength division multiplex; while the bulk of the traffic bypasses the node via the 

‘express channel’.  

ROADM & WSS technology reduce the number of O/E – E/O conversions significantly but 

they operate at a bandwidth granularity of a wavelength channel, which today can be 100 

Gbit/s. The reconfiguration speed is typically a few milliseconds to enable < 50 ms 

protection and restoration switching. Hence, if a component time division multiplexed 

(TDM) channel should be dropped locally; the whole wavelength must be dropped from the 

wavelength multiplex, the desired TDM channel extracted, and the remainder with additions 

reassembled and re-inserted into the wavelength multiplex. An optical switch that can change 

its state in a time interval small compared to the duration of a TDM time-slot can accomplish 

the same task with less complication. 

Information & Communication Technology (ICT) energy consumption growth is out of 

control as capacity demands due to increased numbers of users with evermore bandwidth 

hungry applications outstrip improvements in energy efficiency. While this energy 

consumption cannot be met by renewable sources of energy, the associated greenhouse gas 

emissions (GHG) are raising faster than any other industry sector [1]. Optical circuit 

switching can help contain this growth. Data transfer over fibre is more energy efficient 

compared to over copper [2]; and circuit switching is more energy efficient compared to 

internet protocol (IP) routing [3]. The current wavelength-routed networks set up quasi-

permanent circuits and consequently require optical switches capable of reconfiguring only 

on millisecond timescales. To emulate the bandwidth sharing provided by IP, the network 

requires virtual circuits with very fine bandwidth granularity which demands switching that 

is fast compared to the duration of the switchable entity.  

To overcome the aforementioned technological and economic barriers to continued 

expansion of network capacity, optical switches are needed, therefore, that feature high-

speed (       ) reconfiguration with minimal energy consumption. To meet connectivity 
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requirements, it must be possible to construct switch fabrics, i.e. switches with large port 

counts (       ) composed of many small arrays of switch elements. The key is to use 

components that are suitable for integration with small footprints; thereby offering the 

economics of volume production. A variety of material integration platforms may be used to 

implement switch fabrics, such as indium phosphide (InP), silica on silicon (SiO2-Si), silicon 

on insulator (SOI), and silicon (Si). The potential of tight light confinement resulting in 

extremely small device footprints and the compatibility with CMOS processing offering low-

cost manufacturing has made Si a preferred choice for Photonic Integrated Circuits (PICs). 

1.1.2 Broadcast & Select and Route & Select Switches 

There are two fundamental switch element architectures: ‘broadcast & select’ and ‘route & 

select’. In the broadcast & select architecture, the optical signal is sent to every possible 

destination via gates (shutters) that block the unwanted paths. This causes an unavoidable 

  ⁄  fan-out loss, where   is the port dimension. As a consequence of reciprocity, there is 

also an unavoidable   ⁄  fan-in loss if the input ports and output ports support a single 

transverse mode. Hence, there is an insertion loss of    ⁄  that limits the scaling of port 

dimension. The scaling limitation cannot be overcome by the use of optical amplifiers to 

provide gain that compensates for the loss, because the insertion loss reduces the signal-to-

noise ratio by the same factor [4]. In the route & select architecture there is no fan-out or fan-

in loss because the beam from an input port is steered to the desired output port; 

consequently the route & select architecture can scale to larger port dimension. For this 

reason, only route & select switch architectures will be considered further in this thesis. 

Large route and select switch fabrics up to           have been demonstrated [5] using 

micro-electro-mechanical system (MEMS) switch elements which operate on slow (     ) 

timescales in free-space architectures which are difficult to assemble and align and hence 

they are expensive to package. At the other end of the scale, low dimension (    ) Mach-

Zehnder Interferometer (MZI) switch elements are capable of sub-nanosecond 

reconfiguration.  

The basis of a MZI is a pair of waveguides arms, with an optical path-length difference 

(OPD) between them that are excited by a 3 dB coupler at the input and recombined by a 3 

dB coupler at the output. Depending upon the OPD, the light that exits the two arms may 
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interfere constructively or destructively, thus modulating the output power. LiNBO3 based 

MZI modulators are commercially available and allow the OPD to be varied using the 

intrinsic electro-optic effect of this material [6]. Rapid progress is being made also with Si-

based MZI modulators [7-16]. The OPD is then varied either thermo-optically using a 

heating element over one waveguide arm or electro-optically by the injection or depletion of 

charge carriers in the arms (the plasma dispersion effect). 

The two arms limit a MZI to     dimension switch elements. However a large switch 

fabric may be built in principle using multiple stages of small switch elements, but suffer 

from rapid accumulation of insertion loss and crosstalk [17]. The large number of switch 

elements also leads to a modest energy requirement for a single switch element escalating to 

a total switch energy requirement beyond practical drive levels. As a consequence, there is a 

general trend for the reconfiguration times of the switch fabric to lengthen with increasing 

port count. 

1.1.3 Optical Phased Arrays 

In general route & select switches without moving parts operate according to the principles 

of phased array beam-forming [18]. The incoming light is distributed across an array of 

phase shift elements which adjust the distribution of optical path length and hence the spatial 

distribution of the phase. The light that exits the individual phase-shift elements is then 

superimposed by some coherent means (e.g. diffraction) resulting in an interference pattern. 

The structure of the interference pattern is determined by the state of the phase-shift 

elements. Effectively, light from an input port may be formed into a beam that may be 

steered between the output ports. 

There are many embodiments of phased array beam-forming in optics most of which have 

other names for historical reasons. For example, Computer Generated Holograms (CGHs), 

are an instance of an OPA in two dimensions (2D) – each pixel of the hologram acts as an 

antenna element, the phase of which is determined by the optical path length difference 

induced by the pixel either through the refractive index distribution or the surface relief of 

the hologram. A CGH design algorithm is therefore an example of an optical beam-forming 

procedure. A beam steering switch using a ferroelectric liquid crystal (FELC) on silicon 

VLSI spatial light modulator (SLM) as a programmable hologram has been demonstrated 
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[19]. FELC SLMs are capable of <10 µs reconfiguration and the architecture may be feasibly 

scaled to 64×64 ports. However, the free-space architecture does bring daunting assembly 

and packaging issues. 

The relative phase induced by a particular optical path difference is linearly proportional to 

the frequency (equivalently vacuum wavelength) of the light. This enables the vacuum 

wavelength to be used as the OPA control variable, for example, by combining an Arrayed 

Waveguide Grating Router (AWGR) with fast tuneable wavelength conversion technology 

[20].  The output port of the AWGR, from which light from a particular input port emerges, 

is determined by the wavelength. Contemporary data modulation formats employ phase and 

amplitude modulation with coherent detection [21]. As a consequence, the switch is not truly 

‘transparent’ if the wavelength convertors destroy phase information. Wavelength 

conversion preserving phase information is possible using parametric methods (e.g. 

nonlinear optical four-wave mixing) but conversion efficiencies are poor [22]. 

2D OPAs with     and       elements that emit light out of the plane of a silicon PIC 

were reported in [23] for optical wireless applications and subsequently, have been 

demonstrated with up to 4096 elements [24]. Beam steering may be achieved only by 

wavelength tuning or thermo-optic phase tuning [25]. Rapid addressing of very large number 

of elements remains a challenge and, in the context of a switch, the free-space architecture 

brings assembly and packaging issues (c.f. the ROSES FELC-SLM beam steering switch 

[19]. Reference [26] describes how these problems might be ameliorated by adaptive beam-

forming). 

1.1.4 Generalised Mach-Zehnder Interferometers 

A multimode interference coupler (MMI) may be substituted as an alternative to a ‘free-

space’ region. An MMI is a passive planar waveguide component that directs an equal 

fraction of the power entering each port to each of its output ports with relative phase 

differences that are intrinsic to the MMI and very well controlled. The Talbot effect, the self-

imaging of periodic fields first discovered in free-space [27], is fundamental to its operation. 

The Generalised Mach-Zehnder Interferometer (GMZI) structure is a compact sandwich of a 

    MMI coupler, an array of   electro-optic-phase shift elements, and a     MMI 

coupler (   ). A first MMI splits the optical input equally between several independent 
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waveguide electro-optical phase shift elements which are controlled by voltage or current. 

The optical beams are recombined by a second MMI coupler at the output. The electro-optic 

phase shift element controls the interference at each output port, directing the input light to 

the desired output. Although, this structure has been introduced here as a variant of an OPA, 

it is normally described as a generalisation of a MZI (     ). There have been a 

number of reports of the     MZI switch structure implemented in various integration 

platforms [28-31]. 

1.1.5 Optical Interconnection Networks 

Whatever the implementation technology, all switch elements will have a practical limitation 

to their port dimensions. In particular, the basic unit element of an OPA is a     route or 

(by reciprocity) a     select switch (c.f. the GMZI switch element described in Section 

1.1.4). There is therefore a universal requirement for an optical interconnection network that 

can combine switch elements into a switch fabric with larger port dimension. For example, a 

    route & select transparent optical switch may be constructed using a two stage switch 

fabric; the first stage containing   route switch elements of dimension     and the second 

stage containing   select switch elements of dimension     interconnected by a     to 

    transpose interconnect.  

The     to     transpose interconnection is fundamental to any multistage 

interconnection network and there have been numerous demonstrations of its implementation 

as a three-dimensional (3D) free-space optical system employing bulk optical components. 

An optical system using Fourier transform lenses to implement a transpose interconnection is 

described in [32] and various architectures for optical crossbar switches that exploit this 

system are described in [33]. However, 3D free-space optical systems are bulky and unstable 

due to the stringent alignment tolerances that must be met.  

Alignment and stability issues can be largely overcome through the lithographic precision 

offered by planar light circuits. The restriction on scaling consequent upon the loss of one 

dimension, can be somewhat compensated by the nano-scale component footprints attainable 

in a silicon photonics integration platform. However, whereas in free-space, cross-over 

interconnection offers intrinsically no insertion loss and no cross-talk, it is a challenge to 
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contain within reasonable bounds the accumulative insertion loss and cross-talk of the very 

large number of waveguide crossover interconnections inherent to a planar implementation. 

Crossovers of photonics wires on silicon on insulator (SOI) have been reported with insertion 

loss of between -0.4 dB and -0.1 dB per crossing [34, 35] and cross-talk below -40 dB [36] 

which is achieved by expanding the mode using elliptical tapers and a lower index contrast in 

the cross-over region which requires a two-depth etch step that complicates the fabrication 

process. 

 

Fig. 1.1. A micrograph showing the structure of a waveguide crossover with elliptical tapers with 

reduced index contrast fabricated in SOI for operation at a wavelength of 1.55 m. (Copyright 

Optical Society of America 2013, reproduced with permission from reference [36]). 

Advances in lithography have enabled the fabrication of nanostructures with sub-wave-

length feature sizes and separations. The effective refractive index seen by the mean optical 

field propagating in such structures is determined by the variation in local density of the sub-

wavelength structures. In essence, one can fabricate thin film composite materials with 

engineered optical properties. Popularly known as metamaterials and known in the past as 

artificial dielectrics, these materials may also be viewed as photonic crystals operating in the 

long wavelength regime in the special case that the microstructure is periodic. 
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Bock et al [37] report the design, simulation, and experimental demonstration of a novel 

waveguide crossing based on sub-wavelength gratings (SWG) in silicon waveguides. The 

structure is shown in Figure 1.2. A transition region is used to match the incoming mode 

from the solid waveguides and the fundamental Bloch mode of the longitudinally periodic 

sub-wavelength grating waveguides that consist of small cubes of silicon separated by air 

gaps. The widths of the cubes are tapered down towards the crossover region expanding the 

modes locally in the crossover region. Fabrication requires only a single etch step. Fabricated 

devices offered insertion loss as low as -0.023 dB/crossing, polarisation dependent loss of < 

0.02 dB and crosstalk of <-40 dB. 

An alternative approach that avoids waveguide crossovers is to use planar lenses embedded 

in slab waveguides to implement ‘free-space optics on-a-chip’. This thesis explores the 

potential of a metamaterial implementation of the on-chip planar lenses required. 

 

Fig. 1.2. Scanning electron microscope images of SWG crossings: a) multiple SWG crossings, b) one 

SWG crossing, c) detail of the crossing region with square center segment (220 nm × 220 nm) and d) 

SWG straight waveguide (Copyright Dr. P. J. Bock, 2013, reproduced with permission from 

reference [38]). 
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1.2 Aim & Objectives 

The overall aim of this thesis is to establish the feasibility of a novel optical architecture for 

an optical route & select circuit switch suitable for implementation as a photonic integrated 

circuit. The proposed architecture combines optical phased array switch elements 

implemented as multimode interference coupler based generalised Mach-Zhender 

interferometers with a planar Lüneburg lens-based optical transpose interconnection system 

implemented using graded metamaterial waveguide slabs. The proposed switch is transparent 

to signal format and, in principle, can have zero excess insertion loss and scale to large port 

counts. The switch architecture may be implemented using a variety of material integration 

platforms, such as indium phosphide (InP), silica on silicon (SiO2-Si), and silicon (Si) on 

insulator (SOI), but the focus of this work is SOI because its tight light-confinement offers 

the potential for extremely small device footprints and its compatibility with CMOS 

processing offers potential for low cost manufacture. The active phase shift elements 

required by the OPA may be implemented as electro-optic modulators which can operate at 

high speed (<100 ps) even in silicon. However, the design of the active phase shift elements 

falls outside the scope of this thesis. 

The specific objectives are: 

1) to clarify, generally, self-imaging in multimode interference couplers (MMI) in terms of 

its relation to the Talbot effect in free-space and, specifically, to determine the intrinsic 

phase relationships between the ports of a MMI; 

2) to elucidate beam steering by an optical phased array implemented as generalised Mach-

Zehnder interferometers with consideration of MMI design principles and port phase 

relations; 

3) to formulate the design of a planar Lüneburg lens-based optical transpose interconnection 

system (OTIS);  

4) to verify correct operation and to make a preliminary assessment of the performance of 

OTIS designs up to dimension (   )  (   ) by full-wave simulation; 



  Chapter 1. Introduction- 

10 
 

5) to formulate design procedures for graded metamaterial Lüneburg lenses valid in the near 

sub-wavelength region that account for photonic band structure and waveguide 

confinement effects; and, 

6) to verify correct operation and to make a preliminary assessment of the performance of a 

Lüneburg lens implemented as a graded metamaterial compared to an ideal  Lüneburg 

lens. 

1.3 Structure of the Thesis 

To achieve these objectives the thesis has been structured into five chapters: 

Chapter 1 describes the motivation and the background of the research. It addresses the 

importance of switch structures in optical communications networks, the difficulties of 

scaling to a large number of switch ports and introduces the most relevant solutions offered 

in the literature today. 

Chapter 2 introduces the Talbot effect, i.e. the self-imaging of periodic field distributions in 

free space. It elaborates a new approach to finding the phase relations between pairs of 

Talbot image planes at carefully selected positions. The free space Talbot effect is mapped to 

the waveguide Talbot effect which is fundamental to the operation of multimode interference 

couplers (MMI). The phase relation between the ports of an MMI coupler with a different 

number of ports is elaborated. Knowledge of the phase relation between the MMI ports is 

necessary to achieve correct operation of the GMZI OPA switch elements described in 

Chapter 3. 

In Chapter 3, the results of Chapter 2 are used to explain the behaviour and characteristics of 

MMI couplers and their role in the GMZI OPA switch elements. The chapter also outlines 

the design procedures that can be applied to optimise the performance of MMI couplers and, 

as a consequence, the GMZI OPA switch elements. The chapter then introduces the optical 

transpose interconnection system (OTIS) using three stages of thin lenses as a potential 

solution to the problem of excessive insertion loss and cross-talk caused by the large number 

of crossovers in a switch fabric. The Lüneburg lens, a gradient index lens capable of perfect 

imaging, is then introduced and ray transformation properties are explained as an optical 
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analogue of motion in a central potential. Exploiting these properties, the thin lenses are 

replaced by Lüneburg lenses and the OTIS structure is adapted in accordance. 

In Chapter 4 it is explained how a Lüneburg lens may be implemented in a graded 

‘metamaterial’, i.e. a composite material consisting of ‘atoms’ arranged on a regular lattice 

suspended in a host by nano-structuring of silicon waveguide slabs using a single etch-step. 

Furthermore, the propagation of light in graded almost-periodic structures is discussed. 

Detailed consideration is given to the calibration of the local macroscopic effective index; in 

terms of the local parameters of the metamaterial microstructure in the plane and the 

corrections necessary to accommodate slab waveguide confinement in the normal to the 

plane. 

Chapter 5 summarises the most important points arising in the thesis, draws some 

conclusions and makes recommendations for further work. 

The considerations are illustrated throughout the thesis by incorporating the results of 

simulations, which together demonstrate the practical potential of the overall switch fabric 

concept. 

The Photon Design suite provided the principal tools that were used, including: 

1. FimmWave & FimmProp  (Eigenmode Expansion Method [39]) , for the simulation 

of planar waveguide elements; 

2. OmniSim ( Finite Difference Time Domain [40]) for the simulation of the Lüneburg 

lens based OTIS; and, 

3. CrystalWave (Photonic Band Structure Solver extension of OmniSim) for the 

simulation of the metamaterial structures. 

These tools were supplemented by custom MatLab scripts. A Python script was written to 

automate the quantisation of continuous refractive index profiles to metamaterial atom size. 

A listing is provided in Appendix V 

1.4 Original Contributions and Achievements 

The thesis contributes to the advancement of the field of photonic integrated circuits through 

both original contributions and the critical analysis of current knowledge. The contributions 

of the author include: 
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1.  A critical analysis of knowledge drawn together from formally disparate subjects 

including: optical switching; phased arrays & beam-forming; the Talbot effect; planar 

waveguides; multimode interference couplers; generalised Mach-Zehnder 

interferometers; free-space optical transpose interconnection systems; the classical 

optics of Lüneburg lenses; photonic crystals, homogenisation & metamaterials. 

2. A unique innovative switch architecture for an optical route & select circuit switch 

suitable for implementation as a photonic integrated circuit. The architecture 

combines optical phased array switch elements implemented as multimode 

interference coupler based generalised Mach-Zehnder interferometers with a planar 

Lüneburg lens-based optical transpose interconnection network implemented using 

graded metamaterial waveguide slabs. The proposed switch is transparent to signal 

format and, in principle, can have zero excess insertion loss and scale to large port 

counts. 

3. The clarification of the theory of the Talbot effect in the context of both free-space 

and waveguide geometries introducing a new approach to determine the phase 

relations between the ports of MMI couplers. The introduction of the new concept of 

Talbot transfer matrices and the derivation of their relation to MMI transfer matrices. 

4. The introduction of an original optical transpose interconnection system (OTIS) 

architecture using Lüneburg lenses with associated design procedures and verification 

by Finite Difference Time Domain (FDTD) simulation. 

5. The introduction of an original quantisation procedure for graded metamaterial 

design based upon calibration using photonic band structure data. 

The results presented in this thesis were obtained during a period of study at the University 

of Ottawa for a M.Sc. degree from Fall 2011 to Summer 2013 under the supervision of Dr. 

Trevor Hall. This work is to the best knowledge of the author original. The following 

publications related to this thesis research were published during this period. 

1. H. Nikkhah, A. Benhsaien, R. Maldonado-Basilio, S. Abdul-Majid, T. J. Hall,‘ 

Metamaterial Lüneburg waveguide lenses for switch fabric on-a-chip applications’, 

Photonics North, Ottawa, June 2013. Proc. of SPIE (to appear). 
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2. H. Nikkhah, T. J. Hall, ‘A transpose optical interconnect utilising metamaterial 
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West, San Francisco, United States, 2-7 February 2013, Proc. of SPIE 8627 , 86270V-1. 

3. R. Maldonado-Basilio, R. Li, S. Abdul-Majid, H. Nikkhah, K. W. Leong, T. J. Hall, 
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optical coherent detection in radio-over-fibre systems’, SPIE Photonics West, San 

Francisco, United States, 2-7 February 2013, Proc. of SPIE 8645, 86450E. 
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Chapter 2. The Free-Space & Waveguide Talbot Effect 

2.1 Introduction 

In this chapter, it is explained how optical fields that are periodic in the transverse plane self-

image periodically as they propagate along the optical axis: a phenomenon known as the Talbot 

effect. A transfer matrix is defined that relates the amplitude and phase of point sources placed 

on a particular grid at the input to their respective multiple images at a fractional Talbot effect 

image plane. The free-space Talbot effect may be mapped to the waveguide Talbot effect. 

Applying this mapping to the transfer matrix enables the prediction of the phase and amplitude 

relations between the ports of a Multimode Interference (MMI) coupler; a planar waveguide 

device. The transfer matrix approach has not previously been applied to the free-space case and 

its mapping to the waveguide case provides greater clarity and physical insight into the phase 

relationships than previous treatments. 

In Section 2.2, the underlying physics of the Talbot effect in free space is first introduced with 

emphasis on the positions along the optical axis at which images occur; their multiplicity; and 

their relative phase relations determined by the Gauss Quadratic Sum of number theory. An 

original Talbot transfer matrix formulism is introduced in Section 2.3 to predict the phase 

relationships between carefully selected points on transverse planes separated by a fractional 

Talbot image distances within the Talbot carpet. In Section 2.4 the physics of self-imaging in 

multimode waveguides is explained and the Talbot transfer matrices are mapped into the 

corresponding waveguide Talbot transfer matrices. These matrices predict the port phase 

relations intrinsic to an MMI. These phase relationships are critical to coherent optical Planar 

Light Circuit (PLC) applications such as 90° optical hybrids for coherent optical receiver front-

ends, external optical I-Q modulators for coherent optical transmitters; and optical phased array 

switches. The chapter closes with a summary in Section 2.5 of the most significant results. The 

formulism developed in this chapter is applied in the Chapter 3 to analyse the operation of 

generalised Mach-Zehnder interferometer switch elements. 

2.2 The Talbot Effect in Free Space 

Periodicity and coherency are two properties that regularly feature in problems in optical science 

and engineering. Their consequences for applications in switching, interconnections in planar 
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optics and phase tuning are profound. Wave fields that are periodic in a transverse plane induce 

periodicity in the longitudinal direction manifested by self-images of the initial field [41]. This 

phenomenon is known as the Talbot effect in recognition of William Henry Fox Talbot (1800-

1877) who first observed the effect in 1836 [27]. Talbot was a British mathematician and early 

pioneer of photography. His achievements include co-invention of the polarising microscope 

utilized in mineralogy; and, as a mathematician, proving several theorems regarding elliptic 

integrals [42]. While he was examining diffraction gratings under white light illumination with a 

magnifying lens, he found that the image of the grating was repeated even when he moved the 

lens out of focus [27]. Talbot demonstrated the results of his experiment at a meeting of the 

British Association in Bristol:  

“It was very curious to observe that though the grating was greatly out of the 

focus of the lens ... the appearance of the bands was perfectly distinct and well 

defined. The experiments are communicated in the hope that they may prove 

interesting to the cultivators of optical science.” [42] 

The principle of the Talbot effect rests upon diffraction which is defined as a deviation of light 

from a straight path that is the consequence of the wave nature of light. When a structure that is 

periodic in the transverse plane ( -coordinate) is illuminated by a coherent light field with a 

wavelength far smaller than the period it causes the reproduction of the structure in a sequence of 

images in transverse planes located at specific positions along the optical axis ( -coordinate) 

[44]. This effect is a natural consequence of the diffraction of light in the near-field (Fresnel 

diffraction) and was explained theoretically by John William Strutt, 3
rd

 Baron Rayleigh (1842-

1919); 50 years after the effect was discovered by Talbot, Lord Rayleigh calculated the Talbot 

distance and published his results in 1881 in a paper entitled: “On copying diffraction-gratings, 

and on some phenomena connected therewith.” [45] 

Figure 2.1 illustrates the diffraction of light normally incident on a structure consisting of 

parallel regularly spaced slits. Each slit diffracts the incident light causing it to spread similar to 

a cylindrical wave at sufficient distances from the slit. The diffracted light from each slit 

ultimately overlap and interfere with each other. 
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Fig. 2.1. The diffraction of a coherent wave by a diffraction grating. 

Referring to Figure 2.1, it can be seen that when: 

         

Equation 2.1 

where   is the period of the grating;   is the vacuum wavelength; and   is an integer; 

constructive interference takes place on planes with a normal inclined by an angle   to the 

optical axis. Equation 2.1 is Bragg’s equation which provides a condition for the diffracted 

cylindrical waves to constructively interfere to form a diffracted plane wave. These plane waves 

are index by their integer order  . 

The diffracted light therefore consists of plane wave components propagating at an angle    with 

respect to the optical axis (see Figure 2.2). This angle depends on the wavelength of the light 

source, the spacing of the slits, and the diffraction order, as shown in Figure 2.3. The width of 

the slits affects the amplitude of the components via an overall envelope function. The diffracted 

plane wave components interfere constructively or destructively depending on their relative 

phases on propagation away from the structure. 
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Fig. 2.2. A normally incident plane wave passing through a structure that is periodic in the transverse 

plane (x-axis), is diffracted into several plane-wave orders with different propagation angles to the optical 

axis (z-axis) that are defined by the Bragg equation (see Figure 2.3) 

The wave-vector diagram, shown in Figure 2.3, more clearly illustrates the relation between the 

angles of propagation    of the incident and diffracted beams.  

 

Fig. 2.3. the wave-vector diagram shows the geometrical relation between the diffracted beam with a 

diffraction angle of    relative to the incident wave-vector, longitudinal component of propagation 

constant    and the transverse grating wave-vector (   ⁄ ) 
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By reference to Figure 2.3 and with the application of Pythagoras’s theorem, the phase matching 

condition is found: 

  
  (  )     

Equation 2.2 

where    is the longitudinal component of the propagation constant of the  th
 order plane wave 

component;                 is an integer specifying the order of the beam;       ⁄  is 

the spatial frequency of the grating (  is the transverse period or ‘pitch’ of the grating structure); 

and       ⁄  is the wave-number of the incident beam (  is the wavelength). 

Note: 

    √   (  ) (  )
    

     √(  )    (  )
    

 

Equation 2.3 

The choice of sign depends on the choice of phase factor to represent forward and backward 

propagating plane waves. 

The diffraction angles    can be obtained from the Bragg equation (Equation 2.1) which follows 

from the application of elementary trigonometry to the wave-vector diagram: 

    (  )    
    (  )    

 

   (  )  
  

 

 

Equation 2.4 

Figure 2.4 shows the general form of the Talbot effect. A periodic structure located at     is 

reconstructed at intervals of    . These reconstructions are called self-images or primary Talbot 

images. Mid-way between these primary Talbot images, there are self-images which are shifted 

by half a grating period in the transverse plane relative to the primary Talbot images. These are 

known as secondary Talbot images. In other words, a Talbot image occurs at integer multiples of 

the Talbot distance    . For even integer multiples, the result is a primary image and, for odd 

integer multiples, the result is a secondary Talbot image. 

Lord Rayleigh calculated the Talbot distance [45] as: 
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Equation 2.5 

The Talbot distance is proportional to the square of the grating period and inversely proportional 

to the wavelength of the light. For example, for a yellow light source with a wavelength of 585 

nm illuminating a grating structure with a period of       , the Talbot distance is 273.5 mm; 

which increases to 340.4 mm for a blue light source with a wavelength of 470 nm. For a grating 

with a period of       , the Talbot distances reduce to 17.1 mm and 21.3 mm  for the yellow 

light and blue light sources respectively. 

 

Fig. 2.4. The Talbot effect with primary and secondary Talbot self-images. The self-images are repeated 

at intervals of     

The intensity of the field may be plotted over both transverse ( ) and longitudinal ( ) co-

ordinates. Since the field is periodic in both co-ordinates, it is sufficient to plot one period in 

each direction only (i.e. the plot is over an elementary unit cell). The result is called a Talbot 

carpet because of its resemblance to a Persian carpet [46] (see Figure 2.5). 
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Fig. 2.5. The free-space Talbot carpet. The images show one elementary unit cell. The boundaries of the 

cell should be identified as a consequence of periodicity. The transverse co-ordinate is in units of the 

period   and the longitudinal co-ordinate is in units of the Talbot distance     
   ⁄  where    is the 

vacuum wavelength. Red indicates high intensity and dark blue low intensity. Self-images occur at integer 

multiples of the Talbot distance. A primary self-image of the source appears at twice the Talbot distance. 

Intricate multiple overlapping (interfering) images appear at rational fractional multiples of the Talbot 

distance. 

The remainder of this section follows Berry’s formulation of the Talbot effect [47]. 

Consider the initial field  ̃ immediately after transmission through the grating structure. Since it 

is periodic in the  -coordinate with period    , it may be written as: 

 ̃( )  ∑  (    )

 

    

 

Equation 2.6 

where   is the field over a single lateral period [   ⁄    ⁄  ] outside of which the field is zero.  

This expression may be written as a convolution: 



Chapter 2. The Free-Space & Waveguide Talbot Effect 

21 

 ̃      
Equation 2.7 

that is: 

 ̃( )  ∫  (   ) ( )

 

  

   

Equation 2.8 

where: 

 ( )  ∑  (    )

 

    

 

Equation 2.9 

Since   is periodic with period    , it admits a Fourier series representation: 

 ( )  ∑      (    )

 

    

  
  

 

 

Equation 2.10 
The coefficients are found from: 

   
 

 
∫  ( )   (     )

  ⁄

   ⁄

   

Equation 2.11 

On substituting Equation 2.9 into Equation 2.11, only the Dirac distribution at the origin 

contributes and hence      ⁄  and consequently   may be represented by the Poisson sum: 

 ( )  
 

 
∑    (    )

 

    

 

Equation 2.12 

The convolution kernel   may be extended as a solution to the Helmholtz equation by 

augmenting each term with a factor that describes its phase evolution with propagation along the 

 -axis: 
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 (   )  
 

 
∑    (    )   (    )

 

    

 

Equation 2.13 

Equation 2.13 is a sum of plane waves that reduces to Equation 2.12 when    . Each plane 

wave component is a solution of the Helmholtz equation provided: 

  
  (   )     

Equation 2.14 

This is identical to Equation 2.2 and hence Equation 2.3 provides expressions for    up to a 

choice of sign. Limiting consideration to forward propagating waves with an implicit    (    ) 

time dependence; the appropriate choice is: 

   √   (  ) (  )
    

    √(  )    (  )
    

 

Equation 2.15 

To summarise, the problem has been cast as a linear system which generates the output  ̃ at any 

distance by convolving a single period of the input   by a system impulse response  . By 

construction,   satisfies the Helmholtz equation and hence by linearity so does  ̃. Moreover,   

reduces to a comb function replicating   at     to model the transverse periodicity of the 

initial field. 

Now, consider the system response in the paraxial approximation. This corresponds to fields that 

have plane wave components propagating at angles   to the optical axis sufficiently small that 

   ( )   . Equivalently, (  )     and hence 

   √   (  )   [  (
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]

 
 
  [  
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]    
 

 
  
  

 
 

Equation 2.16 

or 

          
 
 

   

   
  

 

 

Equation 2.17 
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By substitution of Equation 2.17 in Equation 2.13,  (   ) may be re-written: 

 (   )      
 

 
∑      

 
   
     

 
  
 

 

    

 

Equation 2.18 

For a primary image to form, the phase factors associated to each of the components in the 

summation of Equation 2.18 must agree with their initial value. This is exactly the case at 

transverse planes intersecting the axis at even integer multiples of the Talbot distance: 

 

  
      

 

 
     

 
  
 
        

        
 

      ∑  (    )

 

    

 

Equation 2.19 

A closer analysis elaborated in Appendix I reveals multiple imaging occurs at rational fractional 

multiples of the Talbot distance: 

  
 

 
        

Equation 2.20 

The underlying mathematical reason this occurs is consequent on the serendipitous accident that: 

(  ) 
 
 (  )     

Equation 2.21 

which can be applied under certain circumstances to replace a quadratic dependence by a linear 

dependence on an index in the exponent of exponential terms deriving from Equation 2.18. 

Application is made also of the fact that it is always possible to rearrange the elements of a 

sequence into a set of sub-sequences, each of length,  , and then find the sum of the sequence by 

summing the subsequence sums: 

∑    ∑ ∑      

 

    

   

   

 

    

 

Equation 2.22 
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The result found in Appendix I is: 
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Equation 2.22 

where the Talbot phase factor: 

 (     )   (     )   [  (     )] 

Equation 2.23 

is periodic in   with integer period    reflecting the transverse period   of the field. It is also 

periodic in   with integer period    reflecting the longitudinal period     of the field.  

The common phase factor  (     ) is unimodular and given by the Gauss quadratic sum [48]: 

 (     )  
 

   ⁄
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Equation 2.24 

In Appendix I, it is shown that, for relatively prime    and   (i.e.    and   are integers with no 

non-trivial integer common factor), the Talbot phase may be evaluated using: 

 (     )   (   ) (
 

 
)
  

 
      

 (     )    (    )   
 

 
      

 

Equation 2.25 

where (   ) means the inverse of   modulo  : 

(   )          

Equation 2.26 

and only exists if   &   are relatively prime. 

For the purposes of this thesis it is the relative phase factor    [  (     )] that is important and 

is evaluated in Table 2.1 for     and          .  
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 Table 1. The Talbot phase factors for     and          

2.3 The Free-space Talbot Transfer Matrix 

This section introduces an original concept: the free-space Talbot transfer matrix. This matrix 

provides a mapping between a set of point sources on a carefully chosen lattice in one transverse 

plane to their images on the same lattice in another transverse plane separated from the first by a 

rational fractional multiple of the Talbot distance. These matrices capture the self-imaging 

properties of the fractional Talbot effect. 

As a consequence of its periodicity, the impulse response on a transverse plane located at 

   (  ⁄ )   , may be mapped as a distribution on a unit circle that is divided into a set of    

regularly spaced points indexed by      . The analysis in Appendix I shows the singular 

support of the Dirac distributions of the impulse response are located at the points with odd index 

when   and   are odd and even index when   or   is even. This is illustrated schematically in 

Fig 2.6. 

Consider a periodic field of period   at the input plane. Suppose one period of the input consists 

of    regularly spaced point sources (Figure 2.7) modelled as Dirac distributions of weight    , 

        located on a regular lattice of pitch    ⁄  . The field at the input Talbot plane then 

admits the same representation as a set of distributions on a unit circle (Figure 2.8). By ensuring 

the pitch of the input and impulse response Dirac distributions are the same, the convolution of 

the input by the impulse response results in a multiple image of point sources (Figure 2.7) which 

may be modelled as Dirac distributions of amplitude weight    ,       located on a regular 

lattice with the same pitch    ⁄ . Hence, the field at the output Talbot plane of interest admits 

the same representation as a set of distributions on a unit circle (Figure 2.8) 
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Fig. 2.6. The impulse response evaluated in the fractional Talbot plane   (  ⁄ )   represented as a 

distribution on a unit circle divided by a set of    regularly spaced points. 

 

Fig.2.7. The fractional Talbot effect with point sources on a lattice of pitch    ⁄  .The amplitude weights 

of the Delta distributions at lattice site n at the input and output are described by   ,    respectively. 



Chapter 2. The Free-Space & Waveguide Talbot Effect 

27 
 

 

Fig. 2.8. A depiction of the Fractional Talbot Effect as circular convolution. The input, Talbot impulse response & output distributions are all 

periodic with the same period. This may be visualised by wrapping a single period around a circle. Convolution is thereby transformed to circular 

convolution. The discrete supports of the distributions map the circular convolution into a matrix multiplication by a circulant matrix.
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The convolution of two periodic functions results in a periodic function of the same period. 

In the case where the functions involved are distributions on a lattice, the amplitude weights 

compose as a discrete circular convolution. 

     
Equation 2.27 

where   and b are inputs and output vectors, respectively, representing the amplitude 

weights of the distributions and T is a circulant matrix with the Talbot phase factors as its 

entries: 

         
 

√ 
 (       ) 

Equation 2.28 

For instance for     , Equation 2.27 may be written: 
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Equation 2.29 

where the red entries correspond to   or   even and the blue entries correspond to   and   

odd. 

Since  (      )   (     ) and consequently        , Equation 2.29 can be simplified 

to a symmetric circulant matrix: 
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Equation 2.30 

2.4 The Talbot Effect in a Multimode Waveguide 

2.4.1 Self-imaging in Multimode Waveguides 

The free-space Talbot effect may be mapped to a description of the self-imaging properties 

of planar multimode waveguides. The multiple imaging property of multimode waveguides 
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was first demonstrated by Ulrich and Ankele in planar glass waveguides [49], [50]. They 

used a ray tracing formalism to explain the formation of multiple images at a specific 

distance. This was a starting point for the development of Multimode Interference couplers 

(MMI) [51]. An     MMI consists of a multimode waveguide section of carefully chosen 

length with one or more, usually monomode, waveguides placed at each end that form     

input and   output ports of the MMI. [52], [53].  

Figure 2.9 illustrates the transverse form of the field amplitude of the first few lowest order 

eigenmodes with mode index    propagating along the  -axis of a multimode waveguide 

section. 

 

Fig. 2.9. The form of the field amplitude of the first few lowest order transverse modes indexed by   

which propagate along the  -axis of a multimode waveguide with width  . 

At each transverse plane along the axis, the field consists of a superposition of the 

eigenmodes. Each of these eigenmodes propagates independently, acquiring a phase delay 

that depends upon their associated propagation constant (eigenvalue). At certain positions 

along the axis, the phases of the modes can take on particular relative values that create a 

field consisting of the superposition of one or more images of the input field. In general, the 

component images are translated in the transverse plane differently and possess different 

overall complex amplitudes [51-53].  
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In the case where there is a high refractive index contrast between the material interior and 

exterior to the waveguide sidewalls, the evanescent fields rapidly decay away from the 

sidewalls on the scale of a wavelength. The field amplitude is then close to zero at the 

sidewalls which behave essentially as mirrors. The multimode waveguide thereby has a 

structure analogous to a kaleidoscope which provides a heuristic explanation of the multiple 

self-imaging phenomena observed. 

In this tight confinement limit, the field amplitude of the modes    in the interior of the 

waveguide is given by: 

  (   )  {
   (   )   (    )                       

   (   )   (    )                   
 
 

 
   

 

 
  
  

  
 

Equation 2.31 

where the origin of the transverse co-ordinate has been taken as the mid-point between the 

waveguide sidewalls. These modes may therefore be expressed using a plane wave basis: 

  (   )     (    )   (    )
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Equation 2.32 

where       is the refractive index of the waveguide core (not to be confused with   which is 

used as an integer index in this chapter). 

Any function represented using this basis within the region   [ 
 

 
  
 

 
 ] extends 

naturally outside this region as a periodic function of period     . 
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Fig. 2.10. A unit cell of width      consisting of a real waveguide of width   (solid lines) 

alongside a virtual anti-symmetric partner waveguide (long dashes). The lower sidewall of the real 

waveguide acts as a mirror which enforces an anti-symmetric field in the unit cell about the lower 

waveguide sidewall. It can be seen that the upper sidewall also enforces an anti-symmetric field in the 

unit cell when the lower (virtual) and upper (real) boundaries of the unit cell are identified. This is 

equivalent to an infinitely extended homogenous medium with    periodic fields anti-symmetric 

about the axes defined by the replication of the sidewall locations. 

In the context of modelling a strongly confining multimode waveguide section, the 

waveguide field extends periodically as an anti-symmetric function about the real sidewalls 

and their periodic replications. The unit cell is therefore of width      and is anti-

symmetric about an axis coinciding with a sidewall. It is therefore convenient to define a 

new co-ordinate system with the sidewall located at    . 

With reference to Figure 2.10, a unit cell can be constructed by placing the real waveguide 

alongside a virtual partner waveguide with anti-symmetric excitation about a sidewall. The 

periodic replication of this structure (Figure 2.11) yields a homogenous medium with a 

periodic initial field. The propagation of this initial field is then formally identical to the 

problem of propagating the periodic initial field in the Talbot effect. The anti-symmetry of 

the initial field of the unit cell takes care of the boundary condition at the sidewalls of the 

real waveguide and the setting of the ‘free-space’ wavelength   equal to the reduced vacuum 

wavelength        ⁄  and the transverse period   to twice the waveguide width    takes 

care of the waveguide dimensions and material. 
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Fig. 2.11. A periodic structure unit cell of width    consisting of the multimode waveguide section 

of the real MMI (dark blue) alongside an anti-symmetric partner virtual multimode waveguide 

section (adjacent pale blue rectangle). The infinitely replicated unit cell corresponds to a 

homogeneous material excited by an initial field of period    that is anti-symmetric about any axis 

corresponding to the image of a sidewall (horizontal dashed lines) under the replication 

Figure 2.12 shows the free-space Talbot carpet for a point source with an anti-symmetric 

partner point source located at the input at the mid-points of the upper and lower halves of 

the unit cell. The carpet can be observed to have zero lines on the axis and the upper or lower 

boundaries of the unit cell (which are equivalent). The zero fields at the sidewalls of the 

multimode section of a real MMI are therefore correctly modelled by taking either the upper 

or lower half of the unit cell to correspond to the real MMI with the corresponding initial 

field. 

Self-images of the initial field can be observed at regular intervals along the  -axis. The 

particular position where the point sources are placed suppresses the excitation of all the odd 
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order modes of the modelled real multimode waveguide section. The excited modes therefore 

correspond to plane waves with transverse wave numbers equal to    . The Talbot distance 

is thereby equivalently reduced by fourfold compared to the case for general excitation. This 

accounts for the eight self-imaging planes seen in Fig. 2.12 (b) compared to the two seen in 

Figure 2.12 (a). Figure 2.12 also demonstrates that the transverse translation invariance of 

the free-space Talbot effect is broken in the waveguide Talbot effect by the sidewall mirrors. 

Both figures were generated to the same scales by the same Matlab script. 

 

Fig. 2. 12. The Talbot carpet for a multimode slab waveguide. The images show one elementary unit 

cell formed from a real multimode waveguide of width   alongside its virtual anti-symmetric 

partner. The zero-field on the axis and at the two boundaries enforced by the mirror symmetry can be 

observed. The boundaries should be identified as a consequence of periodicity. Comparison of the 

two images illustrates that the (circular) translation symmetry has been broken by the mirror 

symmetry. The transverse co-ordinate is in units of the period      and the longitudinal co-

ordinate is in units of the Talbot distance     
  ⁄  where          ⁄ ,     is the vacuum 

wavelength and      is the effective index of the fundamental mode of the slab waveguide. 

In the literature [54], self-imaging distances are expressed in terms of the beat length    

between the two lowest order modes. Now, from Equation 2.32: 



Chapter 2. The Free-Space & Waveguide Talbot Effect 

34 
 

      ( 
    ) 

 

  
 

   
 

 
 
  
 

 
 

 

  

 
 
 

 
  

 

Equation 2.33 

The Talbot distance is therefore three times the beat length: 

       

Equation 2.34 

The position of the multiple self-imaging planes predicted in this work is therefore in full 

agreement with the literature on multiple self-imaging in MMI couplers [51-53]. 

2.4.2 MMI Transfer Matrices 

Transfer matrices for MMIs were first introduced by Heaton [53]. The Talbot matrices 

introduced in this thesis are their equivalent in the context of the free-space Talbot effect. It 

has been established that the self-imaging in multimode waveguides may be modelled as a 

special case of the Talbot effect in free-space. It follows that the MMI transfer matrices may 

be related to the Talbot matrices. 

Recall that the Talbot matrices   of dimension       relate a vector   of dimension    

that represents a set of point sources located at the points of a lattice with a pitch (   ⁄ ) that 

generate the field to a vector   that represents the multiple images of these point sources 

after propagation of a distance   (  ⁄ )  . Since the Talbot matrix is symmetric and 

persymmetric, (symmetric about the trailing diagonal), it commutes with the exchange 

matrix   (a matrix involution with unit entries in the trailing diagonal and zero entries 

elsewhere). Hence: 

    
 

      
 

 
(   )  

 

 
 (   ) 

 

Equation 2.35 

That is the symmetric ( ) and anti-symmetric (-) parts of the field distributions are 

separately solutions.  



Chapter 2. The Free-Space & Waveguide Talbot Effect 

35 
 

The exchange operator   is a       matrix that admits the decomposition: 

  [
  
  
] 

Equation 2.36 

where the entries in the matrix on the right hand side are     matrices
1
. 

In the case of an MMI the fields are anti-symmetric about the sidewall between the real and 

virtual regions of the unit cell hence using Equation 2.35 the field vectors may be 

represented by: 

  [
   

 
]

  [
   

 
]
 

Equation 2.37 

As a consequence of the transverse translation invariance of the free-space problem the 

mirror plane can pass through the transverse lattice anywhere; between lattice points or even 

through a lattice point. In this thesis it has been chosen to pass midway between lattice 

points. As a consequence the MMIs modeled may have single mode access waveguide ports 

centred on the   lattice points that fall within the real waveguide region and there are no 

unusable half-ports. The formulism does encompass the most common multiport structures. 

However, MMIs with a port centred on the input face such as a     symmetric coupler are 

excluded from the formulism and must be treated separately. 

The Talbot transfer matrix is also partition in a way consistent with Equation 2.37 

  [
  
  

] 

Equation 2.38 

where   and   are     symmetric Toeplitz matrices that inherit the property of 

commutating with the exchange operator: 

      

      

Equation 2.39 

As an example, consider the case     for which the Talbot transfer matrix takes the form: 
                                                           
1
  For ease of notation, matrix objects of similar function but different dimension may have the same symbol as 

the dimension is clear from the context. 
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Equation 2.40 

where the red entries are non-zero for   or   even and the blue entries are non-zero for   and 

  odd. Hence: 
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Equation 2.41 

therefore, Equation 2.35 may be written: 

[
   
 
]  [
  
  

] [
   
 
] 

Equation 2.42 

as a consequence, it separates into the two equations: 

           
 

  [      ] 
 

Equation 2.43 

and 

         
 

  [    ] 
 

Equation 2.44 

which agree by virtue that     commute with   and   is an involution. 

The MMI transfer matrix may therefore be represented as: 

          

Equation 2.45 

where  , W are the projections of the Talbot matrix   given by the partition defined by 

Equation 2.38. 
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Returning to the example: 
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Equation 2.46 

Consequently the      matrix is fully populated irrespective of the parity of   and  . 

     [

       
        
       

]             

     [

        
       
        

]             

Equation 2.47 

The MMI transfer matrices inherit from the Talbot transfer matrix the property of having 

equal magnitude non-zero entries when   and   are relatively prime integers and the 

properties of being symmetric, persymmetric, and unitary. The Toeplitz property of the 

Talbot transfer matrix is not inherited consequent on the breaking of the translation 

symmetry by the sidewalls.  

Suppose      corresponds to    , then     
 

 is the Talbot transfer matrix for   equal to 

any integer even when   and   have common factors; in particular: 

    
      (  )  

Equation 2.48 

where   is some overall phase
2
. The MMI transfer matrices modulo an overall phase factor 

therefore form a cyclic group. 

                                                           
2
 The overall phase plays no role in determining the intensity or relative phases of the light from the output 

ports. It will only have an impact if the MMI is placed within an interferometer of some kind. The overall phase 

can be accounted for by keeping track of the phase advance due to propagation along the axis and the phase of 

the Gauss sum. It is however simpler to define the transfer matrices as equivalence classes of matrices that 

differ only by a common phase. 
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2.5 Summary & Discussion 

In this chapter it has been shown that the Talbot effect in free space provides an elegant 

description of MMI self-imaging phase relationships. By a particular choice of a transverse 

plane and a lattice of point sources, a circulant symmetric transfer matrix with Talbot phase 

factors as its entries has been introduced.  It was found that       Talbot effect transfer 

matrices map simply to     MMI transfer matrices. The nice properties of these transfer 

matrices facilitates the phase computations in coherent optical applications of MMI 

structures such as the generalised Mach-Zehnder based phased array beam-steering switches 

treated in the next chapter. 
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Chapter 3. The Optical Switch Architecture 

3.1 Introduction 

Chapter 1 provided some background and selected state-of-the-art on optical switches that 

motivated transparent route & select optical switch architectures that employ optical phased 

array (OPA) beam forming methods. Generalised Mach-Zehnder Interferometer (GMZI) 

switch elements were introduced as a specific embodiment of an OPA in the form of a planar 

Photonic Integrated Circuit (PIC). The GMZI structure consists of an array of phase-shift 

elements that connect two Multi-Mode Interference (MMI) couplers that respectively 

distribute light from an input port to the phase shift element array and then form the 

superposition of the output of the phase shift elements at each output port. In Chapter 2 the 

Talbot effect in free space was discussed and was mapped to the waveguide Talbot effect 

with a specific emphasis on the determination of the MMI port phase relations. Well defined 

and stable MMI port phase relations are critical to the operation of the GMZI structure as a 

    route or an      select switch. 

This chapter elaborates on how the basic elements of the switch architecture combine to form 

an     optical route & select switch. In Section 3.2 the GMZI structure architecture is 

introduced, the role of its constituent components is described, and the principles of its 

operation are explained. The design principles of practical MMI couplers are outlined; a 

comparison is made between the predictions of the theory and the numerical simulation of 

the MMI port phase relations; and strategies for the mitigation of impairments are discussed. 

In Section 3.3 an architecture for an Optical Transpose Interconnection System (OTIS) is 

introduced, which may combine the route switch elements and the select switch elements 

into a     switch fabric while avoiding problems associated with very large numbers of 

crossover interconnects.  The OTIS was conceived as a 3D free-space optical interconnection 

system employing bulk optics and, specifically, optical elements with rotational symmetry 

about an axis. In Section 3.4 in an original contribution; the architecture is adapted to 

spherically symmetric Lüneburg lenses and its operation verified for circularly symmetric 

cylindrical Lüneburg lenses by 2D FDTD simulation. This chapter closes with a summary in 

Section 3.5 of the most significant results. The considerations in this chapter provide the 

foundation for a planar implementation of the OTIS described in Chapter 4. 
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3.2 Generalised Mach-Zehnder Interferometer Switch Element 

3.2.1 Switch Element Architecture & Operation 

A     Generalized Mach-Zehnder Interferometer (GMZI), consists of an array of   

independently controllable waveguide phase shift elements placed between a     MMI 

and a     MMI where    . Most often     and both MMIs are of identical design 

with   input and   output ports although, typically, only one input port of the first MMI is 

used. A schematic of an example of a     GMZI is shown in Figure 3.1. 

The MMIs are designed to direct a precisely equal fraction of the power entering each of 

their input ports to each of their output ports. The relative phase differences between the 

MMI ports are then intrinsic to the MMI and very well controlled over a broad bandwidth. 

The optical power injected into one port of the first MMI is equally split between the   

waveguide phase modulators. The     coupler at the output re-combines the optical 

beams. The role of the phase shift elements is to control the interference at each output port 

and thereby directing the input light to the desired output port. 

Jenkins et al [28] demonstrated        and      GMZI switches on a GaAs material 

integration platform. Switching uniformity, maximum crosstalk, and insertion loss levels 

achieved were     ,        , and       , respectively. Tomofuji et al [29] demonstrated 

a        GMZI on an InP material integration platform. A crosstalk and an extinction ratio 

level of           and         , was measured respectively. In addition, they 

demonstrated dynamic switching with a rise and fall time of ~ 1 ns. Wang et al [30] 

demonstrated a 1 3 GMZI on a CMOS compatible Si material integration platform. A 

crosstalk and an extinction ratio level achieved         and        , respectively, at a 

wavelength of 1550 nm. Jin et al [31] reported the results of a design study for a low-contrast 

SiOx/Si material integration platform. The feasibility is claimed of switches of dimension up 

to 1×32 with insertion losses of      and crosstalk as low        . 
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Fig. 3.1. A schematic diagram of a     planar waveguide optical phased array switch using a 

generalised Mach-Zehnder interferometer structure.    and    are the overall complex amplitudes of 

the monomode fields of the input and output access waveguides respectively. The phase shift 

elements are located on arms that connect the ports of the two MMIs. By appropriate setting of the 

phase shifts, the beam entering input port 2, exits from output port 4 

To understand the switching operation, consider the transfer matrix   that characterises the 

two MMIs. Ideally there is no loss
3
 and   unitary: 

      

Equation 3.1 

where   denotes the adjoint (Hermitian transpose) operation. The reversible MMI design and 

the reciprocity property of electromagnetic scattering also ensure that the transfer matrix is 

symmetric (see Appendix II): 

     

Equation 3.2 

where   specifies the real transpose operation on the matrix. 

Hence: 

       (  )    

 
                

 

Equation 3.3 

In other words, if an optical excitation defined by the vector of amplitudes   is applied to the 

input ports of an MMI and thereby produces an optical output defined by the vector of 

amplitudes  , then an optical excitation defined by the vector of amplitudes    applied to the 

                                                           
3
 If there is uniform loss then   remains proportional to a unitary matrix. 
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input ports of the same MMI produces an optical output defined by the vector of amplitudes 

  . This symmetry is illustrated in Figure 3.2 for extra clarity. 

As a consequence, one needs to consider only the output due to the excitation of a single 

input port to know the excitation needed to be applied to each input port to ensure that all the 

light is steered to a single corresponding output port. 

 

Fig. 3.2. The MMI on the left transforms a set of input amplitudes,  , to a set of output amplitudes, b. 

If these are conjugated to    and applied to the input of an identical MMI on the right, they are 

transformed into a set of output amplitudes,    , equal to the complex conjugate of the original input 

amplitude,  . 

Let    denote a vector of amplitudes with all zero entries except for a unit in position  . 

Suppose one wishes that light applied to input port   is steered only to output port  . That 

is: 

          
         

 
   (   )

 

 

Equation 3.4 

where the subscript     refers to the MMI on the left or right of Fig.3.2, respectively. 

Let   denote a diagonal matrix that describes the action of the phase shift array with non-

zero entries: 

       (   ) 

Equation 3.5 

The problem is therefore solved by choosing   so that it satisfies: 
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(   )
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Equation 3.6 

From Chapter 2, it is known that the elements of the transfer matrices have equal magnitude 

entries with phases that are quantised. Hence the phase states required of the phase shift 

elements to perform beam steering are similarly quantised. 

3.2.2 The Phase Shift Element 

When contemplating a silicon photonics implementation of the phase shift element arrays, 

three options present themselves that differ in the physical mechanism responsible for the 

phase change of the light in the waveguide: thermo-optic; electro-optic; opto-mechanical. 

Silicon is a material with a high thermo-optic coefficient of refractive index.  

  

  
                                

Equation 3.7 

It is therefore possible to temperature tune the optical path-length of a section of waveguide. 

In practice, a heater element is fabricated over a waveguide section so that when a controlled 

current is applied the temperature rise causes a large refractive index change without 

significant optical loss [25]. The speed of operation is low (~ 1 ms) and the power 

consumption high (~ 10 mW per element). The merit of the approach is its simplicity. 

Since silicon has a centro-symmetric crystal structure, it lacks a linear electro-optic effect. 

The only recourse has been to the weak plasma dispersion effect which involves the variation 

of the refractive index by the injection or depletion of charge carriers usually via a p-n or p-i-

n junction integrated into the waveguide structure. It has been a considerable challenge to 

avoid carrier induced excess absorption, slow effects due to resistive heating by forward 

currents or difficulties removing excess charge (injection), and the difficulty of fabricating 

depletion mode devices. High speed electro-optical modulators are an enabling technology 

for the deployment of future coherent telecommunication systems operating at 100 Gbps and 

beyond [55]. Spurred on by this imperative combined with the economic promise of CMOS 

compatibility, remarkable progress has been achieved [7-16]. Bandwidths of up to 42.7 GHz 
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[10]; half-wave voltage unit interaction length product as low as 2 Vmm [13], and RF energy 

consumption as low as 200 fJ/bit [14] have been achieved. In the context of this thesis the 

major issue with electro-optic modulators in silicon is the device footprint which is measured 

in millimetres compared to the MMI and photonic wire waveguide dimensions that are 

measured in microns. In particular, the aspect ratio of these devices does not allow the phase 

shift array pitch to match the MMI access waveguide pitch. It is therefore necessary to use a 

waveguide tree to break-out the waveguides from the MMI without imbalance to the optical 

path-lengths. Any errors in the path length balance thereby caused compromise the well-

defined intrinsic phase relations provided by the MMI couplers. 

Acoleyen et al [56] recently introduced a new nano-electro-mechanical-system (NEMS) 

approach that achieves phase modulation by varying the gap width of a suspended slotted 

waveguide using electrostatic forces. The minute mass of the cantilevers than make up the 

two halves of the slotted waveguide lead to a mechanical resonant frequency of the order of 

100 MHz. As a consequence sub-microsecond switching times are feasible even with this 

mechanical approach. Furthermore, the device is ultra compact with a length of a few tens of 

micrometres and a width only slightly wider than the optical waveguide which better 

matches the pitch of the MMI access ports. 

Although active device design falls outside the scope of this thesis, this brief survey of the 

state of the art of active phase modulators shows that implement options exist now for a 

GMZI that can switch on sub-microsecond and even nanosecond timescales. Moreover, 

progress is so rapid that one may anticipate the same performance in increasingly compact 

device footprints. 

3.2.3 The Multi-Mode Interference Couplers  

The MMI couplers form the heart of the GMZI structure. The basic principles that underpin 

their operation have been explained in Chapter 2 in the context of the Talbot effect. The 

achievement of the desirable properties of low excess loss, uniformity of power splitting, and 

precisely defined port phase relationships depends critically upon the validity of the 

quadratic dependence with mode number of the differences between the mode propagation 

constants expressed by Equation 2.33. The quadratic dependence rests on the assumption of 

tight confinement and the paraxial approximation both of which become questionable as the 
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mode number increases. As a consequence the number of modes supported in the multimode 

region is limited by design. However, there must be enough modes to describe well the field 

presented by the access guides to the MMI to ensure minimal transmission loss and 

reflections. The access guides are therefore tapered to maximally expand the access port 

mode to ensure it is well represented by a superposition of only a few modes of the 

multimode region. Typically, the taper expands sufficiently that it can support higher order 

modes. To avoid the fundamental mode in the access guide being converted to the higher 

order modes within the taper, care must be taken to ensure the taper is adiabatic. Finally, the 

access waveguides must be sufficiently separated that coupling between them outside the 

multimode region is negligible. Halir et al [56] provide details of the design procedure for 

high performance MMI couplers. 

Although the theory provides vital design guidelines, the assumptions necessary for a 

tractable theory are not accurate in practice and hence numerical simulation tools must be 

used for the precise design of MMI couplers. The principal tool used to generate the results 

in this thesis is FimmProp, part of the Photon Design suite of tools, which can model a 

variety of 2D and 3D waveguide structures. The Finite Difference Mode (FDM) numerical 

mode solver was employed in all the simulation results presented herein. This solver models 

accurately waveguides with high step refractive index profiles. Figure 3.3 shows the slab 

waveguide layers used to define the MMI structure. The waveguide structure is defined to be 

compatible with Silicon on Insulator (SOI) with standard parameters: 220 nm thick silicon 

layer above a 2 µm thick buried oxide layer (silica). 

Consider a     MMI with a multimode waveguide region of width 5.25 μm, and input and 

output access waveguides of width 1 μm. In the simulations only the fundamental mode of 

these access waveguides is excited in order to emulate adiabatic tapers which are separately 

designed and optimised. This is done to avoid the co-simulation of tapered access ports and 

the multimode waveguide region which is too computationally demanding. The beat length 

   is found from Equation 2.33 to be           given the propagation constants of the two 

lowest order modes of the multimode waveguide region of               
   and 

             
   which correspond to an effective refractive index for the fundamental 

mode of 2.832 and for the second order mode of 2.821 at a vacuum wavelength of    

       . Hence, the Talbot distance    is obtained as           and the primary self-
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imaging distance             μm. However, since the access guide is placed at the 

mid-point between the multimode sidewalls, selective excitation reduces by fourfold the 

apparent Talbot distance to          (see Figure 2.12 and text that refers to which).  

 

Fig. 3.3. The cross section of the slab waveguide used for the MMI structure. 

Theory predicts that a multimode waveguide length of         , that is one quarter of the 

apparent Talbot distance will provide the basis for a     MMI splitter. Figure 3.4 shows 

the simulation of the corresponding     MMI splitter. Although no attempt was made to 

perform an optimisation, the performance was judged best with 23% of the input power on 

each output port for a multimode waveguide length of        . 

 

Fig. 3.4. A symmetric     MMI power splitter. 
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Figure 3.5 shows the fundamental mode of the multimode region and the fundamental modes 

of each of the four output ports.  

  
(a) (b) 

Fig. 3.5. The fundamental mode profile in the multimode region (right) and the fundamental mode  in 

each of the output ports (left) of the     MMI 

The    field and the power split between the four outputs are shown in Figure 3.6, which 

confirms a uniform splitting ratio between the output ports and clean mode field profiles. 

 

Fig. 3.6. The    field profile on the four output ports of the     MMI with 23% splitting ratio on 

each port. 
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Fig. 3.7. A     MMI with a primary self-image at the distance of        compared to a prediction 

of           

For a      MMI, with the same width of 5.25 µm, the input and output access waveguides 

with width      are spaced        centre-to-centre.    is unchanged as           and the 

primary self-image is located at               .  

To use this structure as a splitter the output waveguides should be located at a distance of 

        . Figure 3.8 shows the result obtained corresponding to a distance of        . 

 

Fig. 3.8. A     MMI used as a     power splitter. 

Figure 3.9 shows the fundamental mode on each of the four output ports.  
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Fig. 3.9. The fundamental mode propagation on the output ports of the      MMI. 

Figure 3.10 shows the    profile on the four outputs. A reasonably uniform splitting ratio of 

between 19% to 24% for the different outputs is obtained. 

 

Fig. 3.10. The    field profile on the four output ports of a      MMI used as a     power 

splitter. 
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The phase  ( ) of the elements of transfer matrix   that was obtained from the scattering 

matrix calculated by FimmWave for the     MMI was: 

 ( )  [

                         
                         
                         
                         

] 

Equation 3.8 

which should be compared to the theoretical prediction 

 ( )  [

               
               
               
               

]   

Equation 3.9 

To make the comparison clearer an average is taken of the entries of the experimentally 

measured matrix that correspond to a unit entry in the theoretically predicted matrix. Since 

the overall phase is arbitrary, this average of 2.9961 is subtracted from each entry and the 

remainder expressed as a fraction of   modulo    

 ( )  [

                           
                          
                          
                           

]   

Equation 3.10 

The residual is: 

  [

                           
                          
                          
                           

]  

Equation 3.11 

Figure 3.11 illustrates the comparison of the phases found by simulation with those predicted 

by theory using the unit circle. 
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Fig. 3.11. The unit circle showing a comparison of the relative phases calculated from theory (red), 

and those found from the simulation (blue) 

The agreement between simulation and theory is seen to be good. The rms deviation is 3% of 

  radians. It can be expected that use of the Kallistos (Photon Design) optimiser to adjust the 

design parameters towards improved performance (i.e. less non-uniformity and excess loss) 

will also improve the agreement of the relative port phases. Engineering of the dispersion 

relation of the modes in the multimode region to better fit the assumptions of the theory may 

also improve the accuracy of the phases. This can be achieved by sub-wavelength structuring 

of the MMI as described by Maese-Novo et al [58] and is redolent of the approach taken in 

this work to implement a planar Lüneburg lens as described in Chapter 4.  

3.3 The optical switch fabric 

3.3.1 The Transpose Interconnection 

The previous section was concerned with a     switch element with the Generalised 

Mach-Zehnder Interferometer (GMZI) architecture that makes use of optical phased array 

(OPA) principles to steer a light beam from a single input port to one of   output ports. As 

such, it provides the function of a route switch, i.e. light from an incoming port is routed to 

one of   outgoing ports. Fortunately, the same structure may be reversed to operate as a 

select switch, i.e. light from one of   incoming ports is selected and passed on to a single 
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outgoing port.  It is then possible to construct a switch fabric that combines   route switches 

of dimension     with   select switches of dimension     to form a     route & 

select switch. Further scaling of port dimension is then possible in principle by treating the 

    route & select switch as the switch elements in a larger switch fabric.  

Fig.3.12. The route & select switch architecture, using optical phased array beam steering as switch 

elements 

Figure 3.12 shows a     route & select switch architecture using 3 GMZI OPA     route 

switch elements in a first stage and 3 GMZI OPA     select switch elements in a second 

stage. Note the     interconnection network between the two stages. This network is often 

called a ‘full mesh’ interconnection but calling it a transpose interconnection is more 

descriptive of its function: if the ordered number (   ) represents module   port   then the 

interconnection effects a transposition: 

(   )  (   ) 

Equation 3.12 

where in the first stage the port is an output port of a route switch element and in the second 

stage the port is an input port of a select switch element. 

The transpose interconnection is a ubiquitous structure within switch fabrics. Restricted to a 

plane, it features a very large number of crossovers which seriously hampers electrical and 

optical waveguide implementations. Crossovers are natural in free-space optical systems and 
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present no particular problems; the challenge for free-space optical systems is the stringent 

alignment requirements. 

3.3.2 Fourier Optical Transpose Interconnection 

A free-space Optical Transpose Interconnection System (OTIS) was introduced first by 

Marsden et. al [59]. Two micro-lens arrays formed a collection of off-axis telescopes which 

imaged input ports onto their associated output ports. The use of decentred optics causes 

severe aberrations [60-61], which are a source of insertion loss and crosstalk if the system is 

used to image between mono-mode waveguides. 

An alternative architecture [32, 33, 62] draws its inspiration from the observation that a 

Fourier transform lens effects a transposition by interchanging the position (intercept) and 

momentum (angle) co-ordinates of a ray, as is illustrated in Figure 3.13. As a consequence, 

an optical transpose in space can be performed by a system consisting of a first and third 

stage array of Fourier transform microlenses on either side of a second stage Fourier 

transform macrolens in a confocal arrangement as shown in Fig. 3.14. The input ports 

(sources) are located in the focal plane of the first stage microlenses and the output ports 

(sinks) are located in the rear focal plane of the third stage microlenses. 

From a first perspective, spatially displaced rays parallel to the optical axis entering a first 

stage microlens are angularly multiplexed in its rear focal point. Conversely, angularly 

multiplexed rays passing through the front focal point of a third stage microlens are 

angularly de-multiplexed into spatially displaced rays parallel to the optical axis. The second 

stage macrolens performs the actual transposition by interchanging ray position and ray 

momentum (angle) co-ordinates of a ray between its front and rear focal planes.
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Fig. 3.13. The interchange of the position   and angle   co-ordinates of a ray between the front and 

rear focal planes of a Fourier transform lens with a focal length of   

From a second perspective, each microlens in the first stage together with the central 

macrolens acts as an off-axis telescope that forms a magnified image of its respective input 

port group. The magnified images from each telescope are overlaid but angularly 

multiplexed in the rear focal plane of the central lens. Conversely, each microlenses in the 

third stage with the central lens acts an off-axis telescope which forms a magnified image its 

respective output port group. The magnified images from each telescope are overlaid but 

angularly multiplexed in the front focal plane of the central lens.  

A non-intuitive property of the Fourier Optical Transpose Interconnection System (FOTIS) is 

that the mapping between an input port field distribution and its associated output field 

distribution is a Fourier transform rather than the imaging relation of the orthodox OTIS 

system. Indeed, concave lenses may be used in the first and third stages to reduce the system 

length. If it is desired to connect identical monomode ports then the modal field must closely 

approximate an eigenfunction of the Fourier transform. Fortunately, the modal field of 

monomode waveguides is in general close to a Gaussian and a Gaussian with an appropriate 

width and given vacuum wavelength can be found that is invariant to the action of a Fourier 

transform lens of given focal length. 
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Fig. 3.14. A three stage optical transpose interconnection system. The rays at the input are labeled 

first by input group and then by input port within the input group. The rays at the output retain the 

label assigned at the input which may be reinterpreted as a label first by output port within an output 

group and then by output group. The rays are colour coded by input group to ease tracking their path 

across the system and to clearly illustrate their transposition. 

Rays close to the chief rays sketched in Fig. 3.14 experience a transformation corresponding 

to a Fourier transform lens of effective focal length given by: 

  
    
  

 

Equation 3.13 

where    ,    and    are the focal lengths of the lenses in the first, second and the third stages 

respectively. 

The corresponding radius    of the beam waist of a Gaussian beam invariant to this 

transformation is: 

  
  
 

 

  
 
  

Equation 3.14 

where    and   are the wavelength in vacuum and refractive index of the ambient media 

respectively (here assumed identical at input and output). 



Chapter 3. The Optical Switch Architecture 

56 
 

The optical architecture is capable of implementing a (   )  (   ) transposition 

with the inputs and outputs arranged on any convenient two dimensional lattice (the regular 

hexagonal lattice is advantageous from a packing perspective). For simplicity here the 

symmetric case (     )  (     ) with ports and port groups arranged on a regular 

square lattice (i.e. as an (   ) array of (   ) arrays) only will be considered. 

Let   denote the pitch of the input / output ports within a microlens group;   denote the pitch 

of the first/third stage microlenses; and   denote the diameter of the aperture of the second 

stage lens; and introducing design margins           which are factors of the order of unity. 

For circular lens apertures: 

         √  

Equation 3.15 

         √  

Equation 3.16 

Furthermore to avoid beam overlap: 

             

Equation 3.17 

From the previous description of the imaging relations: 

  
  
 
  
  
 
 

 
     

Equation 3.18 

which implies: 

          

     
    

 

Equation 3.19 
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Fig 3.15. A ray trace of a (     )  (     ) free space optical transpose interconnection 

system. There are a total of     beams passing through this optical system. 

For example, the design parameters for the optical transpose shown in Figure 3.15 might be 

chosen to be: 

           
    
       

 
           

    
       

 
               
            

 

This conservative
4
 design illustrates how compact in principle a FOTIS can be.  

3.4 The Planar Lüneburg Lens Optical Transpose Interconnection 

3.4.1 Lüneburg Lens 

As originally conceived, the FOTIS employed rotationally symmetric Fourier transform 

lenses. It may suffice to implement the first and third stage lenses as thin or gradient index 

microlenses as their small size limits their aberrations but, most likely, a well-corrected 

                                                           
4
  The use of a hexagonal lattice would permit a reduction of the parameter   . 
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compound lens is required in the second stage to control distortion. Implementations are also 

possible using spherical mirrors [33]. 

It is known [63] that a reversible lens capable of stigmatic imaging in its rear focal plane of 

an object at infinity is a perfect Fourier transform lens, although asymmetric designs are 

known [64] with fewer surfaces than a reversible design. In an original contribution the 

conventional lenses of FOTIS, which have cylindrical symmetry about their axis, is replaced 

by graded index lenses which are spherically symmetric about a central point. A number of 

lenses within this class are known to be capable of perfect geometrical optical imaging such 

as the Maxwell fish-eye, Eaton, Miñano and Lüneburg lenses [65] 

The L neburg lens was first introduced by Rudolf Karl Lüneburg in 1944 [66]. The graded 

refractive index of a Lüneburg lens is described by: 

 ( )    √  (  ⁄ )       
                                            

 

Equation 3.20 

where   is the outer radius of the lens,   is the distance from the centre of the lens, and    is 

the ambient refractive index. 

In Appendix III, Hamilton’s method is applied to the ray analysis of the Lüneburg lens with 

the result shown in Figure 3.16. No paraxial approximation is involved in the derivations. 

Rays entering the lens where the surface of the lens intersects the optical axis, 

  (–   )
 
and incident at an angle   to the normal to the lens     (   ( )     ( ))

 
, 

are found to exit the lens parallel to the optical axis at the point  =  (   ( )     ( ))
 
. 

The optical path length from the impact point to the plane tangent to the rim of the lens and 

normal to the optical axis is found to be a constant independent of  . All other possible ray 

trajectories follow by rotation around the centre due to the spherical symmetry of the lens. 

Hence: 

[
  
  
]  [

  

 
 

 
 
] [
  
  
] 

Equation 3.21 

where (     )
  and (     )

  characterise the incoming and outgoing rays respectively; 

            are vectors all lying in the same plane passing through the centre of symmetry. 
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The matrix in Equation 3.21 is identical to the ray transformation between the focal planes of 

a thin lens of focal length     . A Lünburg lens brings an incident plane wave to a focus 

on the lens surface at a point where the surface is intersected by an axis parallel to the 

incident wavevector that passes through the centre of symmetry. However, Equation 3.21 is 

not the equation of linear matrix optics because       and       are not coordinate 

functions of points on plane surfaces but rather co-ordinate functions of points on spherical 

surfaces: 

‖  ‖  ‖  ‖   
‖  ‖   ‖  ‖    

 

Equation 3.22 

That is the tips of       are restricted to lie on the surface of a sphere of radius   (the 

surface of the lens) and the tips of       are restricted to lie on the surface of a sphere of 

radius   . 

The linear part of the response to small changes about a chief ray is however described by: 

[
   
   
]  [

  

 
 

 
 
] [
   
   
] 

Equation 3.23 

where     ,     are vectors in the tangent planes to the surface of the lens at the impact and 

escape points of the chief ray; and    ,     are vectors in the co-tangent planes (Fourier 

conjugate planes) at the impact and escape points of the chief ray. This relation shows that in 

the linear optics approximation, the Lüneburg lens maps rays between its entrance and exit 

tangent planes like a thin lens of focal length,  , maps rays between its focal planes forming 

the Fourier transform of the incident field in its rear focal plane.  
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Fig. 3.16. Ray trajectories through a Lüneburg lens. It follows from the spherical or cylindrical 

symmetry that all other ray paths may be found by rotation about the origin. 

The curvature of the field and the fact that the impact & escape ray intercepts and the centre 

of symmetry are not necessarily co-linear is accommodated by placing micro-Lüneburg 

lenses around and in osculation with the macro-Lüneburg lens. Figure 3.17 shows a planar 

section through a (     )  (     ) Lüneburg Optical Transpose Interconnection 

System (LOTIS) and also illustrates some example ray trajectories which, while unfamiliar, 

confirm operation as a transpose interconnection. The 3D structure of LOTIS (i.e. a sphere 

coated by smaller spheres) would resemble a raspberry. 

 

Fig. 3.17. A planar section through a (     )  (     )  optical transpose interconnection 

system using Lüneburg lense showing the trajectories of the chief rays between input and output 

ports. The same diagram also suffices to illustrate a (   )  (   ) optical transpose 

interconnection system employing cylindrical Lüneburg lenses. 
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A 3D optical system presents formidable packaging and alignment issues. Moreover, while a 

3D Lüneburg lens can be fabricated for use at microwave frequencies [67], a means of 

fabricating a 3D Lüneburg lens for use at optical frequencies is not yet available. It is 

straightforward to eliminate one transverse dimension to yield a system that employs 

cylindrical optics. The penalty is a reduction of port dimension: the dimension of the 

example given in Section 3.4 would reduce to (   )  (   ) with a total of    beams 

passing through this optical system. However, this reduction of port dimension may be 

partially compensated by the possibility of sub-wavelength confinement of the light possible 

in silicon photonic wire waveguides and the precision alignment offered by the lithographic 

processes used in micro-fabrication. 

3.4.2 Waveguide Confinement Correction of the Lüneburg Refractive Index Profile 

Optical systems that are spherically symmetric about a point or rotationally symmetric about 

an axis are described completely in terms of the ray paths restricted to a plane that includes 

the centre of symmetry or the optical axis respectively. If a cylindrical lens has the refractive 

index profile that was defined in Equation 3.20, the same theory will apply to rays restricted 

to a plane normal to the axis of the cylindrical lens. The light may be confined close to the 

normal to the cylinder by placing a thin slice of the cylinder between an upper and lower 

cladding as illustrated schematically in Figure 3.18. Although the light is bound to the core 

material an evanescent field extends on either side of the core material into the lower index 

cladding material. Assuming the refractive index of the cylinder varies slowly on the scale of 

the wavelength, the local propagation constant in the plane of the slab corresponds to the 

effective index seen by the fundamental mode in a slab with a core with refractive index 

equal to the local value of the graded index. To obtain the desired behaviour it is necessary to 

ensure that the graded index is such that after correction for confinement the resultant 

effective index varies as desired i.e. for a planar waveguide Lüneburg lens it is the local 

effective index of the fundamental slab mode that must vary according to Equation 3.20. 

In Appendix IV, the analytic wave theory of the modes of an asymmetric slab waveguide is 

elaborated. A transcendental equation is found for the effective index of the modes in terms 

of the vacuum wavelength and the waveguide parameters: slab thickness and refractive 

indices of core, upper cladding and lower cladding. With the aid of a numerical root finder, 
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one may solve for the effective index versus the core index which enables the waveguide 

confinement correction to the core refractive index to be calculated given a desired effective 

index, as provided by Equation 3.20. An example is given in Figure 3.19. 

 

Fig. 3.18. A schematic diagram illustrating a slice of a cylindrical graded index lens used as the core 

material of a slab waveguide to restrict the rays essentially to a plane normal to the axis of the 

cylinder. The light is confined in the direction normal to the slab as the local fundamental transverse 

mode of a graded index slab waveguide. The refractive index profile of the cylinder must be 

corrected for the effect of confinement in the slab as explained in the text. 
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Fig. 3.19. A plot illustrating the dependence of the effective index of the TE or TM fundamental 

mode and the refractive index of a 350 nm core on a silica substrate (refractive index 1.44402) in air 

(refractive index 1.0) at a vacuum wavelength of 1550 nm. To correct for waveguide confinement the 

mode effective index must be equated to a desired refractive index (for a Lüneburg lens given by 

Equation 3.20) and the corresponding required value of the core index read-off from the plot. 

3.4.3 Design Procedure 

A symmetric design is considered and hence      . 

The principal layout issue is fitting the access waveguides around the rim of the micro-

L neburg lenses to ensure that they are separated sufficiently and are sufficiently within the 

aperture of the lens for their emission to be properly captured. This layout difficulty is 

exacerbated by the requirement that the access waveguides of an individual micro-Lüneburg 

lens are parallel while most often inclined to the normal of their plane of incidence. To 

accommodate this layout constraint, a parameter     is defined that essentially preserves 

all relative features of a particular design but allows the overall expansion of the lens system 

relative to the waveguides: 

          

    
     

Equation 3.24 
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These equations have been chosen to ensure the magnification of the telescopes scales in 

proportion to and exceeds   as required 

  
  
 
  
  
    

Equation 3.25 

while keeping the effective focal length of the Fourier transform lens seen by light following 

a chief ray: 

  
    
  

 

Equation 3.26 

The micro-Lüneburg have attached input and output waveguides which must have a mode 

half-width    at     field amplitude that satisfies: 

  
  
 

 

  
  
  

Equation 3.27 

which determines  . 

It is then only necessary to check that the micro-Lüneburg lenses fit around the macro-

Lüneburg lens. The angle   subtended by the micro-Lüneburg lenses at the centre of the 

macro- Lüneburg is given by. 

   (  ⁄ )  
  

(     )
 

Equation 3.28 

To be feasible: 

     

Equation 3.29
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For example, for a (   )  (   ) LOTIS one may choose the following parameters: 

           
    
          
  
           
 
    
          
  
                
             
  
         
          

3.4.4 2D FDTD Simulation of LOTIS 

The parameters above were used to design a (   )  (   ) LOTIS with 4 input and 4 

output micro-Lüneburg lenses with diameter of          surrounding a central macro- 

Lüneburg with a diameter of          . Each micro-lens is fed by four ridge waveguides 

with a width of         . The layout is shown in Figure 3.20. 

In this design, the effective refractive index is changing from 2 on the rim of the Lüneburg 

lens to 2.828 in the centre of the Lüneburg in accordance with Equation 3.20. The access 

waveguide core width was adjusted to match the effective refractive index seen by its 

fundamental mode to the refractive index on the lens rims to minimise reflections at the 

interface. Correct operation of the design was verified by simulation using the 2D Finite 

Difference Time Domain (2D-FDTD) method which is a grid-based differential time-domain 

numerical modeling method introduced by Yee [68] and now regularly used to simulate 

nanophotonic devices. 

Figure 3.21 shows a sequence of frames from a recording of the progress of the simulation. 

The frames track a light pulse from when it first exits access waveguide 2 of microlens 3 

(counted from the bottom up) in the first stage (on the left); to when it enters access 

waveguide 3 of the microlens 2 (counted from the top down) in the third stage (on the right) 

after passing through the central lens, as predicted. Figure 3.22 shows the mode profiles of 



Chapter 3. The Optical Switch Architecture 

66 
 

the pulse in the input access waveguide on entrance and in the output access waveguide on 

exit. The insertion loss was measured as -0.25 dB and the worst case crosstalk as -24.12 dB. 

 

Fig. 3.20. The layout of a  (   )  (   ) planar three stage optical transpose interconnection 

system using Lüneburg lenses for simulation using 2D FDTD. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Fig. 3.21. A sequence of frames of a 2D FDTD simulation of a light pulse propagating from an 

entrance waveguide, traversing through the Lüneburg lens system, and then leaving by an exit 

waveguide. 
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Fig. 3.22. The intensity of the wave on the input waveguide (left), and output waveguide (right). The 

insertion loss was measured as -0.25 dB. 

This system is scalable to increase the number of input and output ports, hence it creates the 

potential to increase the number of ports in the switch fabric without the concern of large 

numbers of crossover waveguides for the interconnection of input and output stages. 

3.5 Summary & Discussion  

This chapter has considered the component parts of an     route & select switch 

constructed from generalised Mach-Zehnder interferometer switch elements combined using 

a planar optical transpose system. Procedures were outlined for the design of both the switch 

elements and the switch fabric. Special emphasis was placed on the phase relations between 

the ports of the MMI couplers that, together with electro-optic phase shift elements, are at the 

heart of the switch elements. The determination of the phase shifts necessary to steer a beam 

into a specified port were elaborated. An original planar Lüneburg Optical Transpose 

Interconnection system was introduced; its design, including waveguide confinement 

correction elaborated; and the feasibility of a (   )  (   ) design demonstrated by 2D 

FDTD simulation. It was found that laying-out the access guides appropriately presented a 

significant challenge to scaling the LOTIS to higher port counts. It is noted here that the 

access guides form the connections between an MMI of the switch element and the micro-

L neburg lens. One option to investigate is therefore whether the access guides may be 

eliminated by merging the MMI and the micro-L neburg lens. It is possible that a line-

tapered MMI design [69] could more closely pack beams with smaller spot sizes at the 

effective entry of the micro-Lüneburg lens. 
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The question of how the planar Lüneburg lens may be fabricated has been left open in this 

chapter. In the next chapter, a very promising graded metamaterial approach to the 

realisation of the Lüneburg lenses is studied. 
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Chapter 4. Planar Metamaterial Lüneburg Lens 

4.1 Introduction 

In Chapter 4 the Lüneburg Optical Transpose Interconnection System (LOTIS) was 

described and the insertion loss and cross-talk were evaluated by a 2D FDTD simulation. 

The insertion loss was found to be low, which augurs well for implementation in a planar 

integration technology although how the Lüneburg lenses might be implemented in planar 

form was left as an open question. 

The utility of planar waveguide lenses goes beyond the specific application of interest in this 

thesis. Optical information processing systems have traditionally been demonstrated using 

3D free-space optical systems employing bulk optical components. These systems are bulky 

and unstable due to the stringent alignment tolerances that must be met. Taking advantage of 

the alignment accuracy offered by a photonic integrated circuit, these issues may be 

overcome by confining the light in a planar slab waveguide. The limitation on scaling, 

consequent on the loss of one dimension is offset by the nanoscale component footprints 

attainable in a silicon integration platform. A key component of this free-space-optics-on-a-

chip concept is a waveguide lens, which may be used to implement, inter alia, the complex 

crossover interconnections of a switch fabric; the application of interest here. 

Initially consider a planar slab waveguide structure with a solid core (for example a silicon 

core with an air upper cladding and silica substrate). The structure confines the light in the 

direction normal to the plane as a 1D asymmetric slab waveguide. For simplicity, assume the 

slab only supports the fundamental mode of this 1D waveguide. The wavevector of this 

mode can point in any direction within the plane. Hence the slab acts as a region of ‘2D free-

space’. The effective index the mode experiences is not the refractive index of the core but 

somewhere between the refractive index of the core and the lower cladding because of the 

waveguide confinement. The effective index depends upon the slab waveguide parameters: 

the vacuum wavelength; the thickness of the core; and the refractive indices of core, upper 

cladding and lower cladding. For example, variations in the thickness of the core can be used 

to change the effective refractive index seen by the mode. If the thickness is varied spatially 
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but sufficiently gradually (on the scale of the wavelength) the mode will adapt to the change 

adiabatically and the net effect will be that the mode experiences a ‘graded’ effective index. 

Fourier transform lenses were fashioned by these means in the LiNbO3 material integration 

platform in the context of integrated optics acousto-optic RF-spectrum analysers [70]. In 

most applications, the precision to which the effective refractive index must be defined 

places stringent tolerances on the accuracy of the fabrication process. High precision 

multiple-step or continuous level etching presents a formidable fabrication challenge; 

ensuring that any solution involves complicated processes that are time consuming and 

costly. 

Advances in lithography, however, now enable sub-wavelength scale nanostructuring of a 

material in a single etch step while still offering continuous control over the dimensions of 

the features of the nanostructure. Essentially, the patterning creates a binary composite 

material consisting of inclusions of one material within a host of a different material. 

Traditionally, the term ‘artificial dielectric’ was used to describe these nanostructured 

materials. The term ‘metamaterial’ is now in more common parlance. Now, instead of 

varying the thickness of the core, suppose the core is such a binary composite, the refractive 

index of the composite may be varied between that of the host (say silicon) and that of the 

inclusion (say air) by adjusting its composition. It remains the case that the effective index 

seen by the mode is not the same as the refractive index of the bulk composite material. To 

obtain good designs, the desired effective index of the mode must be corrected for the 

vertical waveguide confinement to obtain the desired local ‘effective medium’ index of the 

composite. 

E-beam lithography offers the patterning of deep subwavelength structures: the propagating 

wave then experiences a homogenous material with an effective refractive index that may be 

predicted using simple mixture formulae [71]. In the long-wavelength limit, the distribution 

of inclusions within the host may be random; only the local expected filling fraction is of 

significance. 

Deep UV optical lithography is currently just capable of patterning photonic crystal 

structures which operate in the resonance regime where the lattice constant is close to half a 

wavelength. When the mean spacing of inclusions is only just sub-wavelength, a random 
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distribution of inclusions will badly scatter light. It is then preferable to use a (locally) 

perfectly periodic distribution (i.e. a photonic crystal structure), which, in principle, supports 

lossless Floquet-Bloch modes with a dispersion relation that defines the photonic band 

structure.  

As illustrated in Fig. 4.1, the period must remain sufficiently sub-wavelength to avoid 

photonic crystal band-gap effects (resonance phenomena caused by Bragg scattering) which 

cause curvature of the band.  If the band is curved, there is no simple mixture formula for the 

effective index and the design effort is considerably more involved.  

The design effort required is exacerbated by the necessity of proximity correction of the 

process for feature sizes less than 400 nm. The optical proximity effects involve interference 

and are too complex to model by other than empirical methods. Nevertheless, holes as small 

as 130 nm on a 250 nm pitch may be fabricated using, for example, the IMEC 193 nm 

process [72]. Photonic crystal waveguide losses of 4 dB/cm have been reported [73] and are 

accounted for largely by fabrication errors. In contrast, sub-wavelength grating waveguides 

that have feature sizes within the reach of 193 nm UV lithography are reported [74] to have 

losses of ~2.5 dB/cm. Photonic crystal waveguides operate at wavelength near the band-edge 

and are very sensitive to placement errors whereas subwavelength grating waveguides 

operate in the long-wavelength limit and are insensitive to placement errors.  It can therefore 

be expected that much lower losses will be found in the long-wavelength region of operation 

of a nanostructured material.  
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Fig. 4.1. (a) A dispersion diagram illustrating the first two bands of the photonic crystal band 

structure of the 1D grating shown in (b) & (c). The gratings consist of a periodic stack of plane slabs 

with alternating high (solid) and low (void) refractive index. The Bloch mode propagates in the 

direction normal to the plane slabs with a wave-vector      ⁄  and a temporal frequency  . The 

resonant region          corresponding to (b) is shown as the light blue shaded region on (a). The 

sub-wavelength regime         corresponding to (c) is shown in darker blue; in this region the 

structure behaves as a homogeneous effective medium with an effective refractive index      

 (  ⁄ ) where c is the velocity of light. 

In this chapter, it is proposed that the graded (effective media) refractive index of the 

Lüneburg lens is engineered by patterning a Silicon-On-Insulator (SOI) slab waveguide core 

layer, using a single etch step, into a dense distribution of cylindrical inclusions; either solid 

(silicon) or voids (air); in a host that is either void (air) or solid (silicon) respectively. The 

cylinders may have variable diameters and be placed on a regular lattice, that is 

advantageously hexagonal, with sub-wavelength pitch. In the case of voids, the patterned 

silicon may be suspended in air (as is standard practice for photonic crystal slabs) to form the 

core of a symmetric slab waveguide. Solid cylinders must be supported by the Si02 layer 
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leading to an asymmetric waveguide structure of reduced effective index range. Photonic 

wire feeder waveguides at different positions around the lens can be used to launch light into 

the lenses or collect light from the lenses. 

Independently of this work, Gao [75] has reported a design procedure for metamaterial 

Lüneburg lenses to explain impairments observed in an earlier experimental demonstration. 

The design procedure draws upon analytic results for the effective media index obtained for 

1D lamella gratings and applies them necessarily in an ad hoc fashion to a structure of 

cylindrical silicon rods on a square lattice to which the design procedure is restricted. The 

design procedure reported in this thesis is applicable to structures with holes or rods on any 

lattice. 

In Section 4.2, a procedure is developed to determine the local effective media index of a 

periodic metamaterial in terms of the parameters of its unit cell. In Section 4.3, this 

calibration is applied to layout a metamaterial with graded parameters. In Section 4.4, the 

results of FDTD simulations of wave propagation through this graded structure are reported 

that verify operation as a Lüneburg lens. The results are reported of a full 3D FDTD 

simulation of light relayed by a telescope formed from two metamaterial Lüneburg lenses 

between two photonic wire waveguides. The predicted insertion loss of          

establishes the feasibility of the approach. The chapter closes with a summary in Section 4.5 

of the most significant results 

4.2 Homogenisation of photonic crystal structure 

To enable design, an abstraction procedure is required that summarises the detail of the 

nanostructure of the metamaterial. The goal is to replace the metamaterial conceptually by 

some effective media that captures the larger scale behaviour of electromagnetic wave 

propagation in the bulk and at the surface of the metamaterial preferably in such a way that 

conventional notions of wave-propagation (e.g. Snell’s law and the Fresnel relations) are 

preserved. The metamaterial of interest in this work has the structure of a 2D photonic 

crystal slab with ‘atoms’ in the shape of cylindrical prisms with variable diameter placed on 

a regular lattice. The first approximation made to attain the goal is to assume that the 

variation of atom diameter occurs sufficiently gradually spatially that the environment 

around any unit cell may be accurately approximated by the periodic replication of that unit 
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cell. In other words, locally the graded metamaterial behaves as if it was a perfectly regular 

photonic crystal with a fixed atom diameter equal to the diameter of the atom found in the 

local unit cell. This approximation enables one to focus on the homogenisation of a uniform 

photonic crystal of infinite extent or equivalently a single unit cell with periodic boundary 

conditions. 

It is noted in this context that a natural crystalline material is a composite ‘material’ of 

similar structure. It has atoms arrange on a regular lattice that form the inclusions in a 

vacuum host. Landau and Lifshitz [76] explain how the fundamental equations of the 

electrodynamics of continuous media are obtained by averaging the equations of the 

electromagnetic field in a vacuum (in the case of a crystal over its elementary unit cell); a 

method due to H. A. Lorentz. The averaging process may be considered to define the 

macroscopic fields and the material constitutive relations between them (i.e. in the case of a 

dielectric, the relative permittivity). The analysis is tractable because a representative lattice 

constant   is so much smaller than the wavelength (    ) and the problem, for a 

dielectric, reduces to a problem in electrostatics. The macroscopic representation of the fields 

is highly accurate. Indeed, in this work, the electromagnetic properties of the constituent 

components of a photonic crystal are described by this representation. 

The photonic crystal structure may be homogenised in a similar way. The macroscopic fields 

of continuous media then play the role of the microscopic fields. New macroscopic fields are 

obtained by suitable averaging over the unit cell. Linear constitutive relations for the 

effective medium are then defined by these fields to ensure they obey the macroscopic form 

of Maxwell’s equations. The fact that the representative lattice constant   is only just smaller 

than the wavelength (    ) results in linear constitutive relations that can be spatially 

dispersive (i.e. depend upon  ) even when the component of the composite material are not 

spatially or temporally dispersive. Moreover, phenomena which do not occur in nature are 

possible, such as magnetoelectric coupling [77] and negative refraction [78], which explains 

the vibrant interest in metamaterials. 

A tractable analytic approach to determining the microscopic fields for averaging is not 

available for      because it is necessary to take full account of retarded fields. However, 

today advantage may be taken of the availability of numerical tools to compute the 
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microscopic fields of a unit cell which may then be averaged by a suitable homogenisation 

procedure. The semi-numerical approach was first introduced by Smith & Pendry [77] and 

placed on a firmer mathematical foundation by Tsukerman [79, 80]. Various flaws in 

Pendry’s approach have been identified by Gozhenko [81]. Xiong [13] identifies a potential 

pitfall: it may be incorrect to assume the usual boundary conditions for the electromagnetic 

field at an interface between the homogenised and regular material (this assumption is 

implicit in the approach described in the sequel to the 1D waveguide confinement correction 

of the effective index of a 2D photonic crystal slab). The method of Perez-Huerta [83] is 

appealing because the homogenised permittivity can recreate the entire photonic band 

structure. 

In this work an engineering approach is taken: a photonic crystal band structure solver is 

used to calibrate the dependence of the effective index on atom diameter. This is equivalent 

to ignoring the details of the Bloch mode within a unit cell while taking full account of the 

phase change of the Bloch mode from one side to the other side of the cell. This information 

is provided by the bandstructure. Two approaches to calculating the effective index as a 

function of atom diameter have been considered. 

1) A 2D band structure solver is used to obtain the effective index of the fundamental Bloch 

mode in an extended 2D photonic crystal. This effective index is then used as the 

refractive index of the core of an asymmetric slab waveguide with an upper cladding of 

air and a lower cladding of silica to calculate the effective index of the fundamental 

waveguide mode. This correction for waveguide confinement is performed by a Matlab 

script that finds the roots of the dispersion relation for an asymmetric slab waveguide 

derived in Appendix IV. This perspective is illustrated in Figure 4.2. 

2) A 3D band structure solver for a 2D periodic medium is used to directly solve for the 

effective index of the fundamental mode. The 3D solver assumes a 3D elemental unit cell 

with periodic boundary conditions. The 3D unit cell is defined in the plane of the slab by 

the 2D unit cell of the photonic crystal slab lattice, and it is defined by the device 

structure in the direction normal to the plane of the slab, i.e. the air / metamaterial / 

substrate layers. The implicit assumption that there are an infinite number of replications 

of the 3D unit cell normal to the plane of the slab is an approximation given that the slab 
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is only one unit cell thick. The real structure is not at all periodic in the third direction.  

However, the Bloch modal fields found decay rapidly away from the core and are 

essentially zero at the device boundaries for air and substrate cladding layers      thick; 

there should be little error in the fields caused by the assumed periodicity.  It is therefore 

expected that the 3D band structure solver for a 2D periodic medium yields an accurate 

value of the effective index of the metamaterial that fully accounts for the 1D waveguide 

confinement. This perspective is illustrated in Figure 4.3. 

 

Fig. 4.2. A side view of the planar metamaterial lens structure with an overlaid schematic of the 

fundamental mode field amplitude distribution emphasising the waveguide perspective. The 

subwavelength binary structure acts locally as a continuous effective medium with a graded refractive 

index that forms the core material of an asymmetric slab waveguide that confines the mode. 

The goal of either method is to obtain an accurate value of the ‘3D’ effective index as a 

function of atom diameter to enable a script that creates the device structure to generate 

atoms of the correct diameter given a specified local effective index. The design can then be 

verified by a 3D FDTD simulation of propagation in a graded ‘metamaterial’ i.e. a 3D FDTD 

simulation of a photonic crystal slab with a spatially slowly varying atom size. In this work, 

the slab has an upper cladding of air and a lower cladding of silica and the ‘atoms’ are either 

silicon rods in an air host or air holes in a silicon host. 
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Fig. 4.3. A view of a 3D unit cell emphasising the 3D photonic crystal perspective. The 3D cell is 

formed by the 2D unit cell of the photonic crystal slab lattice extended in the normal to the plane of 

the slab through the lower cladding, photonic crystal slab core, and upper cladding layers of the 

device. 

4.3 Effective index versus atom diameter calibration 

The validity of the homogenisation procedures discussed in the Section 4.2 was investigated 

by numerical experimentation using the CrystalWave package of the Photon Design suite of 

software tools. Consistent with the emphasis of this thesis, a SOI integration platform was 

selected with a silicon layer 220 nm or 350 nm thick. Cylindrical atoms on a regular 

hexagonal lattice with a lattice constant of 250 nm were selected because cylinders are more 

easily fabricated than other shapes and a pitch of 250 nm is within the range of deep UV 

lithography. The hexagonal lattice then offers higher packing densities than other plane 

lattices. The fill factor   for cylinders of diameter   arranged on a hexagonal lattice with 

lattice constant   is: 

  
 

 √ 

  

  
     

Equation 4.1 
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For comparison, the corresponding fill factor for a square lattice is: 

  
 

 

  

  
      

Equation 4.2 

The choice of silicon rods or air holes for the inclusions has an effect on the range of 

effective media indices that may be reached. Air holes permit the highest effective medium 

index to reach the refractive index of silicon (           ) and silicon rods permit the 

lowest effective medium index to reach the refractive index of air (        ). However, the 

effective index of the mode cannot be lower than the higher of the refractive index of the 

upper or lower cladding. Mechanical considerations mean that silicon rods must be supported 

on a silica substrate limiting the lowest effective index of the mode to the refractive index of 

silica (             ). A slab with air holes can be suspended by an under etch which 

permits the effective index of the mode to reach below the refractive index of silica. The 

effective index of the mode is always lower than the refractive index of the core as a 

consequence of waveguide confinement. The thickness of the silicon layer determines the 

height of the rods or holes and therefore has a bearing on the highest achievable effective 

index of the mode. 

 

Fig. 4.4. A unit cell for silicon rods of diameter 180 nm in an air host on a regular hexagonal lattice 

of lattice constant 250 nm. 
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Fig. 4.5. The k-space diagram of the conventional ΓMKΓ path for a 2D hexagonal lattice with the 

lattice constant of 250 nm. 

 

Fig. 4.6. The 2D photonic crystal band diagram for TE polarisation for silicon rods of diameter 180 

nm on a regular hexagonal unit cell with a lattice constant of 250 nm. The plot is a section along the 

     path through the 2D band surfaces above the 2D wavevector plane. Note there are 16 

equispaced axis markers along each segment of the      path. 
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Figure 4.4 shows an example of the unit cell in the CrystalWave window for silicon rods 

with a diameter of 180 nm in an air host. Figure 4.5, Figure 4.6 and Figure 4.7 provide 

different views of the corresponding 2D photonic band structure diagram for the TE mode as 

calculated by the CrystalWave 2D band solver. As illustrated in Fig 4.1, the working region 

of interest is the lower band in Fig. 4.6, preferably close to the   point where the band is 

most linear. This region corresponds to the conical depression of the band surface shown in 

Fig.4.6. The local rotational symmetry of the base region of this cone is confirmed by the 

equifrequency contours shown in Figure 4.7, which remain close to circles for a broad range 

of frequencies up to and to a certain extent beyond         . This is indicative of a minimal 

dependence of the effective index on the direction of propagation. However, at the operating 

vacuum wavelength of            , which corresponds to a frequency of             

in the units used in Fig. 4.6, there is a slight deviation from the long-wavelength asymptote. 

The effective index versus atom diameter dependence was therefore calibrated by reading 

from a sequence of the 2D band structure diagrams the datum at the closest point to a 

frequency of             as the diameter of the atoms was varied from 10 nm to 236 nm. 

The results are plotted in Figure 4.9 and Fig 4.10.  

 

Fig. 4.7. The lower band of Fig 4.6 displayed in perspective over the whole of the wavevector space. 
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Although the Maxwell-Garnet mixture formula [71]: 

    
    

 
(    )  

     
 (   )

(   )  
  (   )  

  

Equation 4.3 

predicts the general trend there is a significant difference between its prediction and the 

effective index obtained from the band structure data. 

The 2D analysis assumes inclusions that are infinitely long cylinders whereas in practice the 

inclusions are slices of cylinders with lengths of the same order as their width. In Fig 4.12(a) 

a comparison is made between the two approaches described in Section 4.2 for predicting the 

effective index of the fundamental mode of a 2D photonic crystal slab. The agreement can be 

seen to be excellent (    error). To obtain good results from the 3D solver for a 2D 

periodic medium, the effective index was evaluated for different sampling resolutions in the 

direction normal to the plane of the slab waveguide. Good accuracy was found with 128 

samples, which was selected as a compromise between precision and computation time. The 

dependence of the effective index is monotonic on the resolution, which suggests that a 

further increase in sampling resolution might reduce the apparent systematic, albeit small, 

disagreement between the 3D band solver result and the 1D confinement corrected 2D band 

solver result. 
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Fig. 4.8. The equifrequency contours of the band surface shown in Fig. 4.7 displayed on the wave 

vector plane. 

The close agreement between the bulk refractive index of a 2D photonic crystal corrected for 

1D waveguide confinement and the effective index found from a fully 3D photonic band 

structure calculation augurs well that the nanostructured core material is behaving as 

continuous effective medium. 

The final result, Fig. 4.12, is remarkable for its close fit to a linear dependence on fill-factor 

except close to cut-off where one would expect a linear extrapolation to fail because it would 

predict an effective index close to or lower than the lower cladding index. 
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Fig. 4.9. The effective medium index of a 2D Photonic Crystal with cylindrical air holes placed on a 

regular hexagonal lattice with a lattice constant of 250 nm in a silicon host. 

 

 

Fig. 4.10. Effective Medium Index of a 2D Photonic Crystal with cylindrical silicon rods placed on a 

regular hexagonal lattice with a lattice constant of 250 nm in an air host 

The 3D analysis is done using the 3D band solver for 2D periodic structure. The solver 

obtains the periodic conditions in the plane from the silicon layer that has a 2D periodic 
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structure. Then it approximates the problem by replicating the whole device structure out of 

the plane, hence, finding a 3D unit cell with 3D boundary conditions. However here the 

device is not periodic out of plane, it is being approximated by a structure that is periodic. 

The field is near zero at the top and bottom boundaries which are equated under the 

replication. The effective refractive index is calculated from the TE band of the band 

diagram in figure 4.11, which is an example for the hole size of 180 nm.  

 

Fig. 4.11. The 3D photonic crystal band diagram for TE (red), also highlighted by the bold dots) and 

TM (blue) polarisations for silicon holes of diameter 180 nm on a regular hexagonal unit cell with a 

lattice constant of 250 nm. Note there are 16 equispaced axis markers along each segment of the 

     path. 
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(a) 

 
(b) 

Fig. 4.12. The effective index for the fundamental mode of a photonic crystal slab waveguide with a 

350 nm thick silicon core host with cylindrical air holes placed on a regular hexagonal lattice with a 

lattice constant of 250 nm; (a) there is good agreement between 3D band structure solver and the 1D 

confinement corrected 2D band structure solver methods of finding the effective index; (b) there is 

excellent agreement between the dependence of the data on fill factor and a linear dependence   

except near to cut-off where the effective index approaches the refractive index of the lower cladding.  
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4.4 FDTD simulations of metamaterial lenses & telescopes 

2D and 3D FDTD simulations were performed using CrystalWave to verify the optical 

behaviour of the graded metamaterials. These simulations required the definition of the 

graded nanostructure just as masks are required for fabrication. These nanostructures are so 

complex that their layout must be automated. Fortunately, the CrystalWave tool may be 

automated using a Python script and the device structure may be exported as a GDSII file 

into a layout tool to facilitate mask generation. An outline is given in this section of the 

Python script that was developed to generate the structure of the metamaterial Lünburg 

lenses that were simulated in this work. It also explains why a form of quantisation is 

necessary to automate layout. 

Two Bravais vectors    and    are defined to describe the position of the atoms on the plane 

(Figure 4.13).  

 

Fig. 4.13. The Bravais vectors that define the unit cell of a lattice in the plane. 

For a regular hexagonal lattice with lattice constant   and a Cartesian co-ordinate system 

these vectors may be expressed as: 

    [
 
 
]       

[
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 ]
 
 
 

  

Equation 4.4 

Since these two vectors are linearly independent, any vector in the plane q may be expressed 

as: 
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Equation 4.5 

where    and    are scalars. 

Let   
 

 and   
 

 denote two vectors that are orthogonal to    and    respectively. That is: 

     
   

     
   

 

Equation 4.5 

a suitable choice is: 
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Equation 4.6 

It follows that the lattice coordinates corresponding to the position   are: 

   
    

 

     
       

    
 

     
     

Equation 4.7 

In CrystalWave the atoms on a lattice are indexed by integers that correspond to the values 

(     ) take when the position vector   points to the lattice site. By appropriately 

incrementing    and    atoms may be visited sequentially in an area that contains a region of 

interest. At each lattice point visited   may be tested to determine if the atom lies in the 

region of interest. If it does then the required effective index at that point is looked-up, for 

example, using the Lüneburg refractive index distribution (Equation 3.20). A polynomial fit 

of the fill factor as a function of the effective index determined by the calibration process 

described in Section 4.3 then permits the diameter of the atom to be determined. Ideally, the 

atom’s properties could then be updated with the new diameter. In practice, an atom from a 

predetermined palette of atoms is substituted that is closest in terms of the desired property 

(effective index). The palette is constructed by quantising the desired refractive index range 

and defining a representative atom for each quantisation level using the calibration 

polynomial. A palette containing 100 atoms was used in the simulations herein. Note that the 

calibration polynomial used depends upon whether a 2D or 3D simulation is to be performed. 
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As an example, Figure 4.14 shows a circular Lüneburg lens that was defined with a diameter 

of       and the centre at (           ) with rod diameters that vary from        on the 

rim to        in the centre placed on a hexagonal lattice with a lattice constant of       . 

The effective refractive index on the rim was set to     and consequently in the centre it will 

be     √      .  The calibration polynomial was appropriate to a 2D FDTD simulation. 

 

Fig. 4.14. A metamaterial Lüneburg lens with a diameter of      ; centre at (           ) with the 

rod diameters varying from 151 nm on the rim to 202 nm in the centre placed on a hexagonal lattice 

with lattice constant of 250 nm. The effective refractive index on the rim was set to 1.4, which leads 

to an effective index at the centre of the lens of 1.98. The calibration used was appropriate to 2D 

FDTD simulation. 

Figure 4.15 illustrates a 2D FDTD simulation of the collimation of a wave emitted by a 

continuous wave (CW) point source with vacuum wavelength 1550 nm placed on the rim of 

the lens. The transformation by the metamaterial lens of the spherical wave emitted by the 

point source into a plane wave is clearly evident. 
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Fig. 4.15. A 2D FDTD simulation of the lens shown in Fig 4.14 excited by a CW point source with 

vacuum wavelength 1550 nm placed on the rim of the lens. 

To assess any degradation in insertion loss as a consequence of approximating a continuous 

graded index material by a graded metamaterial, two lenses are placed side-by-side with their 

rims touching on axis to form a confocal telescope (Figure 4.16). Two monomode 

waveguides are used as input and output ports. The waveguides are designed to have a mode 

effective index of 1.4 to match the effective refractive index of the lens on the rim to avoid 

any reflection because of a sudden change of refractive index. The width of the waveguides 

is         , and the diameter of the lenses is      .  
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Fig. 4.16. Two lenses side-by-side with rims touching at a point on axis with two feeder waveguides 

providing an input and output port are used to assess the excess insertion loss of a metamaterial 

implementation of Lüneburg lenses. The effective refractive index of the waveguides is 1.4 matching 

the effective refractive index of the lens at the rim. The width of the waveguides is         , and the 

diameter of the lenses is      . 

A 2D FDTD simulation was performed. The small size of the rods required a computational 

with grid spacing of 7 nm to adequately represent their shape and hence deliver an accurate 

result. Figure 4.17 shows a simulation of the successful imaging by the metamaterial 

Lüneburg lens telescope of the field exiting input waveguide excited by a CW source to the 

field entering the output waveguide. 
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Fig. 4.17. A 2D FDTD simulation of a confocal metamaterial Lüneburg lens telescope between two 

optical waveguides. A computational grid spacing of 7 nm and a CW source were used. 

Although useful for visualisation, CW sources do not provide accurate relative flux 

measurements. For the analysis of the insertion loss, a TE mode excitor using a pulsed 

sinusoidal field with duration of 50 fs was used. The 2D FDTD simulation yielded an -0.45 

dB insertion loss from waveguide to waveguide via the two lenses. Figure 4.18 shows the 

intensity profile at input and output waveguide, which confirms minimal aberrations of the 

modal field. 

 

Fig. 4.18. The intensity profile of the field at the input waveguide (left), and at the output waveguide 

(right) for the two metamaterial lens system. 
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The insertion loss measured by 2D FDTD for metamaterial Lüneburg lenses is 

commensurate with the loss measured by 2D FDTD for continuous graded index Lüneburg 

lenses which augers well that a metamaterial implementation of the Lüneburg lenses will not 

significantly degrade performance. 

The 3D simulation was performed by defining the three layers as is shown in Figure 4.19, 

air, silicon and silica with the thickness of     ,         and      respectively. However 

the 3D simulation needs more memory RAM and takes a longer time for a simulation run. 

There is a possibility of using a computer cluster to solve the problem of lack of memory on 

a single computer, but that also introduces the complexity of dividing the sensors across 

several cluster nodes to calculate the field on the sensor. The accuracy of the simulation may 

be compromised by both a too coarse computational grid due to inadequate sampling of 

nanostructure and by a too fine computational grid due to the accumulation as the wave 

propagates of numerical round-off errors. 
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(a) 

 

(b) 

Fig. 4.19. Two lenses side-by-side in a 3D structure with three layers of air, silicon and silica with the 

thickness of     ,         and      respectively. The rims are touching at a point on axis. Two 

feeder ridge waveguides provide an input and output port to assess the excess insertion loss of a 

metamaterial implementation of Lüneburg lenses. The width of the waveguides is         , and the 

diameter of the lenses is      . The diameter of the holes varies from           at the rim to 

          at the centre. (a) is the top view of the structure and (b) is the cross section at    , 

showing the variation of the diameter of holes in lens structures. 

Moreover, as refreshing the simulation field view makes the cluster run slower, the 

simulation must be performed blind, i.e. without observing the field propagation. This 

creates difficulties in the estimation of the duration of simulation which must be set in 
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advance and in the interpretation of an unexpected result of the identification of an error in 

the way the simulation is set-up that can be corrected.  

Figure 4.20 shows a sequence of frames of 3D simulation of a telescope structure, similar to 

Figure 4.17 but with the full three layers and a waveguide width of         . To produce 

this figure it was necessary to set the grid spacing to 28 nm to be able to perform the 

simulation on a single node. This grid spacing is too coarse for this problem and is likely the 

main cause of the lower quality of the field profile on exit shown in Fig. 4.21. Nevertheless 

the predicted insertion loss is -0.83 dB which is acceptable. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 4.20. A sequence of frames of a 3D FDTD simulation of a confocal metamaterial Lüneburg lens 

telescope between two optical waveguides. A computational grid spacing of 28 nm and a mode 

excitor source with the sinusoidal pulse of 50 fs duration, for hole diameter changing 

from           on the rim to             in the centre. 
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(a)    

 

(b) 

  

(c) 

Fig. 4.21. The intensity profile at the input waveguide (left), and at the output waveguide (right) for 

the two metamaterial lens system from a 3D FDTD simulation, a) the cross-section of the field in the 

  direction, b) the cross-section of the field in the   direction, c) a perspective plot.  
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4.5 Summary & Discussion 

In this chapter, it has been shown that a planar metamaterial Lüneburg lens can be 

implemented in an SOI slab waveguide structure by patterning the silicon core with variable 

sized holes. The subwavelength patterning of binary nanocomposite material to form the 

metamaterial offers the major advantage of fabrication by a single etch step while demanding 

feature sizes that can be accessed by deep UV lithography in addition to e-beam lithography. 

A numerical calibration procedure has been described that is used to find the relation 

between fill factor and effective refractive index and which improves upon the predictions of 

analytic effective media theory used by other researchers. The 2D FDTD simulation of a two 

lens telescope system with waveguide feeds implemented in a metamaterial shown a low 

insertion loss of -0.45 dB with a reliable field profile at exit. A 3D FDTD simulation of the 

same two lens telescope system that takes full account of the SOI layers, their finite 

thickness, and the ridge waveguide feeds also predicts a low loss of -0.83 dB. Less reliance 

however can be placed on this result due to the coarseness of the computational grid that was 

necessary. Nevertheless both results are encouraging for planned fabrication trials. 
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Chapter 5. Conclusions 

5.1 Summary & Conclusions 

In this thesis, a transparent optical route & select circuit switch architecture has been 

proposed that consists of a set of switch elements, which steer beams on the basis of the 

principles of phased array antennas, interconnected by an optical transpose interconnection 

system. It was further proposed that the switch elements have the structure of generalised 

Mach-Zehnder interferometers; that the optical transpose interconnects use Lüneburg lenses; 

and, that the Lüneburg lenses have the structure of a planar metamaterial slab waveguide. By 

these expedients the complete switch may be fabricated on a single photonic integrated 

circuit using a suitable integration material platform, such as silicon on insulator, which has 

been the focus of this work.  

The thesis then examines key elements of the overall concept, thereby taking the reader on 

an intellectual journey to appreciate the beauty of the photonic crystal band structure; the 

Talbot effect; self-imaging in multimode waveguides; and, the elegance of Fourier, Fresnel 

and Hamiltonian optics; with a brief a detour on the way to discover some number theory; 

and all towards a practical engineering goal. 

Chapter 1 provided some motivation for the proposed architecture by discussing the 

anticipated requirements for optical switches in next generation optical communications 

networks and the relevant state-of-the-art. The subsequent chapters then examined more 

closely key elements of the overall concept. In Chapter 2 the Talbot effect in free space was 

discussed and was mapped to the waveguide Talbot effect with a specific emphasis on the 

determination of the MMI port phase relations. An original contribution is the introduction of 

Talbot transfer matrices. The nice properties of these transfer matrices facilitate the phase 

computations in coherent optical applications of MMI structures. In Chapter 3, the behaviour 

and characteristics of MMI couplers and their role in the GMZI OPA switch elements is 

explained; the optical transpose interconnection system (OTIS) is introduced and, in an 

original contribution, adapted to make use of the Lüneburg lens. In Chapter 4 it is explained 

how a Lüneburg lens may be implemented in a graded ‘metamaterial’, i.e. a composite 

material consisting of ‘atoms’ arranged on a regular lattice suspended in a host material. For 
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parameters accessible to contemporary lithography, it is found that the metamaterial is not 

accurately described by a simple Maxwell-Garnet mixture formula: a more sophisticated 

theory is required. Nevertheless, asymmetric slab waveguide theory adequately predicts the 

effective index of the fundamental mode of a slab waveguide with a metamaterial core, 

which suggests the metamaterial is behaving similarly to a homogenised continuous medium. 

An engineering approach to homogenisation is therefore possible which involves the 

calibration of the effective index of the metamaterial either using a 2D photonic band 

structure solver with 1D waveguide confinement correction or by a fully 3D photonic band 

structure solver. This enabled the automation of the layout of metamaterial Lüneburg lenses 

and telescopes and their verification by 2D and 3D FDTD. Measured insertion losses and 

crosstalk suggest that a metamaterial implementation results in minimal impairment 

compared to a continuous medium implementation. 

The results established in this thesis together with known results on active phase modulator 

structure (reviewed in Section 3. 2. 2), establish the feasibility of the overall optical switch 

concept. 

5.2 Discussion & Suggestions for Further Work 

The simulation results are encouraging for further work. It is in the nature of research that it 

can raise more questions than it answers. A selection of these questions follows: 

1) A priority is to embark upon fabrication and testing. Indeed, it was hoped that some 

experimental work could be included in this thesis but the other demands and timescales 

of a Master’s programme did not permit. Nevertheless, fabrication via the Nano-SOI 

process funded by CMC has been approved. The Nano-SOI process was originally 

intended for Nano-Electro-Mechanical System’s (NEMS) research and is not well 

characterised in respect to standard optical structures (such as grating & edge couplers 

and waveguides) and proximity effects for features less than 200 nm are unknown. A first 

fabrication run must by necessity involve numerous test structures to permit the 

calibration of structure-property relations. It is planned to layout the necessary masks in 

the next period. There are also some photonic integrated circuits in hand or under 

fabrication at IME, Singapore, funded by CMC which contain active devices in circuits 
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similar to the GMZI structure. Experiments on these chips will provide data on the active 

devices that are envisaged to be used in the switch. 

2) A second priority is to address the challenge of large scale simulation of nano-photonic 

systems to accelerate progress. A common recourse in nanophotonics research is to use 

FDTD as was the case in this thesis. However, FDTD is really only useful for devices 

with overall dimensions of a few wavelengths. One rapidly meets memory or execution 

time limitations when attempting to simulate structures with sub-wavelength features 

with overall dimensions that extend over a large number of wavelengths, such as the 

Optical Transpose System based upon metamaterial Lüneburg lenses. The problem is 

exacerbated if 3D FDTD is required. Often only 2D FDTD calculations are viable but 

extreme care is required to ensure the result is then physically meaningful to the 3D 

problem at hand. The way forward for this work is to establish confidence in an accurate 

homogenisation procedure, that allows the larger scale circuits to be accurately simulated 

using, for example, beam propagation methods designed for continuous media. 

3) A third priority is to address the challenge that was found in accommodating the access 

waveguides around the rim of the micro-Lüneburg lenses of the optical transpose system. 

These access guides are used to relay the self-image formed by the second MMI of the 

GMZI structure. This suggests dispensing with these waveguides and merging the second 

MMI and the micro-Lüneburg lens into a single integrated component. The switch 

element would then steer beams in angle similar to a Micro-Electro-Mechanical-System 

(MEMS) mirror but with no moving parts. A line tapered MMI structure (a segment of an 

annulus) may provide the demagnification sought. The recent application of refractive 

index engineering to perfect MMI performance [19] suggests that the integrated MMI – 

micro-Lüneburg lens component as a whole may be implemented as a structured 

metamaterial. 

4) Finally, the sub wavelength crossovers that were introduced in Chapter 1 are perhaps best 

not considered as a competing technology but as a different manifestation of the use of a 

metamaterial to guide light between access waveguides of an optical interconnection 

system. One can envisage a nanostructure which has been engineered to combine the 

longer range light guidance of the metamaterial Lüneburg lens with the shorter range 

light guidance of the subwavelength grating waveguide. Advantage might then be taken 
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of the low loss and cross-talk of free-space crossovers while fine-tuning alignment using 

the waveguide structures outside of cross-over regions. 
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Appendix I: 

The Fractional Talbot Effect Impulse Response 

In Chapter 2 the Talbot Effect Impulse response was found to be given by: 

 (   )      
 

 
∑      

 
   
     

 
  
 

 

    

 

Equation I.1 

where: 

  is the impulse response; 

  is the transverse co-ordinate; 

  is the transverse period; 

  is the longitudinal co-ordinate; 

   
  

 
 is the Talbot distance; 

  is an integer index; 

  
  

 
 is the wave-number. 

In this appendix a closer inspection of the second exponential term within the summation is 

made when a transverse observation plane intersects the optical axis at rational integer 

multiples of the Talbot distance. The analysis in this Appendix follows the approach of Berry 

et al [47]. 

It is always possible to rearrange the elements of a sequence into a set of sub-sequences, each 

of length  , and then find the sum of the sequence by summing the subsequence sums: 
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Equation I.2 

Application of this strategy to the sum in Equation I.1 yields: 
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Equation I.3
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Equivalently: 
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Equation I.4 

on moving all terms to the left that do not depend on the index  . 

Setting  

 
       

 
  
 
 

An immediate consequence of placing the observation plane at a rational fractional Talbot 

distance given by: 

  
 

 
        

Equation I.5 

is that the term: 

 
       

 
   
 
                      

Equation I.6 

and hence   simplifies to: 
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Equation I.7 

Consider the final exponential in Equation I.7: 
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Equation I.8 

Now: 
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Equation I.
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where a remarkable fact, verging on a coincidence, that: 

(  ) 
 
 [(  ) ]  (  )     

Equation I.10 

permits the replacement of the quadratic exponent in Equation I.9 by a linear exponent. 

Hence, the second summation in Equation I.7 takes the following forms: 
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Equation I.11 

The pre-factor to these comb distributions is sampled by the singular support of the combs. 

Interchanging the sum over   and   and performing this sampling, yields: 
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Equation I.12 

 (   )      ∑
 

√ 
[
 

√ 
 ∑ 

    (  
 
 
 )
 
   
     

 
 
 

   

   

]  (  (  
 

 
 )
 

 
)

 

    

            

Equation I.13 

For relatively prime integer   and   , Equation I.12 and Equation I.13 show that,   multiple 

images of the initial field are formed that are spaced in the transverse plane by   ⁄  .To 

satisfy energy conservation the overall amplitude of the images is reduced by a factor 

of   √ .  When   and q are odd the multiple images are additionally shifted by one half-

period   ⁄  (i.e. has no dependence on  ). However, the Dirac distributions that are shifted 

are indistinguishable from each other and the Talbot phase associated to any Dirac 

distribution is determined only by the location of its singular support. A Dirac distribution is 

shifted to a location midway between two locations previously occupied by a Dirac 

distribution. Consequently, the shift is equivalent to half a lattice pitch (  ⁄ )(  ⁄ ). To see 

this write:  ́    ⌊  ⁄ ⌋. The infinite sum over   may be written as an infinite sum over 
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 ́ and the accent may then be dropped. This suggests defining a lattice with a pitch of    ⁄   

with the Dirac distributions occupying the even sites for   or   even and the odd sites for    

and   odd. 

In simpler terms: 
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Equation I.14 

where: 
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Equation I.15 

The coefficients  ( ) are pure phase factors. To show this first note: 
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Equation I.16 

Now: 
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Equation I.17 

I.1 To Evaluate the Talbot Phase for   Even 
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Equation I.18 
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Equation I.19 

Note (   ) only exists if    (   )    i.e.   and   are relatively prime.   is even only 

when        is even. It is then necessary that   and   are of opposite parity avoid a common 

factor of 2.    is odd only when   and   are odd.  

I.2 To Evaluate the Talbot Phase for   Odd 

First note that setting: 
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Equation  I.20 

then: 
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Equation  I.21 

It has been established that   is odd only if       are odd. Hence (    ) is always even 

and  ( ) is periodic in   with period  . 

Now: 

∑ (  )

   

   

  ∑ ( )

   

   

         (   )   

 

 

Equation  I.22 

This follows because {  }       goes through all the elements of { }       in some 

different order. 
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Since   is odd, it is convenient to take     . 
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Equation  I.24 

In summary, it has been established that the Talbot phase factor may be written: 
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Equation  I.25 
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Equation  I.26 

The Talbot phase factor is periodic in   with integer period    reflecting the transverse 

period   of the field. It is also periodic in   with integer period    reflecting the longitudinal 

period     of the field.  (     ) is the Gauss Quadratic Sum of analytic number theory 

[48].
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Appendix II: 

General Properties of Scattering Matrices 

II.1 Fundamental Symmetry Properties 

Consider a passive structure illuminated by an indexed collection of inward propagating 

modes each with overall amplitude    , which are scattered into a collection of outward 

propagating modes each with overall amplitude    . By time reversal symmetry, to every 

inward propagating wave there is an associated outward propagating wave which is a time 

reversed replica of the inward propagating wave, and vice versa. The modal fields are 

normalised such that the total power of an inward propagating mode is |  |
 
and an outward 

propagating mode is |  |
 
. The amplitudes corresponding to a mode and its time reversed 

partner share the same index. The amplitudes may be thought of as the input (inward 

propagating wave) and output (outward propagating wave) of ‘ports’ to an optical system. 

The problem is linear and so the amplitudes are related by a scattering matrix: 
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Equation II.1 

If the system is lossless, i.e. all mode pairs excited have been included and there is no 

absorption, then the scattering matrix is unitary: 
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Equation II.2
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Electromagnetic scattering is generally reciprocal (e.g. the radiation pattern of an antenna is 

the same whether it is used in transmission or reception). Hence, if inward propagating mode 

  has amplitude     and results in outward propagating mode   having amplitude   , then 

outward propagating mode   will have an amplitude of    if inward propagating mode   has 

an amplitude   . That is the scattering matrix is symmetric. 

       
 
    

 

Equation II.3 

Note: 

    
 

           (  )      
 

      

 

Equation II.4 

That is, if a system with inward propagating wave amplitudes   gives rise to outward 

propagating wave amplitudes  , then setting the inward propagating amplitudes to    gives 

rise to outward propagating waves of amplitudes   . In other words, a wave that is a phase 

conjugated wave retraces its path through the same linear lossless optical system (i.e. time 

reversal symmetry). 

Now suppose some ports of the system are partitioned into two disjoint sets (it is convenient 

but not necessary that they contain the same number of elements) which may be considered 

as a set of ports on the left and a set of ports on the right. Then the scattering matrix 

partitions in the same way: 

[
  
  
]  [
      
      

] [
  
  
] 

Equation II.5 

That is: 

    describes the back scattering of inward propagating waves at the ports on the left to 

outward propagating waves at the ports on the left; 
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    describes the forward scattering of inward propagating waves at ports on the right to 

outward going waves at ports on the left; 

    describes the forward scattering of inward propagating waves at the ports on the left to 

outward going waves at the ports on the right; 

    describes the back scattering of inward propagating waves at the ports on the right to 

outward going waves at the ports on the right; 

This partition makes most sense for the reduced problem when the back-scattering is 

negligible by design: 

 

     
     
 

        
        

  

Equation II.6 

Under the assumption of negligible back-scatter,    ,     inherit from   the following 

properties: 

   
      

   
      

       
 

 

Equation II.7 

Equivalently: 

        
      

   
 

  
     

   
 

 

Equation II.8 

Hence: 

     
 

 
     

 
 

Equation II.9 
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That is, the conjugate of the exit wave back-propagates through the system to emerge as the 

conjugate of the entrance wave. 

The most important conclusion is that the transfer matrix for the reduced problem is unitary 

but not necessarily symmetric. 

II.2 Geometrical Symmetry 

A common symmetry of the system is that it is reversible. That is: 

     
 
     

 

Equation II.10 

but since: 

        
      

   
 

Equation II.11 

this implies: 

   
     
   
     

 

Equation II.12 

i.e. , the transfer matrix is symmetric. 

Another common symmetry is a 180 rotation that inverts the order of the ports and reverses 

the system. That is: 

      
 

      
 

        
  

 

Equation II.13 

where   is the exchange matrix with unit entries in its trailing diagonal. 

The transfer matrix is then persymmetric, i.e. it is symmetric across the trailing diagonal. 
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II.3 Examples 

2×2 MMI 

Unitary 

  [
  
     

]

| |  | |   
 

Equation II.14 

Symmetric: 
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Equation II.15 

Persymmetric: 
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Equation II.16 

Equal splitting ratio: 

| |  | |
 

| |  
 

√ 

| |  
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Equation II.17 

Hence: 
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] 

Equation II.18 

Used as a splitter with a single input there is a   ⁄  phase difference between the output 

ports. 
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2×1 y-branch 

The two inputs combine to create two modes at the junction – the symmetric mode and the 

anti-symmetric mode. This may be described by a 2×2 matrix: 

  [
  
     

]

| |  | |   
 

Equation II.19 

Perfectly symmetric input zeros the anti-symmetric mode and perfectly anti-symmetric input 

zeros the symmetric mode: 

       
 
   

 

     
 
   

 

Equation II.20 

which implies: 
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Equation II.21 

Hence: 
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Equation II.22 

The y-join discards the anti-symmetric mode at the output and hence does not use the bottom 

row in  . As a y-fork, one must consider the transpose: 
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] 

Equation II.23 

The y-fork does not excite the anti-symmetric mode and therefore the last column is unused. 
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The two output ports therefore have the same phase. 
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Appendix III: 

Hamiltonian Optics of the Lüneburg Lens 

In this Appendix, Hamilton’s method [84] is applied to the ray analysis of the Lüneburg 

Lens. The Hamiltonian function depends upon both position   and momentum   co-

ordinates and is a root of the dispersion relation that governs the propagation of plane 

electromagnetic waves in a medium with a uniform refractive index equal to the local value 

of the spatially varying refractive index  ( ).  The advantage of the method is the ease by 

which it may be adapted to spatially dispersive constitutive relations [85,86], e.g. a refractive 

index that depends locally upon both position and momentum (wave-vector) co-ordinates 

that can arise from the homogenisation of the optical properties of a nanostructured material. 

Hamilton’s equations for the ray trajectories are: 

  

  
 
  

  
  

  
  
  

  

 

Equation III.1 

with a Hamiltonian function given by: 
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Equation III.2 

The Lüneburg lens has a refractive index profile   defined by: 
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Equation III.3 

where   is the radius of the lens and    is the ambient refractive index. 

Substitution of Equation III.3 into Equation III.2 and then substituting the result into 

Equation III.1, leads to the dynamical system: 
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Equation III.3 

where:
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Equation III.4 

The ray consequently executes simple harmonic motion (SHM) in the interior of the lens. 

   

   
       

Equation III.5 

The SHM equation admits any linear combination of    (  ) and    (  ) as its solution.  

In the exterior the rays are straight line segments.  

With the initial condition specified by the impact parameters: 
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Equation III.6 

the solution to Equation III.5 is: 
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Equation III.7 

By direct substitution: 

       [     ( )   (   )] 

Equation III.8 

As a consequence, the closest approach of the ray to the centre of the lens is attained 

when    (  ⁄ ): 

| |      √     ( ) 

Equation III.9
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The ray escapes the lens        when     (  ⁄ ) and the exit position and momentum 

are: 

        ( ) 

        ( ) 

     

       

Equation III.10 

The variable   has no particular special meaning; it merely parameterises the rays. The 

optical path length along a ray can be obtained: 

 (  )   (  )     
  
    ( )    

Equation III.11 

Hence: 

 ( )    
 
(   

  
  
 

  
   )      

 ( )    
 (  

 

  
   ( )(     (   ))) 

Equation III.12 

and on escape    (  ⁄ ) one obtains: 

     (
 

 
    ( )) 

Equation III.13 

For     the optical path length is obtained for the un-deviated ray passing through the 

centre of the lens. 

     (
 

 
  ) 

Equation III.14 

Since the ray escapes at    (   ( )      ( )) with a momentum of   (      )  

propagation to the      plane adds an optical path length of: 

     (     ( )) 
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Equation III.15 

Hence the total optical path length from the initial point    (      ) to the final point 

    (   ( )     ) is equal to: 

 (  )   (  )     (
 

 
    ( ))     (     ( ))       (

 

 
  ) 

Equation III.16 

which is a constant independent of   that agrees with the on-axis result of Equation III.14.  

The Lüneburg lens thus transforms a spherical wave from a point source on its rim to a plane 

wave with wave-fronts orthogonal to the optical axis formed by a line passing though the 

point source and the centre of the lens. Since the Lüneburg lens is spherically symmetric 

about its centre, all other ray trajectories are obtained by a rotation of the plane of incidence 

about the centre of the lens. 
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Appendix IV: 

Modes of the Asymmetric Slab Waveguide 

The fields in the upper cladding, core, and lower cladding regions must satisfy the wave 

equation for a medium with the respective refractive index. For a Cartesian co-ordinate 

system the solutions are plane waves with wave-vectors of the magnitude appropriate to the 

local refractive index. The boundary conditions ensure that the longitudinal variation of the 

field with propagation is the same in all three regions. Bound modes then correspond to a 

superposition of two plane waves with equal and opposite transverse components in the core 

region with exponentially decaying tails in the cladding region. In the case of symmetric 

slabs, the modes may be partitioned into symmetric and anti-symmetric classes characterised 

by    -like and    -like variation of the field in the core region about its central plane and 

exponential decay with identical decay constants in the upper and lower cladding. The 

boundary conditions enforce continuity of the field across the boundary and continuity of the 

transverse derivative (TE) or continuity of the transverse derivative weighted by the inverse 

of the local squared refractive index (TM).  

For an asymmetric slab, the decay constants in the cladding are no longer equal and the field 

in the core is no longer either    - or    - like but a linear superposition of the two. This is 

equivalent to a shift. The higher index cladding will have a smaller decay constant than the 

lower index cladding. One therefore expects the mode to be pulled towards the higher index 

of the upper of lower cladding so satisfy the boundary conditions. One also notes that: 

   (    )     (    )

   
 

 
   

 

Equation IV.1 

Hence even in the symmetric case the anti-symmetric solutions may be constructed using a 

transverse phase shift to the field in the core. This fact will be used to construct all solutions 

for the asymmetric guide using a    -like field with a shift in the core. Then subsequently 

partition the solutions into    -like and    -like field with a shift in the core such that they 

smoothly map into the symmetric and anti-symmetric solutions of the symmetric slab-

waveguide as an asymmetry parameter approaches zero. 
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Let: 

    be the effective index of the mode; 

      be the refractive index of the upper cladding (      ); 

      be the refractive index of the core (           ); 

      be the refractive index of the lower cladding (             ); 

   
  

  
 be the vacuum wave-number; 

    be the vacuum wavelength; 

   be one half of the core thickness; 

        be the longitudinal propagation constant where    is the effective index; 

   be the decay constant of the mode in the cladding; 

   be the transverse wave-number in the core; 

   be the field; 

   be the transverse co-ordinate. 

Then the field in each region is given by: 

Upper Cladding 

 
 ( )     (    )   (     )   (      )      

    
   

         
   

Equation IV.2 

Core 

 ( )     (    )       

    
   

       
 

Equation IV.3 

Lower Cladding  

 ( )     (     )   (     )   (     )        

    
   

         
  

Equation IV.4 

To satisfy the boundary conditions: 
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Continuity of derivative (TE) 

       (    )      (    ) 

       (     )       (     )
 

   (    )  
     

  

   (    )  
     

  

 

Equation IV.5 

Hence: 

             (
     

  
)

             (
     

  
)

 

   (   )
 

 
 
 

 
     (

     

  
)  
 

 
     (

     

  
)

  (   )
 

 
 
 

 
     (

     

  
)  
 

 
     (

     

  
)

 

Equation IV.6 

where   and   are integers. 

Two cases may be distinguished: 

1.                            
2.                          

It is noted that the field distributions are equivalent (   -like) for     equal to any even 

number up to an overall sign which may be absorbed into the field normalisation. They are 

also equivalent (   -like) for     equal to any odd number 

All solutions are therefore exhausted by setting: 

     
              
             

 

1.   even core field representation    (    ) 

2.   odd, core field representation    (    ) 

 
Equation IV.7 
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Continuity of derivative (TM) 

 

    
        (    )  

 

    
     (    ) 

 

    
        (     )   

 

    
     (     )

 

   (    )  
    
 

    
 

     

  

   (    )  
    
 

    
 

     

  

 

Equation IV.8 

Hence: 

1.   even core field representation    (    ) 

2.   odd, core field representation    (    ) 

 

Additional Constraints 

 

Hence: 

  
 (    
      

 )         
  

Equation IV.13 

  
 (    
      

 )         
  

Equation IV.14 
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The asymmetry has introduced two normalised frequency parameters, one associated to the 

core-cover interface and the other associated to the core-substrate 

        (    
      

 )
 
  

Equation IV.15 

        (    
      

 )
 
  

Equation IV.16 

and hence: 

    
  (  )  (     )

  
Equation IV.17 

    
  (  )  (     )

  
Equation IV.18 

Convention takes the reference normalised frequency to be defined by the smaller of these 

two normalised frequencies, which usually coincides with the core-substrate interface (the 

refractive index of the substrate is usually higher than the cover and thereby determines the 

cut-off condition). 

The normalised propagation constant is then defined by; 

  
  
      

 

          
  

Equation IV.19 

The asymmetry is parameterised by: 

  
    
      

 

    
      

  
    
      

 

    
  

(     )
  (     )

 

    
  

Equation IV.20 

and hence: 

(     )
       

  (     )
  

Equation IV.21 

A simple root solver may be used to solve Equations IV.7 or Equations IV.9 subject to 

Equation IV.10, Equation IV.11 & Equation IV.12 for any dependent parameter in terms of 

the remaining independent parameters. For example, Figure IV.1 is a plot of the normalised 

propagation constant versus the normalised frequency for an air / silicon / silica waveguide. 
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Fig. IV.1. The normalised propagation constant versus normalised frequency for the first 4 TE & TM 

modes of an air/silicon/silica slab waveguide. 



 

126 
 

Appendix V: 

Python code 

CrystalWave has a command interface that accepts commands generated by a Python script. 

This appendix provides a listing of the Python script used to automate the definition of the 

graded photonic crystal structure of a metamaterial Lüneburg lens. The code first builds a 

palette of atoms of different diameters and hence fill-factors that are associated to a specified 

effective index. It does this using the coefficients of a polynomial that inverts the calibration 

data (effective index versus fill-factor). An area that contains the lens is then scanned; each 

lattice point visited is tested to determine if it falls inside the lens; if it does the desired 

effective index is calculated using the Lüneburg formula from the position of the site and the 

pallet atom with the nearest associated effective index is substituted for the place-holder 

atom at the site. At the end, all placeholder atoms that remain are replaced by a palette atom 

associated to the effective index of the ambient region outside the lens. 
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