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Abstract

To the pair (E, σ), where E is a countable Borel equivalence relation on a standard

Borel space (X,A ) and σ a normalized Borel T-valued 2-cocycle on E, we associate a

sequentially weakly closed Borel ∗-algebra B∗
r(E, σ), contained in the bounded linear

operators on ℓ2(E).

Associated to B∗
r(E, σ) is a natural (Borel) Cartan subalgebra (Definition 6.4.10)

L(Bo(X)) isomorphic to the bounded Borel functions on X. Then L(Bo(X)) and

its normalizer (the set of the unitaries u ∈ B∗
r(E, σ) such that u∗fu ∈ L(Bo(X)),

f ∈ L(Bo(X))) countably generates the Borel ∗-algebra B∗
r(E, σ).

In this thesis, we study B∗
r(E, σ) and in particular prove that:

i) If E is smooth, then B∗
r(E, σ) is a type I Borel ∗-algebra (Definition 6.3.10).

ii) If E is a hyperfinite, then B∗
r(E, σ) is a Borel AF-algebra (Definition 7.5.1).

iii) Generalizing Kumjian’s definition, we define a Borel twist Γ over E and its

associated sequentially closed Borel ∗-algebra B∗
r(Γ).

iv) Let a Borel Cartan pair (B,B0) denote a sequentially closed Borel ∗-algebra B

with a Borel Cartan subalgebra B0, where B is countably B0-generated. Gen-

eralizing Feldman-Moore’s result, we prove that any pair (B,B0) can be real-

ized uniquely as a pair (B∗
r(E, σ), L(Bo(X))). Moreover, we show that the pair

(B∗
r(E), L(Bo(X))) is a complete invariant of the countable Borel equivalence

relation E.
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v) We prove a Krieger type theorem, by showing that two aperiodic hyperfinite

countable equivalence relations are isomorphic if and only if their associated

Borel ∗-algebras B∗
r(E1) and B∗

r(E2) are isomorphic.
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Chapter 1

Introduction

The interplay between operator algebras and dynamical systems has been very

important since the early work of Murray and von Neumann. Several of the first

examples of von Neumann factors were obtained by the so-called group measure

space construction W ∗(X,µ,G) associated to the measurable action of a discrete

countable group G on a measured space (X,µ). In his fundamental work on orbit

equivalence, H. Dye in [Dye1] and [Dye2] studied measurable dynamical systems of the

form (X,µ, T ), with T a finite measure-preserving ergodic transformation and proved

that any two such dynamical systems are orbit equivalent. In a sequence of papers (in

particular [Kr1] and [Kr2]), W. Krieger studied and classified up to orbit equivalence

nonsingular ergodic transformations T on a Lebesgue space (X,µ). He associated to

(X,µ, T ) an ergodic flow and proved that two systems are orbit equivalent if and only

if their associated flow are conjugate and if and only if their associated von Neumann

factor are isomorphic.

Recall that a C∗-subalgebra (resp. W ∗-subalgebra) B of A is regular if the

normalizer {a ∈ A; aBa∗ ⊂ B and a∗Ba ⊂ B} generates A as a C∗-algebra (resp. as a

W ∗-algebra). In 1977, Feldman and Moore in [FM1] and [FM2] studied von Neumann

algebras associated to countable Borel equivalence relations E on a measurable space
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(X,A , µ). The abelian algebra L∞(X,µ) is a natural Cartan subalgebra of the von

Neumann algebra associated to E. Then a Cartan subalgebra B of a C∗-algebra (resp.

von Neumann algebra) A is a regular maximal abelian subalgebra of A, containing

an approximate unit of A and with a faithful (resp. normal) conditional expectation

from A to B.

The main result of [FM2] implies that two countable Borel equivalence rela-

tions are measurewise orbit equivalent if and only if there is an isomorphism of the

corresponding von Neumann algebras keeping L∞(X,µ) globally fixed. In fact, Feld-

man and Moore associate a von Neumann algebra W ∗(E, σ) to a measurable twisted

groupoid (E, σ) where E is as above and σ is a 2-cocycle on E with values in T.

They prove that any pair (M,A) of a von Neumann algebra M acting on a sepa-

rable Hilbert space and a Cartan subalgebra A of M can be uniquely realized as

(W ∗(E, σ), L∞(X,µ)).

The topological analogue of Krieger’s result was studied by Giordano, Putnam

and Skau in [GPS1]. They classified up to strong orbit equivalence minimal home-

omorphisms ϕ on the Cantor set X; denoted (X,ϕ). They proved that two Cantor

minimal systems are strongly orbit equivalent if and only if their associated C∗-

algebras (the cross-product) C∗(X,ϕ) are isomorphic. As in the measurable setting,

the abelian subalgebra C(X) is a natural Cartan subalgebra of the cross-product

C∗(X,ϕ). Moreover, any two Cantor systems (X,ϕ) and (X,ψ) are flip conjugate

(i.e. ϕ is conjugate to ψ or ψ−1) if and only if there is an isomorphism of the corre-

sponding cross-products, keeping C(X) globally fixed.

Any freely acting topological dynamical system (X,ϕ) can be viewed as a topo-

logical groupoid Eϕ ⊂ X × X. In, for example, [Re], [Re1] and [Re2], J. Renault

analyzes topological groupoids G using the reduced C∗-algebras C∗
r (G ) associated to

G . In the case of Cantor minimal systems, the pair of C∗-algebras (C∗(X,ϕ), C(X))

corresponds to the pair (C∗
r (Eϕ), C(E

(0)
ϕ )).

In [Re], J. Renault gives a detailed analysis of the C∗-algebra C∗
r (E, σ) associated
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to a topological twisted groupoid (E, σ) where E is a principal r-discrete groupoid

and σ is 2-cocycle on E with values in T. In this setting, the abelian subalgebra

C0(E
(0)) is still a Cartan subalgebra of C∗

r (E, σ), in a stronger sense (see 6.6.1). Then

Renault proves that any pair (A,B) of a separable C∗-algebra A and a (strong) Cartan

subalgebra B can be uniquely realized as a pair (C∗
r (E, σ), C0(E

(0))). Renault’s result

is a topological analogue to Feldman and Moore’s result, but with a stronger notion

of Cartan subalgebra.

In [Ku], A. Kumjian introduces the notion of a principal twist Γ over E and

studies the C∗-algebra C∗
r (Γ, E) associated to it. Topological twisted groupoid (E, σ)

is a special case of principal twist (Γ, E). In this setting, the abelian subalgebra

C0(E
(0)) is a natural diagonal subalgebra of C∗

r (Γ, E). A diagonal subalgebra is a

Cartan subalgebra whose pure states can be extended uniquely to the whole alge-

bra. Kumjian proves that to any pair (A,B) composed of a separable C∗-algebra A

and a diagonal subalgebra B can be uniquely realized as a pair (C∗
r (Γ, E), C0(E

(0))).

Kumjian improved the result of Renault in [Re], but principal twists are not general

enough to recover Cartan pairs (A,B).

In 2008, Renault in [Re2] showed that any Cartan pair (A,B) as above can

be realized uniquely as (C∗
r (Γ, E), C0(E

(0))) where Γ is a twist over a topologically

principal groupoid E. This is the algebraic topological analogue of Feldman and

Moore’s result. It is interesting to parallel the results of Renault and of Feldman

and Moore in terms of groupoid and operator algebra: Renault’s result in [Re] is the

topological groupoid analogue, while his second in [Re2] is the C∗-algebra analogue.

While von Neumann algebras are in correspondence with measurable dynami-

cal systems and C∗-algebras with topological dynamical systems, the link between

operator algebras and Borel dynamical systems has not yet been so studied.

In Borel dynamical systems, we study countable groups G of Borel automor-

phisms on a standard (typically uncountable) Borel space (X,A ). To any such

group of Borel automorphism, we associate a countable Borel equivalence relation
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EG ⊂ X ×X. In [FM1], Feldman and Moore prove that any countable Borel equiva-

lence relation E of (X,A ) is induced by a countable group of Borel automorphisms.

Smooth countable Borel equivalence relations E on (X,A ), can be classified by

studying their quotient spaces X/E. Note that finite Borel equivalence relations (i.e.,

the equivalence class of any x ∈ X is finite) are smooth. In 1982, B. Weiss in [W]

proved that any hyperfinite Borel equivalence relation E (i.e., increasing union of finite

Borel subequivalence relations En) is induced by a Borel automorphism ϕ of (X,A ).

In 1994, R. Dougherty, S. Jackson and A.S. Kechris classified in [DJKe] aperiodic

non-smooth hyperfinite countable Borel equivalence relations up to orbit equivalence

by the cardinality of their non-atomic invariant ergodic probability measures. In

2007, B. Miller and C. Rosendal in [MRo] showed that the full group [E] of E (as

an abstract group) is a complete invariant of orbit equivalence of countable Borel

equivalence relations E whose equivalence classes are all of cardinality of at least 3.

The interplay between Borel dynamical systems and operator algebras started in

the late 60s. In a sequence of papers [Dav1], [Dav2] and [Dav3], E.B. Davies studied

sequentially weakly closed C∗-algebras and called them Σ∗-algebras. In particular

in [Dav3], he studied the Σ∗-algebra B(X,G) associated to a Borel G-space and

showed that if G acts freely on X, then there is a natural one-to-one correspondence

between the set of non-atomic invariant ergodic probability measures on X and the

set of normalized sequentially normal extremal traces of B(X,G). One cannot fail to

foresee how this results will be linked with the classification result of [DJKe]. Moreover

from Davies’s work, we can deduce the existence of a faithful sequentially normal

conditional expectation from B(X,G) to the bounded Borel functions Bo(X) and

that the normalizer of the maximal abelian subalgebra of Bo(X) generates B(X,G)

as a Σ∗-algebra.

In 1986, D. Sullivan, B. Weiss and J.D.M. Wright in [SulWWr] studied actions

of a countable group G of homeomorphisms on a Polish space X. They proved that

any two generically free and generically ergodic (i.e., any nonatomic open invariant
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subset of X is meagre) such actions are generically orbit equivalent. They also defined

and studied the Σ∗-algebra M∗(EG) associated to the Borel equivalence relation EG

induced by the action of G. Moreover from their work, we can deduce the existence of

a sequentially normal conditional expectation ∆ : M∗(EG) −→ Bo(X) and that the

subalgebra of bounded Borel function Bo(X) is maximal abelian in M∗(EG). In fact,

the main focus of [SulWWr] is on the monotone complete AW∗-algebra M∗(EG)/J

where J is the two-sided ideal {f ∈ M∗(EG) : supp(∆(ff ∗)) is meagre} and D. We

denote this algebra by M∗(D, G) where D is the Dixmier algebra Bo(X)/J . This

algebra M∗(D, G) is a type III AW∗-factor. The first examples were constructed

independently by Takenouchi and Dyer, answering a long standing problem of Ka-

plansky. In [SulWWr], the authors prove that any two type III AW∗-factorM∗(D, G),

associated to a generically free and generically ergodic action of any countable group

G are isomorphic.

Let X be a compact separable metric space with no isolated points and G be a

countable discrete group of homeomorphisms of X. In 1990, J.D.M. Wright in [Wr4]

studied the Borel closure A σ of the reduced crossed-product C(X) ×r G acting on

the Hilbert space ℓ2(G) ⊗ ℓ2(X). He proves in the Borel ∗-algebra setting, that the

subalgebra of bounded Borel functions Bo(X) is a Cartan subalgebra. The study of

the AW∗-algebra A σ/I , where I = {z ∈ A σ; supp(∆(ff ∗)) is meagre}, is then the

focus of [Wr4].

The papers of [Dav3], [SulWWr] and [Wr4] lead us to use Borel ∗-algebras to

further develop the interplay between Borel dynamical systems and operator algebras.

The first goal of this thesis is to associate a (weakly sequentially closed) Borel

∗-algebra to a countable Borel equivalence relation E and a T-valued normalized 2-

cocycle σ of E. In Chapter 7, we present two constructions of the Borel ∗-algebra

B∗
r(E, σ). The first one follows Feldman and Moore’s construction of [FM2], but in a

measure-free context. In the second construction, we follow Kumjian’s construction

in [Ku] by viewing (E, σ) as a Borel twist. In both approaches, the main difficulty
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is to construct a faithful family of sequentially normal representations. Notice that,

contrary to the topological case, any Borel twist can be realized by a T-valued 2-

cocycle on E.

We then show that the abelian subalgebra Bo(X) is a (Borel) Cartan subalgebra

of B∗
r(E, σ). Moreover the (Borel) Cartan subalgebras are (Borel) diagonal subalge-

bras. Thus, as in the measurable setting, we only have one case to consider in the

Borel setting (unlike the three levels of [Re], [Ku] and [Re2] in the topological setting).

In Chapter 7, we prove the analogue of Feldman and Moore’s result for Borel

∗-algebras; more precisely, if B is a (sequentially weakly closed) Borel ∗-algebra, and

B0 is an abelian (standard) Borel ∗-subalgebra, and if B is countable B0-generated

then the pair (B,B0) can be realized uniquely as a pair (B∗
r(E, σ),Bo(X)).

In this chapter, we also study how a second countable Hausdorff principal étale

groupoid and its associated C∗-algebra C∗
r (E, σ) embeds in B∗

r(E, σ). We show that

for any smooth countable Borel equivalence relation E, its associated Borel ∗-algebra

B∗
r(E, σ) is of type I. We give a definition of approximatively finite Borel (BAF)

∗-algebra, and show that if E is hyperfinite, then B∗
r(E, σ) is a BAF ∗-algebra.

As in [Dav3], we obtain a natural one-to-one correspondence between the set of

non-atomic invariant ergodic probability measures on X and the set of normalized

sequentially normal extremal traces of B∗
r(E, σ). We combine this result with the

Theorem 9.1 of [DJKe] to obtain in Chapter 8 a Borel analogue of Krieger’s result

(that we call a Borel-Krieger type Theorem), i.e., two aperiodic hyperfinite countable

Borel equivalence relations are orbit equivalent if and only if their associated Borel

∗-algebras are isomorphic.

In Chapter 2, we recall the basic definitions of topological, Borel and measur-

able spaces. In Chapter 3, we present topological, Borel, and measured groupoids.

In Chapter 4, we take a deeper look at the theory of countable Borel equivalence

relations. In Chapter 5, we present the cohomology of countable Borel equivalence

relations and the Borel twist of countable Borel equivalence relations. In Chapter
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6, we present operator algebras, starting with C∗-algebras, von Neumann algebras

and more importantly for our cause, Borel ∗-algebras. We also surveys results in the

measured and topological setting of [FM2], [Re], [Ku] and [Re2] for Cartan pairs of

C∗-algebras.



Chapter 2

Spaces

In this chapter we recall definitions and terminology for topological, Borel and mea-

surable spaces. We follow the notations and definitions of [Ke].

2.1 Topological Spaces

Let X be a space. If T is a collection of subsets ofX which contains the empty set and

X and is closed under arbitrary unions and under finite intersections, then the pair

(X, T ) is a topological space. For any set in A ⊂ X, let T |A = {U∩A with U ∈ T }.

The pair (A, T |A) is called the topological space restricted to A. When A ∈ T ,

the pair (A, T |A) is also known as a topological subspace of (X, T ).

Let E be a collection of subsets of X. The smallest topology on X which contains

E is denoted TE and the elements of E form a subbasis, or a set of generators of

(X, TE). When E is a countable collection of clopen subsets of X, then (X, TE) is

zero-dimensional.

For i ∈ I, let (Xi, Ti) be topological spaces. Let X =
∏

i∈I Xi be the product

space and πi : X → Xi be the canonical projections. Let E = {π−1
i (A) : A ∈ Ti, i ∈ I}

then TE is the product topology on X. It is the smallest topology which makes

8
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the canonical projection continuous (see definition below). For two topological spaces

(X, T ) and (Y,S) we simply use the notation (X × Y, T × S) for the product space,

with the product topology.

Definition 2.1.1 A subset D of a topological space (X, T ) is dense if for all U ∈ T ,

U ̸= ∅, then D ∩ U ̸= ∅. If X contains a countable dense subset, then (X, T ) is

separable.

Definition 2.1.2 A topological space (X, T ) is Hausdorff if every two distinct

points of X have disjoint open neighborhoods.

Definition 2.1.3 Let d : X×X → be a distance on X. The pair (X, d) is a metric

space. The topology Td generated by the open balls B(x, ε) = {y ∈ X : d(x, y) < ε},

for any ε > 0, is called the topology induced by d. The metric space (X, d) is

complete if every Cauchy sequence in X has a limit point in X.

Definition 2.1.4 Let (X, T ) be a topological space. If the topology T can be induced

by a distance d, then (X, T ) is metrizable. We say that the distance d is compatible

with the topology T .

Hence by definition, metrizable spaces are Hausdorff.

Definition 2.1.5 We call (X, T ) a Polish space, if it is separable and it admits a

compatible distance d such that (X, d) is complete.

The strictly positive integers are denoted N∗. For any space X, we denote by P(X)

the collection of all subsets of X.

Example 2.1.6 For each k ∈ N∗, let (Ak, Tk) be a topological space with Ak countable

and Tk = P(Ak). Moreover, assume that the number of Ak with more than one point

is infinite. If dk : Ak×Ak → {0, 1} is the distance defined by d(x, y) = 0 if and only if

x = y, then this distance is compatible with the topology Tk. The space K =
∏

k∈N∗ Ak
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with the product topology T =
∏

k∈N∗ Tk is Polish. A compatible distance on K for

the topology T is

d(x, y) =
∑
k∈N∗

d(xi, yi)

2k
.

Let ε > 0; then the balls B(x, ε) are open and closed. Thus (K, T ) is totally discon-

nected with no isolated points. Moreover, K it is compact if every Ak is finite.

Definition 2.1.7 Let (X, T ) be a topological space. If (X, T ) is totally disconnected,

metrizable, compact, and without isolated points, then (X, T ) is a Cantor space.

Example 2.1.8 From the previous example, if all the Ak are finite then, the topo-

logical space (K, T ) is a Cantor space.

Definition 2.1.9 Let (X, T ) and (Y,S) be topological spaces. A map f : X → Y is

continuous if for every open set V inside Y then the set f−1(V ) = {x ∈ X : f(x) ∈

V } is an open set in X. A map f : X → Y is open if for every open set U inside X

then the set f(U) = {y ∈ Y : ∃ x ∈ U such that f(x) = y} is an open set in Y .

Definition 2.1.10 Let (X, T ) and (Y,S) be topological spaces. If there is a continu-

ous map ϕ : X → Y which is bijective and open then the two topological spaces (X, T )

and (Y,S) are homeomorphic.

Theorem 2.1.11 [Cantor] The Cantor space is unique up to homeomorphism.

2.2 Borel Spaces

Let X be a space. A collection of subsets A of X which contain the empty set and

is closed under complements and arbitrary countable unions is called a σ-algebra.

A measurable space is a pair (X,A ) where X is a space and A is a σ-algebra. For

any set A ⊂ X, the measurable space restricted to A is the pair (A,A |A) where

A |A is the restricted σ-algebra.
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Let E be a collection of subsets of X. The smallest σ-algebra on X containing E

is denoted AE and the elements of E are called the generators of (X,AE).

Let (Xi,Ai) be measurable spaces indexed by i ∈ I. Let X =
∏

i∈I Xi and

πi : X → Xi be the canonical projections. If E = {π−1
i (A) : A ∈ Ai, i ∈ I}, then

AE is the product σ-algebra on X. It is the smallest σ-algebra which makes the

canonical projection measurable maps (see definition below). For two measurable

spaces (X1,A1) and (X2,A2) we simply use the notation (X1 ×X2,A1 ×A2) for the

measurable product space. In that case, the sigma algebra A1 × A2 is equivalent to

the smallest σ-algebra generated by P = {A×B : A ∈ A1 and B ∈ A2}.

Definition 2.2.1 Let (X1,A1) and (X2,A2) be measurable spaces. Let f : X1 → X2

be a map. The map f is called a measurable map if for all A ∈ A2 then f−1(A) ∈

A1. The measurable map f is called a measurable isomorphism if it is bijective

and if f−1 is a measurable map. If there is a measurable isomorphism between two

measurable spaces, then the measurable spaces are measurably isomorphic.

Definition 2.2.2 Let (X,A ) be a measurable space. A measurable isomorphism f

from X to X is called a measurable automorphism.

Let f be a map defined between two subsets A and B of two spaces X and Y

respectively. The set graph(f) = {(x, y) ∈ X × Y : f(x) = y)} is the graph of f .

Definition 2.2.3 Let (X1,A1) and (X2,A2) be measurable spaces. Let A1 ∈ A1 and

A2 ∈ A2. A partial measurable map f : A1 → A2 is a measurable map between

the measurable spaces (A1,A |A1) and (A2,A |A2).

Definition 2.2.4 Let (X, T ) be a topological space. If A = AT , then (X,A ) is

called a Borel space and the elements of A are called the Borel subsets of X.

When the measurable spaces are Borel spaces, then we will use the word Borel

instead of measurable for the corresponding definitions.
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Definition 2.2.5 Let (X,A ) be a Borel space. If there is a Polish topology T on X

such that A = AT then (X,A ) is called a standard Borel space.

Example 2.2.6 Let Xn = {x1, ..., xn} (n distinct points) and Tn be the discrete topol-

ogy on Xn. Then ATn is the collection of all subsets of Xn and (Xn,ATn) are standard

Borel spaces.

Example 2.2.7 Let T be the discrete topology on N. Then (N,AT ) is a standard

Borel spaces.

Example 2.2.8 Let E = {B(x, ε) ⊂ R : x, ε ∈ Q with ε > 0} be the open balls

centred on rational points with rational radiuses (with the usual metric on R). Then

(R,AE) is a standard Borel space.

The following are standard results.

Theorem 2.2.9 Let (X1,A1) and (X2,A2) be standard Borel spaces. Let f : Y1 → Y2

be a map for Y1 ∈ A1 and Y2 ∈ A2. The following are equivalent:

i) f is a Borel map and

ii) graph(f) is a Borel set in (X1 ×X2,A1 × A2).

Moreover, a Borel graph is a subset U ∈ A1 × A2 such that if (x, y) ∈ U and

(x, y′) ∈ U then y = y′. Clearly, if f is a Borel map, then graph(f) is a Borel graph

and for any Borel graph U , you can define a Borel map fU where if (x, y) ∈ U then

fU(x) = y.

The cardinality of a set A is denoted |A|. We use the following notation: |∅| = 0,

|{x1, x2, ..., xn}| = n (here i ̸= j iff xi ̸= xj), |N| = ω (countably infinite) and |R| = c.

Theorem 2.2.10 Let (X,A ) be a standard Borel space. Then |X| ∈ {ω, c, 1, 2, ..., n, ...}.
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Theorem 2.2.11 Let (X1,A1) and (X2,A2) be standard Borel spaces. Then (X1,A1)

and (X2,A2) are Borel isomorphic if and only if |X1| = |X2|.

From this theorem, any standard Borel space is Borel isomorphic to one of our

previous examples of standard Borel spaces.

2.3 Measured Spaces

Definition 2.3.1 Let (X,A ) be a standard Borel space. Let µ be a measure on

(X,A ). The triple (X,A , µ) is called a measured space.

2.4 Functions

We end this chapter by introducing important function spaces and some standard

results used throughout this thesis.

Definition 2.4.1 Let (X, T ) be a locally compact Hausdorff space. The set of con-

tinuous functions with compact support, denoted Cc(X), consists of all con-

tinuous complex-valued functions f such that there exists a compact set K ⊂ X with

the property that for every x /∈ K, then f(x) = 0.

The functions in Cc(X) are always bounded with respect to the sup-norm.

Definition 2.4.2 Let (X, T ) be a locally compact Hausdorff space. The set of con-

tinuous functions vanishing at infinity, denoted C0(X), consists of all contin-

uous complex-valued functions f such that for any ε > 0, there exists a compact set

K ⊂ X with the property that for every x /∈ K, then |f(x)| < ε.

Then Cc(X) is dense in C0(X). Moreover C0(X) is a Banach space with respect

to the sup-norm.
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Definition 2.4.3 Let (X,A ) be a measurable space. The set of bounded mea-

surable functions (with respect to the sup-norm), denoted M0(X), consists of all

complex-valued measurable functions f , such that there exists M < ∞ such that

|f(x)| < M for all x ∈ X. When A are Borel sets, then the bounded measurable

functions are called the bounded Borel functions, denoted Bo(X).

Theorem 2.4.4 Let (X,A ) be a measurable space. Let {fn} be a bounded sequence

of bounded measurable functions. If the sequence {fn} converges pointwise to f , i.e.,

for every x ∈ X the sequence of complex numbers {fn(x)} converges to f(x), then f

is a bounded measurable function.

The proof of this theorem can be found in [Ru] (Corollaries p.14). In particular,

M0(X) is closed under bounded pointwise limit.

Theorem 2.4.5 Let (X, T ) be a Polish space and (X,A ) be its corresponding stan-

dard Borel space. The class of real-valued bounded Borel functions of Bo(X) is the

smallest class of real-valued functions containing the real-valued continuous functions

with compact support of Cc(X), which is closed under taking bounded pointwise limits

of monotone (increasing or decreasing) sequences of functions (i.e., if {fn} are in the

class, with |fn| < M for some M < ∞, and fn ↗ f or fn ↘ f pointwise, then f is

in the class).

The proof of this theorem can be found in [Ped8] (Proposition 6.2.9).



Chapter 3

Groupoids

We begin with an introductory example. This example motivates the definition of a

more general object called groupoid. We follow loosely the example given by [Re4] in

the beginning of Section 2.3.1.

Let G be a group of automorphisms of a space X. The action α : X ×G → X

given by α((x, g)) = g(x) for g ∈ G and x ∈ X turns X into a G-space. If the action

is free, i.e., α((x, g)) = x if and only if g = idX (the identity on X), then X is a free

G-space.

We define

G = G (X,G) = {(x, g, y) ∈ X ×G×X : x = g(y)}

and endow G with the following algebraic structure:

1) a product map m : G (2) → G where

G (2) = {((x, g, y), (y, h, z)) ∈ G × G } ⊂ G × G

is the set of composable pairs such that m((x, g, y), (y, h, z)) = (x, gh, z),

2) an inverse map G → G such that (x, g, y)−1 = (y, g−1, x),

15
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3) a range map and source map, r : G → X and s : G → X given by r(x, g, y) = x

and s(x, g, y) = y, and

4) an inclusion map i : X → G given by i(x) = (x, idX , x).

The resulting object is called a transformation group groupoid.

If X has a topology, a Borel structure or a measurable structure, then we want

G to be a group of homeomorphisms, Borel automorphisms or measurable automor-

phisms. We also want to endow the transformation group groupoid with a correspond-

ing structure to make the partially defined product map and inverse map continuous,

Borel or measurable.

We recall definitions and terminology in the study of topological groupoids, Borel

groupoids and measurable groupoids.

3.1 Groupoids

In this section, we follow mainly the notations of [Re].

Definition 3.1.1 ([Re], Definition 1.1) A groupoid is a set G endowed with a prod-

uct map (g1, g2) 7→ g1g2 : G (2) → G where G (2) ⊆ G ×G is called set of composable

pairs, and an inverse map g 7→ g−1 : G → G such that it satisfy the following

properties:

i) (g−1)−1 = g for all g ∈ G .

ii) If (g1, g2) and (g2, g3) are in G (2), then (g1g2, g3) and (g1, g2g3) are in G (2) with

(g1g2)g3 = g1(g2g3).

iii) (g−1, g) ∈ G (2) for all g ∈ G , and if (g, g1) ∈ G (2), then g−1(gg1) = g1.

iv) (g, g−1) ∈ G (2) for all g ∈ G , and if (g1, g) ∈ G (2), then (g1g)g
−1 = g1.
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Definition 3.1.2 Let G a groupoid. The maps r : G → G and s : G → G defined by

r(g) = gg−1 and s(g) = g−1g

are called the range map and source map respectively.

Remark 3.1.3 Let G be a groupoid and let g and h be elements of G . The pair (g, h)

is in G (2) if and only if r(h) = s(g).

Definition 3.1.4 Let G a groupoid. The set of units of G , denoted G (0), is defined

by

G (0) = r(G ).

Definition 3.1.5 Let G be a groupoid. Let x and y be in G (0). The fibers of the

range and source maps are denoted G x = r−1(x) and Gy = s−1(y) respectively.

Remark 3.1.6 For all g ∈ G , r(g)g = g and gs(g) = g. The set of units could have

been defined using s(G ).

Definition 3.1.7 Let G be a groupoid and x ∈ G (0). The isotropy group of x,

denoted G x
x , is defined by

G x
x = G x ∩ Gx.

If G x
x is the trivial group, then we say that the point x has trivial isotropy.

Definition 3.1.8 Let G be a groupoid. The isotropy bundle of G , denoted G ′, is

defined by

G ′ = {g ∈ G : r(g) = s(g)}.

Remark 3.1.9 Clearly G (0) ⊆ G ′ and G ′ =
⨿

x∈G (0) G x
x .

Example 3.1.10 If G is a group with neutral element e, then G(2) = G×G, G(0) =

{e} and G′ = G.
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Example 3.1.11 Let E be an equivalence relation on a space X (i.e., E ⊂ X ×X).

We can equip the equivalence relation with a natural groupoid structure. Let w, x, y

and z be any points in X.

1) Product Map: ((w, x), (y, z)) ∈ E(2) if and only if x = y and then (w, x)(x, z) =

(w, z).

2) Inverse Map: (x, y)−1 = (y, x).

Let (x, y) ∈ E. Since r(x, y) = (x, y)(y, x) = (x, x) and s(x, y) = (y, x)(x, y) = (y, y),

then the unit space of E is its diagonal, i.e., E(0) = {(x, x) : x ∈ X} ∼= X. Moreover

E ′ ∼= X.

Example 3.1.12 Let (X,G) be a G-space as in the introduction of this chapter and

G (X,G) be a the corresponding transformation group groupoid. Since r((x, g, y)) =

(x, g, y)(y, g−1, x) = (x, idX , x), then G (0) = {(x, idX , x) : x ∈ X} ∼= X. If G is a free

transformation group groupoid then G ′ ∼= X.

Definition 3.1.13 Let G be a groupoid. If G ′ = G (0), then G is a principal

groupoid.

Remark 3.1.14 There is a bijective correspondence between principal groupoids and

equivalence relations. Indeed, a groupoid G induces a canonical equivalence relation

on G (0) × G (0) given by

EG = {(r(g), s(g)); g ∈ G }.

If G is principal, then the homomorphism Φ : G → EG , given by Φ(g) = (r(g), s(g))

is bijective.

3.2 Topological Groupoids

Now we introduce the notion of a topological groupoid.
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Definition 3.2.1 [Re2] Let G be a groupoid. Suppose (G , T ) is a topological space.

If the structure product and inverse maps are continuous and the source and range

maps are continuous and open, where G (2) ⊆ G × G has the restricted topology of

(G × G , T × T ) and G (0) ⊆ G has the restricted topology of (G , T ), then G is a

topological groupoid.

Definition 3.2.2 Let G be a locally compact Hausdorff groupoid. A continuous

Haar system is a family of nonnegative measures {λx}x∈G (0) with the following

properties;

1) supp(λx) = G x, x ∈ G (0),

2) for a function f : G → C continuous and with compact support, the function

x 7→ λx(f)

on G (0) is continuous and with compact support, and

3) is invariant in the sense that∫
f(gg1)dλ

s(g)(g1) =

∫
f(g1)dλ

r(g)(g1), for every g ∈ G .

From now on, unless otherwise specified, we will assume that a topological

groupoid G is locally compact, Hausdorff, second countable and that it possesses

a Haar system.

Definition 3.2.3 [Re2] Let G be a topological groupoid. If the range and source maps

are local homeomorphisms, then G is étale.

Remark 3.2.4 [Re2] When G is an étale groupoid and x ∈ G (0), the counting mea-

sures {λx} on the set G x form a canonical Haar system.

Definition 3.2.5 [Ku] Let G be an étale groupoid. If G is principal, then it is referred

as a topological equivalence relation.
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Definition 3.2.6 [Re2] Let G be an étale groupoid. If the interior of G ′ is G (0) then

G is topologically principal.

Proposition 3.2.7 [Re2] Let G be an étale groupoid. If G (0) has the Baire property,

then the following are equivalent:

1) G is essentially principal.

2) The set of points in G (0) with trivial isotropy is dense.

Definition 3.2.8 [Re3] A twist over a groupoid G is a groupoid extension

T×X → Γ → G

where Γ and G are topological groupoids, T is the circle group, X is a space and, at

the level of unit spaces, X → Γ(0) → G (0) are identification maps. In the topological

setting, we require that all maps to be continuous and the identification maps to be

homeomorphisms. So one says that Γ is twist over G or that the pair (Γ,G ) is a

twisted groupoid.

Here for a complex number z ∈ C, we denote by z its complex conjugate.

Example 3.2.9 Let G be a topological equivalence relation and σ : G (2) → T be a

continuous 2-cocycle, so that it satisfies σ(g1, g2)σ(g1g2, g3) = σ(g2, g3)σ(g1, g2g3) for

all (g1, g2), (g2, g3) ∈ G (2). Let Γ = T× G endowed with the following operations;

1) Product Map: (s, g1)(t, g2) = (stσ(g1, g2), g1g2),

2) Inverse Map: (s, g)−1 = (sσ(g, g−1), g−1) and

3) T-action: s(t, g) = (st, g),

with s, t ∈ T and g, g1, g2 ∈ G , then Γ is a twist over G .
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The previous example was studied extensively by Renault in [Re] but was not

called a twist. It is in fact a particular case of a twisted groupoid of the form (Γ,G )

with G étale, second countable locally compact Hausdorff and principal. This type of

twisted groupoids was studied by Kumjian in [Ku]. Later Renault in [Re2] extended

the study to a twisted groupoid of the form (Γ,G ) with G étale, second countable

locally compact Hausdorff and topologically principal. In Section 6.6, we study the

C∗-algebra associated to a twisted groupoid and their algebraic structure. The results

on the algebraic structure of these C∗-algebras motivate the definition of twisted

groupoids.

3.3 Borel Groupoids

Now we introduce definitions and results for groupoids with Borel a structure.

Definition 3.3.1 [AnaRe] Let G be a groupoid. Suppose (G ,A ) is a standard Borel

space. If the product, inverse, source and range maps are Borel, where G (2) ⊆ G × G

has the restricted Borel structure of (G ×G ,A ×A ) and G (0) ⊆ G has the restricted

Borel structure of (G ,A ), then G is a Borel groupoid.

Definition 3.3.2 [AnaRe] Let G be a Borel groupoid. A Borel Haar system is a

family of nonnegative sigma-finite measures {λx}x∈G (0) with the following properties;

1) supp(λx) = G x, x ∈ G (0),

2) for every nonnegative Borel function f : G → C, the function λ(f) : G (0) → C,

defined by x 7→ λx(f), is Borel,

3) is invariant in the sense that for every g ∈ G , then∫
f(gg1)dλ

s(g)(g1) =

∫
f(g1)dλ

r(g)(g1)
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4) and is proper in the sense that there is a positive Borel function f : G → C

such that λ(f) is the constant function one.

Definition 3.3.3 [AnaRe] A Borel groupoid G is r-discrete if for all x ∈ G (0), G x

is countable. The counting measures on G x form a natural Borel Haar system for G .

Remark 3.3.4 As in Remark 3.1.14, there is a bijective correspondence between

principal (and r-discrete) Borel groupoids and (countable) Borel equivalence relations.

We will study countable Borel equivalence relations in depth in Chapter 4.

Definition 3.3.5 Let Γ be a Borel groupoid and T be the circle group. Let k1, k2 ∈ T

and (τ1, τ2) ∈ Γ(2). If Γ is a free T-space such that

i) G ∼= Γ/T is a countable Borel equivalence relation, where the canonical quotient

map q : Γ → G is a groupoid homomorphism,

ii) (k1τ1, k2τ2) ∈ Γ(2),

iii) (k1τ1)(k2τ2) = (k1k2)(τ1τ2) and

iv) Γ′ ∼= T× Γ(0)

then (Γ,G ) is called a Borel twist or we say that Γ is a twist over G .

As in the topological setting (see Definition 3.2.8), this definition can be gener-

alized by not requiring that G is a countable Borel equivalence relation. We study

Borel twists in Section 5.3.

Definition 3.3.6 Two Borel twists are isomorphic, if there is a groupoid isomor-

phism Φ : Γ1 → Γ2, such that the following diagram commutes:

T×X Γ1 G

T×X Γ2 G

ι1 //

ι2 //

q1 //

q2 //

Φ

��
idT×X

��
idG

��



3.4. Countable Measured Equivalence Relations 23

Following Kumjian in [Ku], we introduce the following definition.

Definition 3.3.7 Let E be a countable Borel equivalence relation on (X,A ). The

set of isomorphism classes of Borel twists Γ such that Γ/T ∼= E is denoted by Tw(E).

3.4 Countable Measured Equivalence Relations

We now extend the definitions to groupoids with a measurable structure.

Definition 3.4.1 [AnaRe] Let G be a Borel groupoid with a Borel Haar system λ =

{λx}x∈G (0). Let µ be a measure on G (0). The measure µ is quasi-invariant with

respect to G and λ if the measure µ ◦ λ is such that µ ◦ λ(G) = 0 if and only if

µ ◦ λ(G−1) = 0 for all Borel subset G of G .

Definition 3.4.2 [AnaRe] If G is a Borel groupoid with a be Borel Haar system λ and

a quasi-invariant measure µ on G (0). Then the triple (G , λ, µ) is called a measured

groupoid.

We now introduce an important countable Borel equivalence relation, the so-

called tail equivalence relation.

Definition 3.4.3 Let X =
∏

k∈N∗{0, 1} be the Cantor space. The equivalence relation

given by

E0 = {(x, y) ∈ X ×X;∃N > 0 such that xn = yn,∀n ≥ N}

is a countable Borel equivalence relation, called tail equivalence.

Example 3.4.4 Let E0 be tail equivalence on X with the canonical Borel Haar system

λ of counting measures. For any a ∈ [0, 1], let da be the measure on {0, 1} such that

da(0) = 1
1+a

and da(1) = a
1+a

and define a measure on X by µa =
∏

k∈N∗ da. Then

(E, λ, µa) is a measured Borel groupoid.
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Measured groupoids coming from countable Borel equivalence relations with a

measure on the unit space and a measurable 2-cocycle were studied by Feldman and

Moore in [FM1] and [FM2]. In particular in [FM2], they study von Neumann algebras

associated to these measure groupoids. We will present their construction and their

results in Section 6.5.



Chapter 4

Borel Equivalence Relations

One of the goal of this thesis was to associate to countable Borel equivalence relations

canonical operators algebras and to study their properties. In the measured case,

the most general construction was obtained in [FM2] by Feldman and Moore. To

a measured countable equivalence relation E on a Lebesgue space (X,µ) and a 2-

cocycle σ on E with value in the circle group T, they associate a von Neumann algebra

W ∗(E, σ) generalizing Murray-von Neumann group measure space construction.

In this chapter, we recall the notion and first properties of countable Borel equiv-

alence relations. We then present examples of hyperfinite Borel equivalence relations

using the notion of tail equivalence on a Bratteli diagram.

4.1 Countable Borel Equivalence Relation

In this section, we present definitions and results related to countable Borel equiva-

lence relations (Borel principal r-discrete groupoids). We follow mainly [DJKe].

Recall that an equivalence relation E on a set X is a subset of X ×X such that

for all x, y, z ∈ X,

i) E is reflexive; ∀x∈X ((x, x) ∈ E),

25
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ii) E is symmetric; (x, y) ∈ E =⇒ (y, x) ∈ E and

iii) E is transitive; (x, y) ∈ E and (y, z) ∈ E =⇒ (x, z) ∈ E.

For x ∈ X, let [x]E or simply [x] denote the equivalence class of x. For two

equivalent elements x and y in X, we use the notation xEy, x ∼E y or x ∼ y. We

will denote by

q : X −→ X/E

the canonical quotient map.

E is a countable equivalence relation if [x]E is countable for all x ∈ X.

Let (X,A ) be a standard Borel space. Then an equivalence relation E on (X,A )

is a Borel equivalence relation if E ⊂ X × X belongs to the σ-algebra A × A .

Notice that (E,A × A |E) is a standard Borel space.

We endow X/E with the Borel σ-algebra A /E = q(A ).

Definition 4.1.1 Let E be a Borel equivalence relation on (X,A ). Then E is finite

if every equivalence class is finite, uniformly finite of order n if every equivalence

class is of cardinality at most n and aperiodic if every equivalence class is infinite.

Example 4.1.2 Let G be a countable group of Borel automorphisms of (X,A ) and

let

EG = {(x, y) ∈ X ×X;∃g∈G(g(x) = y)}

be the orbit equivalence relation. Then EG is a countable Borel equivalence relation.

Moreover, if G is infinite and acts freely on (X,A ), then EG is aperiodic.

Conversely in [FM1], Theorem 1, Feldman and Moore prove.

Theorem 4.1.3 Let E be a countable Borel equivalence relation on (X,A ) with X

with X uncountable. Then there is a countable group G of Borel automorphisms such

that E = EG. Moreover, G can be chosen such that

xEy ⇐⇒ (∃g∈G(g2 = 1 ∧ g(x) = y)).
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Remark 4.1.4 In [Ad], S. Adams showed that in Theorem 4.1.3, the group G cannot

be chosen to act freely in general.

Definition 4.1.5 Two Borel equivalence relations E1 and E2 on standard Borel spaces

(X,A ) and (Y, C), are isomorphic, noted E1
∼= E2, if there is a Borel isomorphism

f : X −→ Y such that xE1y ⇔ f(x)E2f(y).

Remark 4.1.6 Recall that if E is a Borel equivalence relation on a standard Borel

space (X,A ), then (E,A ×A |E) is a standard Borel space. Keeping the notation of

Definition 4.1.5, note that if f : X → Y is a Borel isomorphism such that xE1y ⇔

f(x)E2f(y), then f × f : X × X → Y × Y is a Borel isomorphism and a bijection

from E1 to E2, thus the spaces E1 and E2 are Borel isomorphic.

Definition 4.1.7 Let E be a Borel equivalence relation on (X,A ). Let Y be a Borel

subset of X. The restriction of E to Y , noted E|Y , is

E|Y = E ∩ (Y × Y ).

Definition 4.1.8 A subset A of X is E-invariant, or simply invariant when no

confusion arises, if x ∈ A and xEy, then y ∈ A.

Definition 4.1.9 Let E be a Borel equivalence relation on (X,A ) and A be a subset

of X. The E-saturation of A, denoted [A]E, is defined by

[A]E = {x ∈ X|∃y∈A(xEy)}.

The subset [A]E is the smallest E-invariant set containing A.

Theorem 4.1.10 Let E be a countable Borel equivalence relation on (X,A ). Let

κ : X −→ N∗ be the the map which associate to each x ∈ X, the cardinality of its

equivalence class [x]. Then κ is a Borel function.
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Proof: By Theorem 4.1.3, there exists a countable group of Borel automorphisms

G = {gk; k ∈ N} such that E = ∪k∈N graph(gk). Let N = {gk1 , ..., gkn} be any subset

of G of n elements. The subset

J(N) = {x ∈ X : gki(x) ̸= gkj(x) for all i ̸= j}

is a Borel subset of X. For n ∈ N∗, let

X(n) = {x ∈ X : |[x]E| = n} = κ−1(n).

To complete the proof it suffices to show that X(n) is Borel. The set

Jn =
∪
N⊂G

J(N)

is also a Borel subset of X. Moreover since Jn = {x ∈ X : |[x]E| ≥ n}, then

Jn+1 \ Jn = X(n) is Borel.

Definition 4.1.11 The pseudo-group of an equivalence relation E, denoted [[E]],

is the set of partial Borel bijections f : A −→ B between Borel subsets A and B of

X, such that f(x)Ex for all x ∈ A. The full group of an equivalence relation E,

denoted [E], is the set of Borel automorphisms f : X −→ X such that f(x)Ex for all

x ∈ X.

By Theorem 1.1 of [MRo] the full group, as an abstract group, is an invariant of iso-

morphism for the countable Borel equivalence relations provided that the cardinality

of any class is at least 2.

Theorem 4.1.12 [MRo] Let E1 and E2 be two countable Borel equivalence relations

on (X1,A1) and (X2,A2) respectively. Suppose |[xk]Ek
| > 2 for all xk ∈ Xk, k = 1, 2.

Then E1
∼= E2 if and only if [E1] ∼= [E2].
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With this theorem we can easily construct an invariant for all countable Borel equiv-

alence relations. Recall, for n ∈ N∗,

X(n) = {x ∈ X : |[x]E| = n}.

The sets X(n) are E-invariant Borel subsets of X. Let c(n) be the cardinality of

X(n) and Z = X \ (X(1) ∪X(2)).

Corollary 4.1.13 Let E1 and E2 be two countable Borel equivalence relations on

(X1,A1) and (X2,A2) respectively. For i = 1, 2, let ci(n), Xi(n) and Zi be defined

as above but for Ei. Then E1 and E2 are isomorphic if and only if c1(1) = c2(1),

c1(2) = c2(2) and [E1|Z1 ]
∼= [E2|Z2 ].

Definition 4.1.14 Let E be a countable Borel equivalence relation on (X,A ). Two

Borel subsets A and B are Hopf equivalent (A ∼ B) if there exists a partial Borel

bijection f ∈ [[E]] such that f(A) = B.

We look now at the notions of subequivalence relation and embeddable relation.

Definition 4.1.15 Let E and E ′ be two countable Borel equivalence relations on

(X,A ). If E ′ ⊆ E, then E ′ is a subequivalence relation of E.

Definition 4.1.16 Let E1 and E2 be two countable Borel equivalence relations. The

Borel equivalence relation E1 is embeddable into E2, denoted E1 ⊑ E2, if there is

an injective Borel map f : X1 −→ X2 such that

(x, y) ∈ E1 ⇐⇒ (f(x), f(y)) ∈ E2.

If E1 ⊑ E2 and E2 ⊑ E1, then we call E1 and E2 bi-embeddable, denoted E1 ≈ E2.

Remark 4.1.17 The following are equivalent:

1) E1 is embeddable into E2.

2) There exists a Borel subset Y2 of X2 such that E1
∼= E2|Y2.
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4.2 Invariant and Ergodic Measures on E

In this section we recall the notion of an invariant and an ergodic measure on a

countable Borel equivalence relation, introduced in [FM1].

Definition 4.2.1 [FM1] Let µ be a measure on X. Let λx be the counting measure

on the set {(x, y) ∈ E; y ∈ X} and λx be the counting measure on the set {(y, x) ∈

E; y ∈ X}, then the measures on E
∫
λxdµ(x) and

∫
λxdµ(x) are denoted by ν and

ν−1.

Theorem 4.2.2 [FM1] Let E be a countable Borel equivalence relation on (X,A ),

µ a probability measure on (X,A ) and G be a countable Borel group of Borel auto-

morphisms such that E = EG. The following are equivalent;

1) µ = µg for all g ∈ G, where µg(A) = µ(g−1(A)) for all A ∈ A .

2) If f ∈ [E], then µ = µf , where µf(A) = µ(f−1(A)) for all A ∈ A .

3) If f ∈ [[E]], with f : A −→ B, then µ(A) = µ(B).

4) ν = ν−1.

Definition 4.2.3 Let E be a countable Borel equivalence relation on (X,A ). A

probability measure µ on (X,A ) is E-invariant, if it satisfies one of the equivalent

conditions of the previous theorem. If µ(A) = 0 or µ(A) = 1 for all invariant Borel

subsets A ∈ A , then µ is E-ergodic.

Notation 4.2.4 Let E be a countable Borel equivalence relation. Then let IE denote

the set of all E-invariant probability measures, EE denote the set of all E-ergodic

probability measures and IEE = IE ∩ EE. If we are considering only non-atomic

measures, then let I◦
E, E◦

E and IE◦
E denote the corresponding sets.
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4.3 Compressible Equivalence Relations

In this section we define compressible countable Borel equivalence relations and

present some of their properties. We follow [DJKe]. As above, E denotes a countable

Borel equivalence relation on (X,A ).

Definition 4.3.1 A Borel subset A is E-full if it has non-empty intersection with

every equivalence class of E, i.e. if A ∩ [x]E ̸= ∅ for all x ∈ X.

Definition 4.3.2 A Borel equivalence relation E is compressible if there is a non-

empty Borel subset A of X such that A ∼ X and X \ A is E-full.

Definition 4.3.3 A subset A of X is E-compressible if E|A is compressible.

Definition 4.3.4 Let A and B be Borel subsets of X. Then A ≼ B if there is a

Borel subset C ⊆ B such that A ∼ C. Thus we get, by the usual Schroeder-Bernstein

argument, that A ∼ B if and only if (A ≼ B) and (B ≼ A).

Theorem 4.3.5 E is not compressible if and only if E admits an E-invariant prob-

ability measure.

Definition 4.3.6 A Borel subset A of X is E-paradoxical if there is there are

disjoint Borel subsets B and C of A such that A ∼ B and A ∼ C.

Theorem 4.3.7 Then the following are equivalent:

1) E is compressible,

2) There is a sequence {An} of pairwise disjoint full Borel sets with An ∼ Am for

all n, m and

3) X is E-paradoxical (with B and C subsets of
∪
An).
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4.4 Smooth Borel Equivalence Relations

In this section we introduce the class of smooth countable Borel equivalence relations.

All definitions and results can be found in [KeM]. As in the preceding sections, E

denotes a countable Borel equivalence relation on (X,A ).

Definition 4.4.1 Let E be a countable Borel equivalence relation. Then E is smooth,

if there is a Borel surjection ϕ : X −→ Y , where (Y, C) is a standard Borel space,

such that

∀x,y∈X(xEy ⇐⇒ ϕ(x) = ϕ(y)).

Remark 4.4.2

1) This definition is equivalent to the existence of a Borel separating family,

i.e. a sequence {Bn}n∈N of Borel subsets of X such that

∀x,y∈X(xEy ⇐⇒ ∀n∈N(x ∈ Bn ⇔ y ∈ Bn)).

2) For a countable Borel equivalence relation E, recall that a Borel transversal

for E is a Borel set B ⊆ X which intersects each class of E at exactly one

point. Then E is smooth if and only if E as a Borel selector, i.e. a Borel

function f : X −→ X whose image is a Borel transversal for E.

For the next lemma we need the uniformization theorem whose proof can be

found in [Ke] Theorem 18.10.

Theorem 4.4.3 Let (X,B) and (Y, C) be standard Borel spaces and let P ⊆ X × Y

be a Borel subset. If every section Px = {(z, y) ∈ P ; z = x} is countable, then there

exist P ∗ ⊆ P such that

∀x∈X (∃y∈X((x, y) ∈ P ) ⇐⇒ ∃!y∈X((x, y) ∈ P ∗)) .
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P ∗ is called a uniformization of P . Moreover P = ∪n∈NPn, where Pn are a Borel

graphs of X × Y .

Lemma 4.4.4 If E is a smooth countable Borel equivalence relation, then E admits

a Borel transversal. If E is uniformly finite of order n, then there is a finite set of

Borel selectors {fi}ni=1 for E, whose images partition X. If E is aperiodic, then there

is a countable set of Borel selectors {fi}i∈N for E, whose images partition X.

Proof: Let ϕ : X −→ Y be a map witnessing that E is smooth, and define

A ⊆ Y ×X by

(y, x) ∈ A⇐⇒ ϕ(x) = y.

By the uniformization theorem (4.4.3), it follows that A has a uniformization f :

Y −→ X and that f ◦ ϕ is the desired Borel selector.

Theorem 4.4.5 Let E be a countable Borel equivalence relation on (X,A ). Then

E is smooth if and only if X/E is a standard Borel space.

Proof:

Let ϕ : X −→ Y be a Borel surjection verifying that E is smooth. Let q : X −→ X/E

be the quotient map and let Φ = ϕ ◦ q−1, where Φ([x]) = ϕ(x) for all x ∈ X, be the

induced bijection (well-defined) from X/E to Y . Since ϕ is countable to one, it

sends Borel sets to Borel sets. Thus an E-invariant set B is Borel if and only if

Φ(q(B)) = ϕ(B) is Borel.

Conversely, since X/E is a standard Borel space there exists a a countable family

{Bn}n∈N of sets which separate points of X/E. Define An = p−1(Bn), then {An}n∈N
is a Borel separating family for E.
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A direct consequence of Theorem 4.4.5 is that a finite Borel equivalence relation is

smooth.

If ϕ : X −→ X is a (Borel) automorphism, let

Eϕ = {(x, y) ∈ X ×X; ∃k∈Zϕk(x) = y}

denote the countable (Borel) equivalence relation induced by ϕ.

Theorem 4.4.6 Let E be a countable Borel equivalence relation. If E is smooth,

then there exists a Borel automorphism ϕ such that E = Eϕ.

Proof: For n ∈ N∗∪{∞}, define An = {x ∈ X : |[x]E| = n} and En = E|An . Then

An are E-invariant Borel sets. Thus E is a disjoint union of the En for n ∈ N∗∪{∞}.

For n ∈ N∗, partition An with Borel transversals fk : An −→ Bk for k = 1, ..., n

such that An =
⊔n
k=1Bk. Define the partial Borel map ϕn : An −→ An by

ϕn(x) =

f1(x), if x ∈ Bn

fk+1(x), if x ∈ Bk, k < n

.

For n = ∞, partition A∞ with Borel transversals fk : A∞ −→ Bk for k ∈ Z such

that A∞ =
⊔n
k∈ZBk. Define the partial Borel map ϕ∞ : A∞ −→ A∞ by

ϕ∞(x) =

{
fk+1(x), if x ∈ Bk

.

Finally with ϕ(x) = ϕn(x) if x ∈ An for n ∈ N∗ ∪ {∞}, it follows that E = Eϕ.

Corollary 4.4.7 For i = 1, 2, let Ei be two smooth countable Borel equivalence re-

lations. Then E1
∼= E2 if and only if the cardinalities of the standard Borel space

Aik/Ei are equal, where Aik = {x ∈ X : |[x]Ei
| = k}, for k ∈ {∞, 1, 2, ...}.

Recall that if E is a countable Borel equivalence relation on (X,A ), IEE (resp. IE◦
E)

denotes the set of E-invariant, ergordic (resp. non-atomic) probability measures on

(X,A ).
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Theorem 4.4.8 Let E be a countable Borel equivalence relation. If IE◦
E is not empty,

then E is not smooth.

Proof: Suppose E is smooth and µ ∈ IEE. Then there is a sequence C = {Ai}i∈N
of Borel sets separating the points inX/E (and C is closed under taking complement).

Let q : X −→ X/E be the quotient map and define ν(A) = µ(q−1(A)), where A is

a Borel set of X/E. Then by ergodicity of µ, ν(A) is equal to zero or one. Let

C1 = {A ∈ C ; ν(A) = 1} and

B =
∩
A∈C1

A.

Then ν(B) = 1.

Claim : B is a singleton; this implies that µ is atomic (IE◦
E = ∅).

If not, suppose x, y ∈ B and x ̸= y, then there is is a set D ∈ C such that x ∈ D

and y /∈ D. If ν(D) = 0 then x /∈ B and if ν(D) = 1 then y /∈ B which leads to a

contradiction.

The next theorem will give another formulation of non-smoothness. Recall that

E0 denotes tail equivalence (see Definition 3.4.3) and that E1 is embeddable in E2 is

denoted by E1 ⊑ E2 (see Definition 4.1.16).

Theorem 4.4.9 Let E be a countable Borel equivalence relation on (X,A ). Then

E is non-smooth if and only if E0 ⊑ E.
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4.5 Hyperfinite Borel Equivalence Relations

In this section we introduce the class of hyperfinite countable Borel equivalence rela-

tions.

Definition 4.5.1 A countable Borel equivalence relation E is hyperfinite if E =∪
n∈N∗ En, where the En’s are an increasing sequence (i.e., En ⊆ En+1 for all n ∈ N)

of finite Borel equivalence relations.

The next theorem shows, as in the smooth case, that countable hyperfinite Borel

equivalence relations can be written Eϕ for some Borel automorphism ϕ : X −→ X.

Theorem 4.5.2 [W] Let E be a countable Borel equivalence on a standard Borel

space (X,A ). The following conditions are equivalent:

1) E = Eϕ = {(x, y) ∈ X × X|∃k∈Z(ϕk(x) = y)}, where ϕ : X −→ X is a Borel

automorphism.

2) E =
∪
n∈N∗ En, where the (En)n>1 forms an increasing sequence of uniformly

finite Borel equivalence relations En of order n.

3) E =
∪
n∈N∗ En, where the (En)n>1 forms an increasing sequence of finite Borel

equivalence relations.

By Theorem 4.4.6, a smooth countable Borel equivalence relation is hyperfinite. In the

next section we give examples of countable non-smooth hyperfinite Borel equivalence

relations.
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4.6 Bratteli Diagram and Tail Equivalence

Let us first recall the definition of a Bratteli diagram. They were introduced by O.

Bratteli in [Bra] to classify approximatively finite (AF) C∗-algebras.

Definition 4.6.1 (See for example [GPS3]) A Bratteli diagram is an infinite di-

rected graph D = (V, E), where V is the vertex set and E is the edge set. They are

disjoint unions of non-empty finite sets;

V =
∞⊔
i=1

Vi and E =
∞⊔
i=1

Ei.

The graph has the following property:

1) An edge e ∈ Ei goes form a vertex Vi, noted s(e), to a vertex in Vi+1, noted

r(e). The map s is called the source map and r is called the range map.

2) The graph has no sink;

∀v∈V
(
s−1(v) ̸= ∅

)
.

To a Bratteli diagram D we can associate its path space, denoted ΩD, as follows:

Start with a source v ∈ V, i.e. r−1(v) = ∅ and define

Ωv = {(ei)∞i=n : ei ∈ Ei, s(en) = v, s(ei+1) = r(ei), i > n}.

For each n > 1, we endow En with its discrete topology and the product space∏
i>nEi with the corresponding product topology. Then Ωv ⊂

∏
i>nEi with the

relative topology is compact metrizable and zero dimensional. Then ΩD is the disjoint

union of the Ωv and equipped with the topological sum topology is a locally compact,

metrizable and zero dimensional space and the clopen cylinder sets

U(en,...,em) = {x ∈ ΩD : xn = en, ..., xm = em}

form a basis for the topology of Ωv.
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Definition 4.6.2 Tail equivalence on the Bratteli diagram D is the equivalence

relation ED defined on ΩD by

ED = {(x, y) ∈ ΩD × ΩD;∃N > 0 such that xn = yn, ∀n > N}.

For each n > 1, let E
(n)
D be the finite subequivalence relation of ED defined by

E
(n)
D = {(x, y) ∈ ΩD × ΩD; xi = yi, i > n}

(i.e., two paths in ΩD are E
(n)
D -equivalent if they agree from level n).

By construction, (E
(n)
D )n>1 forms an increasing sequence of subequivalence rela-

tions of ED and

ED =
∞∪
i=1

E
(n)
D .

For n > 1, E
(n)
D is a compact, open subset of the product space ΩD×ΩD, and therefore

Borel. Hence, ED is a hyperfinite countable Borel equivalence relation on ΩD.

Using Bratteli diagrams and tail equivalence, we now construct examples of hy-

perfinite countable Borel equivalence relations.

We start with the Bratteli diagram of the UHF C∗-algebra 2∞. Tail equivalence

on this diagram is the tail equivalence E0 for the Definition 3.4.3.
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Example 4.6.3 Let D1 be the Bratteli diagram:

Figure 4.1: D1

V1

V2

V3

V4

V5

Vn

Vn+1

E1

E2

E3

E4

En

For each i ∈ N∗, Vi = {vi} and Ei = {ei0, ei1}. The range of all edges in Ei is v
i+1,

and the source for the edges in Ei is v
i. The product measure

µ =
∞⊗
i=1

(
1

2
δei0 +

1

2
δei1

)
is the only non-atomic ergodic ED1-invariant probability measure. Moreover ED1 is

isomorphic to E0.
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Example 4.6.4 Let D0 be the Bratteli diagram:

Figure 4.2: D0

V1

V2

V3

V4

16

V5

Vn

2n

Vn+1

E1

E2

E3

E4

En

For each i ∈ N∗, Vi = {vi0, vi1} and Ei = {ei0, ei1, ai1, ..., ai2i}. The range of all edges

in Ei is v
i+1
0 , the source of the edges eij, j = 0 or 1, is vi0 and the source of the edges

aik, k = 1, ..., 2i, is vi1. In this example, the map

ϕ : ΩD0 −→ ΩD0 ,

defined by

ϕ((aike
i+1
j , ...)) = (ai+1

k+j2i
, ...)
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and

ϕ((e1j , ...)) = (a1j , ...)

for j = 0 or 1 is a Borel injection, belonging to [[ED0 ]].

If Ai is the subset of ΩD0 of all paths beginning with an edge aik, k = 1, ..., 2i;

A =
∞⊔
i=1

Ai and B = {(eij); i > 1, j = 0 or 1},

then

ϕ(ΩD0) = A

and for i > 1,

ϕi(B) = Ai.

Lemma 4.6.5 The Borel space ΩD0 does not carry any ED0-invariant measure.

Proof: If µ were such an ED0-invariant probability measure, then 1 = µ(ΩD0) =

µ(A) + µ(B) and 1 = µ(ΩD0) = µ(ϕ(ΩD0)) = µ(A), then µ(B) = 0 and µ(B) =

µ(ϕi(B)) = µ(Ai). Thus µ(A) = 0 and µ(ΩD0) = 0 which is a contradiction.

Then, since ΩD0 ∼ A, and Ac full, then

Fact: The tail equivalence ED0 on D0 is a compressible countable Borel equivalence

relation.

The sets (Ai)i>1 form a sequence of pairwise disjoints, ED0-invariant, full Borel

sets (with Ai ∼ Aj for all i, j > 0). As ED0 |B is isomorphic to E0, then

Fact: ED0 is non-smooth.
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Example 4.6.6 For m > 1, let Dm be the Bratteli diagram:

Figure 4.3: Dm

V1

V2

V3

V4

V5

Vn

Vn+1

E1

E2

E3

E4

En

m

Let V1 = {v1} and E1 = {e11, ..., e1m}. For each i ∈ N∗, i > 1, Vi = {vi1, ..., vim} and

Ei = {ei(0,1), ei(1,1), e1(0,2), ei(1,2), ..., ei(0,m), e
i
(1,m)}. The vertex v1 is the source of all edges

in E1 and the range of the edge e1k is v2k, for k = 1, ...,m. For i > 1, the source of

the edges ei(0,k) and e
i
(1,k) is v

i
k and the range of the edges ei(0,k) and e

i
(1,k) is v

i+1
k . For

k ∈ {1, ...,m}, the product measures

µk = δe1k ⊗

(
∞⊗
i=2

(
1

2
δei

(0,k)
+

1

2
δei

(1,k)

))
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are the m measures in IE◦
EDm

.

Example 4.6.7 Let Dω be the Bratteli diagram:

Figure 4.4: Dω

V1

V2

V3

E1

E2

E3

V4

E4

Here V1 = {v1} and E1 = {b10, b11, a1}. For each i ∈ N∗, i > 1,

Vi = {vi, wi1, ..., wii−1} and Ei = {bi0, bi1, ai, ei(0,1), ei(1,1), ..., ei(0,i−1), e
i
(1,i−1)}.

The source of bi0 and bi1 is vi and their range is vi+1. The source of ai is vi and its

range is wi+1
i . For k = 1, ..., i−1, the source of ei(0,k) and e

i
(1,k) is w

i
k and their range

is wi+1
k . The measure

µ1 =
∞⊗
i=1

(
1

2
δbi0 +

1

2
δbi1

)
together with the measures µk, for k > 2, given by

µk =

(
k⊗
i=1

(
1

2
δbi0 +

1

2
δbi1

))
⊗ (δak)⊗

(
∞⊗

i=k+1

(
1

2
δei

(0,k)
+

1

2
δei

(1,k)

))

are the measures in IE◦
EDω

.
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Example 4.6.8 Let Dc be the following Bratteli diagram;

Figure 4.5: Dc

V1

V2

V3

E1

E2

E3

That example can be described as follows: Let Wi be the set of all binary words

of length i. For each i > 1, let τ : Wi −→ Wi−1 be the truncation of the last

digit. Let Wω be the set of (countable) infinite binary words and τi : Wω −→ Wi

be the truncation that keeps the first n digits of the word. Let V1 = {v1} and

E1 =
∪
k∈W1

{a1k, b1k}. For i ∈ N∗, i > 1,

Vi =
∪

k∈Wi−1

{vik} and Ei =
∪
k∈Wi

{aik, bik}.

The vertex v1 is the source of all edges in E1. For any k ∈ Wi, the vertex viτ(k) is the

source of the (four) edges aik and bik. The range for the (two) edges aik and bik is vi+1
k .

Let k ∈ Wω, the measures

µk =
∞⊗
i=1

(
1

2
δai

τi(k)
+

1

2
δbi

τi(k)

)
are the measures in IE◦

EDc
.

Fact: For any Dk, k ∈ {c, ω, 0, 1, 2, 3, ...}, EDk
is an aperiodic, non-smooth and

hyperfinite countable Borel equivalence relation.
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4.7 Classification of Hyperfinite Borel Equivalence

Relations

The goal of this section is to survey the classification of all hyperfinite Borel equiv-

alence relations up to isomorphism (orbit equivalence) on the standard Borel space

(X,A ). We will first give the classification of the smooth hyperfinite Borel equiv-

alence relations. The classification of the non-smooth Borel equivalence relation is

based (almost entirely) on the result of Theorem 9.1 of [DJKe].

Let us recall the smooth case (see Section 4.4), for n ∈ N∗ ∪ {∞}, let X(n) be

the points in X with orbits of cardinality n and let En = E|X(n). Then E is a disjoint

union of the En. Now since En is smooth, the quotient space X(n)/En is a standard

Borel space and let qn be its cardinality. Then (from Corollary 4.4.7), two smooth

Borel equivalence relations E and E ′ are isomorphic if and only if qn = q′n for all

n ∈ N∗ ∪ {∞}.

In the non-smooth case we can assume that the Borel equivalence relation is

aperiodic. If not, let A = X(∞) be the points in X with orbits of infinite cardinality

and decompose E = E|AC ⊔ E|A (periodic and aperiodic blocks). The restriction

of E to its periodic part is smooth; this was handle above. We now present the

classification up to isomorphism of countable, aperiodic, non-smooth and hyperfinite

Borel equivalence relations.

Theorem 4.7.1 [DJKe] Let E1 and E2 be two countable, aperiodic, non-smooth and

hyperfinite Borel equivalence relations. Then

E1
∼= E2 ⇐⇒ |IE◦

E1
| = |IE◦

E2
|.

Corollary 4.7.2 Let E be a countable, aperiodic, non-smooth and hyperfinite Borel

equivalence relation. Then there exists unique k ∈ {w, c, 0, 1, 2, ...} such that

E ∼= EDk
.



Chapter 5

Cohomology

5.1 Cocycles and coboundaries

In this section we present definitions and results on cohomology of countable Borel

equivalence relations. We follow closely the definitions and results of [FM1], but they

are given in a purely Borel context (with no reference to a measure on X). In this

section (A,+) is an abelian Polish group with neutral element denoted 0, and E is a

countable Borel equivalence relation on (X,A ).

Definition 5.1.1 For n > 1, let E(n) be the Borel subset of
n+1∏
k=1

(X,A ) given by

(x1, ..., xn+1) ∈ E(n) ⇐⇒ ∀i,j=1,...,n+1(xiExj).

Clearly, E(1) = E.

Definition 5.1.2 Let n > 1. A Borel function f : E(n) −→ A is a n-cochain if there

exists k ∈ {1, ..., n}, such that xk = xk+1 entails f(x1, ..., xn+1) = 0. The n-cochains,

denoted Cn(E,A), form an abelian group.

Definition 5.1.3 For n = 0, E(0) = X and C0(E,A) is the set of Borel functions

from X to A.

46
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Definition 5.1.4 For any n > 1, the maps δn : Cn−1(E,A) −→ Cn(E,A) are defined

by

(δnf)(x1, ..., xn+1) =
n+1∑
k=1

(−1)k+1f(x1, ..., x̂k, ..., xn+1),

where

(x1, ..., x̂k, ..., xn+1) ∈ E(n−1)

denote the element of E(n−1) obtained by removing the kth variable of (x1, ..., xn+1).

The following computation shows that δn+1 ◦ δn = 0:

For n > 1,

δn+1(δnf)(x1, ..., xn+2) =
n+2∑
k=1

(−1)k+1(δnf)(x1, ..., x̂k, ..., xn+2)

which expands and simplifies to

n+2∑
k=1

(
k−1∑
k′=1

(−1)k+k
′
f(x1, ..., x̂k′ , ..., x̂k, ..., xn+2) +

n+2∑
k′=k+1

(−1)k+k
′+1f(x1, ..., x̂k, ..., x̂k′ , ..., xn+2)

)
,

(when k = 1 (resp. k = n + 2) the first (resp. second) inside sum is empty) and

for any 1 6 i < j 6 n+2, the term f(x1, ..., x̂i, ..., x̂j, ..., xn+2) appears exactly twice in

δn+1(δnf)(x1, ..., xn+2), one with k
′ = i and k = j leading to (−1)i+jf(x1, ..., x̂i, ..., x̂j, ..., xn+2)

and one with k = i and k′ = j leading to (−1)i+j+1f(x1, ..., x̂i, ..., x̂j, ..., xn+2) whose

sum is 0, this implies that δn+1(δnf)(x1, ..., xn+2) = 0 for any f ∈ Cn(E,A). Thus we

get a long exact sequence:

0
δ0−→ C(X,A) δ1−→ C(E,A) δ2−→ C2(E,A) δ3−→ ...

where δ0 is the inclusion map.

Definition 5.1.5 For n > 0, a Borel n-cocycle is an element of ker(δn+1). The set

of all n-cocycles will be denoted Zn(E,A). A Borel n-coboundary is an element of

im(δn). The set of all n-coboundaries will be denoted Bn(E,A). The n-cohomology

group is Zn(E,A)/Bn(E,A), denoted Hn(E,A).
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By definition for n > 2, two cocycles f and g in Zn(E,A) are cohomologous if

f − g ∈ Bn(E,A).

Theorem 5.1.6 Let E be a smooth countable Borel equivalence relation, and A be

an abelian Polish group. Then for all n > 1, Hn(E,A) = 0.

Proof: As E is smooth, let us fix a Borel selector f : X −→ X of E. Then, let us

associate to any n-cocycle σ ∈ Zn(E,A), the (n − 1)-cochain c : E(n−1) −→ A given

by

c(x1, ..., xn) = σ(f(x1), x1, ..., xn).

As

(δn+1σ)(x0, x1, ..., xn+1) =
n+1∑
k=0

(−1)kσ(x0, ..., x̂k, ..., xn+1) = 0,

it follows that

σ(x1, ..., xn+1) =−
n+1∑
k=1

(−1)kσ(x0, ..., x̂k, ..., xn+1)

=
n+1∑
k=1

(−1)k+1c(x1, ..., x̂k, ..., xn+1)

=(δnc)(x1, ..., xn+1),

with x0 = f(x1). Thus σ ∈ Bn(E,A).

The next theorem follows a proof, in the topological setting, of H. Matui [Mat],

which also applies in the Borel setting.

Theorem 5.1.7 Let E = ∪i>1Ei be a hyperfinite countable Borel equivalence relation,

where (Ei)i>1 is an increasing sequence of finite equivalence relations. Let A be an

abelian Polish group. For all n > 2, Hn(E,A) = 0.
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Proof: Let n > 2. Let σ ∈ ker(δn+1). We construct inductively a sequence (τi)i>1,

τi ∈ Cn−1(E,A), such that

δn(τi)(ξ) = σ(ξ), ∀ξ ∈ E
(n)
i and τi+1(η) = τi(η), ∀η ∈ E

(n−1)
i .

Then if we define τ ∈ Cn−1(E,A) by

τ(η) = lim
i→∞

τi(η), ∀η ∈ E(n−1),

then we get δn(τ) = σ. Hence Hn(E,A) = 0.

For τ1, since H
n(E1,A) = 0 there exists τ1 ∈ Cn−1(E,A) such that

δn(τ1)(ξ) = σ(ξ), ∀ξ ∈ E
(n)
1 .

Suppose τi is constructed. SinceH
n(Ei+1,A) = 0, then there exists f ∈ Cn−1(E,A),

with supp(f) ⊆ E
(n−1)
i+1 , such that

δn(f)(ξ) = σ(ξ), ∀ξ ∈ E
(n)
i+1.

Hence we have

δn(f − τi)(ξ) = 0, ∀ξ ∈ E
(n)
i .

The restriction of f − τi to E
(n−1)
i is in Hn−1(Ei,A). Since Hn−1(Ei,A) = 0, then

there exists g ∈ Cn−2(E,A), with supp(f) ⊆ E
(n−2)
i , such that

δn−1(g)(η) = (f − τi)(η), ∀η ∈ E
(n−1)
i .

Set τi+1 = f − δn−1(g). Then

δn(τi+1)(ξ) = δ(n)(f)(ξ) = σ(ξ),

for all ξ ∈ E
(n)
i+1, and

τi+1(η) = f(η)− δn−1(g)(η) = f(η)− (f − τi)(η) = τi(η),

for all η ∈ E
(n−1)
i , which completes the proof.
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5.2 2-cocycles

We identify by T the set of complex numbers of modulus 1. The T-valued Borel

2-cocycles play an important role in this thesis. Thus we review the definitions and

give some results in that specific context. In this section E denotes a countable Borel

equivalence relation on (X,A ).

Definition 5.2.1 A T-valued Borel 2-cocycle σ ∈ Z2(E,T) of E is a Borel function

σ : E(2) → T which satisfies the following property

σ(x, y, z)σ−1(w, y, z)σ(w, x, z)σ−1(w, x, y) = 1

or

σ(w, y, z)σ(w, x, y) = σ(x, y, z)σ(w, x, z)

for all w ∼E x ∼E y ∼E z.

If there is a c ∈ C(E,A), such that a Borel 2-cocycle σ can be written as

σ(x, y, z) = c(x, y)c−1(x, z)c(y, z)

is a Borel 2-coboundary.

Definition 5.2.2 Two Borel 2-cocycles σ1 and σ2 are cohomologous if there exists

c ∈ B2(E,T) such that

σ1(x, y, z) = σ2(x, y, z)c(x, y)c
−1(x, z)c(y, z)

for all x ∼E y ∼E z.

From now on a 2-cocycle on E will always refer to a T-valued Borel 2-cocycle.

Definition 5.2.3 A 2-cocycle σ is normalized if it is equal to 1 whenever two or

three variables are identical.
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Hence a normalized 2-cocycle satisfies the extra condition that σ(x, y, x) = 1 for all

(x, y) ∈ E.

Lemma 5.2.4 Every 2-cocycle is cohomologous to a normalized one.

Proof: Let σ be a 2-cocycle. We have

σ(a, c, d)σ(a, b, c) = σ(b, c, d)σ(a, b, d);

then if a = c = x and b = d = x, we obtain

σ(x, x, y)σ(x, y, x) = σ(y, x, y)σ(x, y, y)

σ(x, y, x) = σ(y, x, y).

If
√
• : T −→ T denotes the Borel map defined by

√
e2πiθ = eπiθ for θ ∈ [0, 1[, then

the function g : E −→ T defined by

g(x, y) =
√
σ(x, y, x)

is Borel and such that g(x, y) = g(y, x) and g(x, x) = 1 for all (x, y) ∈ E and x ∈ X.

If τ : E(2) −→ T denotes the Borel function defined by

τ = σ(δg)−1,

then for all x ∈ X and (x, y) ∈ E we have:

1) τ(x, x, x) = 1,

2) τ(x, x, y) = σ(x, x, y)(g(x, y)g−1(x, y)g(x, x))−1 = 1,

3) τ(x, y, y) = σ(x, y, y)(g(y, y)g−1(x, y)g(x, y))−1 = 1 and

4) τ(x, y, x) = σ(x, y, x)(g(y, x)g−1(x, x)g(x, y))−1

= σ(x, y, x)(g(y, x)g(x, y))−1

= σ(x, y, x)(g(x, y)2)−1

= 1.
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Hence τ is a normalized 2-cocycle.

Lemma 5.2.5 A normalized 2-cocycle is skew symmetric, i.e. permuting any two

variables inverses (conjugates) the value of the 2-cocycle.

Proof: Let τ : E(2) −→ T be a normalized 2-cocycle. We have

τ(a, c, d)τ(a, b, c) = τ(b, c, d)τ(a, b, d);

then if a = x, b = d = y and c = z, we obtain

τ(x, z, y)τ(x, y, z) = τ(y, z, y)τ(x, y, y)

τ(x, z, y) = 1

τ(x, z, y) = τ−1(x, y, z).

Similarly if a = c = x, b = y and d = z, then τ(x, y, z) = τ−1(y, x, z). If a = d = x,

b = z and c = y, then τ(z, y, x) = τ(x, z, y) = τ−1(x, y, z).
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5.3 The Borel Twist

In this section, for a countable Borel equivalence relation E on (X,A ), we establish

the link between isomorphism classes of Borel twists Tw(E) (see Definitions 3.3.5 and

3.3.7) and the 2-cohomology group H2(E,T). We first associate a Borel twist to a

2-cocycle, defined on a countable Borel equivalence relation, and then show that any

Borel twist arises this way.

Let E be a countable Borel equivalence relation and σ be a normalized 2-cocycle

on E with values in the torus T. Let Γ be the set of pairs of the form (a, (x, y)) ∈ T×E.

We then define a multiplication on Γ by

(a, (x,w))(b, (y, z)) = (abσ(x, y, z), (x, z)), if w = y,

an involution by

(a, (x, y))−1 = (a, (y, x)),

and a free Borel T-action by

b(a, (x, y)) = (ab, (x, y)),

for all (w, x, y, z) ∈ E(3) and a, b ∈ T. Then Γ is a Borel twist, that we will (sometimes)

refer to as E twisted by σ.

In the Borel case, we will show that any Borel twist of a countable equivalence

relation is induced by a 2-cocycle of E. The proof follows closely the proof of the

topological analogue by Kumjian in [Ku] and uses the following result of Kallman

[Kall].

Proposition 5.3.1 ([Kall], Proposition 7.1) Let G be a locally compact group with

a countable basis, and let Γ be a standard Borel G-space such that Γ/G is countably

separated. Then Γ/G is standard, and there is a Borel cross-section

h : Γ/G −→ Γ.
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Theorem 5.3.2 Let E be a countable Borel equivalence relation on (X,A ). For any

twist Γ in Tw(E), there exists a 2-cocycle σ of E such that Γ = (E, σ). Moreover if

(E, σ1) ∼= (E, σ2), then σ1 and σ2 are cohomologous.

Proof: The construction above associates to E and σ a Borel twist. More-

over, straightforward computations show that Borel twists associated to cohomolo-

gous (normalized) 2-cocycles of a Borel equivalence relation are isomorphic. Hence,

we only have to show that each Borel twist is associated to a normalized 2-cocycle.

Let Γ be a Borel twist with E ∼= Γ/T. By 5.3.1, there exists a Borel cross-section

s : E −→ Γ.

Let σs : E
(2) −→ T denote the Borel function such that

σs(x, y, z)s(x, z) = s(x, y)s(y, z)

for all (x, y, z) ∈ E(2). Since

s(w, x)s(x, y)s(y, z) = σs(w, x, y)s(w, y)s(y, z)

= σs(w, x, y)σs(w, y, z)s(w, z)

and

s(w, x)s(x, y)s(y, z) = s(w, x)σs(x, y, z)s(x, z)

= σs(x, y, z)s(w, x)s(x, z)

= σs(x, y, z)σs(w, x, z)s(w, z)

then

σs(w, x, y)σs(w, y, z) = σs(x, y, z)σs(w, x, z),

and therefore σs ∈ Z2(E,T). If

t : E −→ Γ
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is an other Borel cross-section and σt : E
(2) −→ T such that

σt(x, y, z)t(x, z) = t(x, y)t(y, z),

then consider the Borel function k : E → T such that for (x, y) ∈ E

t(x, y) = k(x, y)s(x, y).

Since

σt(x, y, z)t(x, z) = t(x, y)t(y, z)

σt(x, y, z)k(x, z)s(x, z) = k(x, y)s(x, y)k(y, z)s(y, z)

σt(x, y, z)k(x, z)s(x, z) = k(x, y)k(y, z)σs(x, y, z)s(x, z)

then

σt(x, y, z) = k(x, y)k(x, z)k(y, z)σs(x, y, z),

thus σs and σt are cohomologous.

This result does differ from the result of Kumjian in the topological setting:

only topological twists with a continuous cross-section are induced by continuous 2-

cocycles. Some topological twists do not have a continuous cross-section, while all

Borel twists do have Borel cross-sections.

Remark 5.3.3 We can equip Tw(E) with a group structure (as in Remark 2 and

Proposition 3 of [Ku]) which makes the bijection between Tw(E) and H2(E,T) of

Theorem 5.3.2 a group isomorphism.



Chapter 6

Borel ∗-algebras

The first three sections of this chapter introduce the facts on the theory of C∗-algebras,

von Neumann algebras and Borel ∗-algebras that we will use in the rest of the thesis,

and we review in the fourth one the definitions of Cartan subalgebras. In the last

section, we review AF-algebras.

Recall that we want to associate to a countable Borel equivalence relation a

Borel ∗-algebra. In Section 5, we present the measurable-von Neumann algebra case,

following Feldman and Moore’s results in [FM1] and [FM2], and in Section 6 the

topological-C∗-algebra case, following Renault in [Re], [Re1] and [Re2] and Kumjian

in [Ku].

The construction of the Borel ∗-algebra associated to a countable Borel equiva-

lence relation is presented in Chapter 7.

Throughout this chapter, H will denote a Hilbert space and B(H) the involutive

algebra of bounded linear operator on H.

56
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6.1 C∗-algebras

Definition 6.1.1 A C∗-algebra A is an involutive Banach algebra whose norm sat-

isfies, for all f ∈ A, ∥f∗f∥ = ∥f∥2.

Example 6.1.2

1) B(H), with the operator norm, is a C∗-algebra. Note that if H is infinite di-

mensional, then B(H) is not separable.

2) Any norm-closed involutive subalgebra of B(H) is a C∗-algebra. Such an algebra

is called a concrete C∗-algebra.

3) If X be a locally compact Hausdorff space, then C0(X), the continuous functions

vanishing at infinity on X (see Definition 2.4.2), equipped with the sup-norm is

an abelian C∗-algebra.

In fact, any C∗-algebra has a concrete representation. To concretise this last sentence,

we recall the definition of a representation and in particular of the GNS-representation

of a C∗-algebra.

Definition 6.1.3 A representation of C∗-algebra A is a pair (π,H), where H is

a Hilbert space and π : A −→ B(H) is a ∗-homomorphism from A to B(H). The

representation (π,H) is faithful when it is injective.

Remark 6.1.4 If (π,H) is a representation of a C∗-algebra A, then ∥π(a)∥ 6 ∥a∥

for all a ∈ A.

Definition 6.1.5 Let A be a C∗-algebra. A bounded positive linear form of norm

one ϕ : A −→ C is called a state.

Notation 6.1.6 The set of all states on A will be denoted S(A). Then S(A) is a

convex set. The extreme points in S(A) are called the pure states and are denoted

P (A).
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Example 6.1.7 By Riesz representation theorem, the states on C0(X) correspond to

the probability measures on X and the pure states to the Dirac measures on X.

We know present the GNS-representation, following [Ped], Theorem 3.3.3.

Theorem 6.1.8 Let A be a C∗-algebra and ϕ ∈ S(A). There exist a representation

(πϕ,Hϕ) of A and a vector of norm one, noted ξϕ, such that ϕ(A) = ⟨ξϕ, πϕ(A)ξϕ⟩ for

all A ∈ A and πϕ(A)ξϕ is dense in Hϕ.

Definition 6.1.9 Let A be a C∗-algebra and ϕ ∈ S(A). The representation (πϕ,Hϕ)

of Theorem 6.1.8 is called the Gelfand-Naimark-Segal (GNS) representation

induced by ϕ.

Definition 6.1.10 ([Ped], 3.7.6 and 4.3.7) Let A be a C∗-algebra. Let (πϕ,Hϕ) be

the GNS representation induced by ϕ ∈ S(A). The universal representation of A

is defined by

(πu,Hu) =
⊕

ϕ∈S(A)

(πϕ,Hϕ).

The atomic representation of A is defined by

(πa,Ha) =
⊕

ϕ∈P (A)

(πϕ,Hϕ).

Theorem 6.1.11 ([Ped], 4.3.11) Let A be a C∗-algebra. The atomic representation

is faithful.

Corollary 6.1.12 ([Ped], Theorem 1.1.7) If A is a commutative C∗-algebra, then A

is isomorphic to C0(P (A)).

We end this section with two useful theorems for C∗-algebras.

Theorem 6.1.13 ([An], Theorem 3.2) Let A0 be a C∗-subalgebra of a C∗-algebra A

and ϕ be a pure state of A0. Then there exists a unique pure state Φ of A such that
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Φ|A0 = ϕ if and only if for each x ∈ A and ε > 0 there is b ∈ A+
0 , with ∥b∥ = ϕ(b) = 1,

and y ∈ A0 such that

∥bxb− y∥ < ε.

Definition 6.1.14 ([An], Definition 3.3) Let A0 be a C∗-subalgebra of a C∗-algebra

A. Then A0 has the extension property relative to A if every pure state of A0

can be extended uniquely to a pure state of A.

6.2 von Neumann algebras

Throughout this section, H denotes a Hilbert space and ⟨•|•⟩ its inner product.

Moreover {xi} ⊂ B(H) will denote a bounded net of operators (∥xi∥ < k <∞ for all

i) and {xn} ⊂ B(H) is a bounded sequence. This section follows closely Sections 2.1

and 2.2 of [Ped].

Definition 6.2.1 A net {xi} is weakly convergent to x ∈ B(H), denoted xi
w−→ x,

if for every vectors ξ, η ∈ H the net {⟨xiξ|η⟩} converges to ⟨xξ|η⟩.

Definition 6.2.2 A net {xi} is strongly convergent to x ∈ B(H), denoted xi
s−→

x, if for each vector ξ ∈ H the net {⟨xiξ|xiξ⟩} converges to ⟨xξ|xξ⟩.

Notation 6.2.3 Let M be a subset of B(H). We will denote by Mw (resp. Ms) its

weak closure (resp. strong closure).

Remark 6.2.4 As any strongly convergent net in B(H) is weakly convergent, then

for any M ⊂ B(H), Ms ⊆ Mw.

Definition 6.2.5 Let M ⊂ B(H). The commutant of M is the set

M′ = {x ∈ B(H) : ∀f∈M xf = fx}.
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Theorem 6.2.6 ([Ped], Theorem 2.2.2) Let W be a C∗-algebra containing the iden-

tity of B(H). The following are equivalent:

a) W = W ′′. b) W = Ws. c) W = Ww.

Definition 6.2.7 Let W be a C∗-algebra containing the identity of B(H). If W =

W ′′, then W is called a von Neumann algebra.

Example 6.2.8

1) B(H) is a von Neumann algebra.

2) Let (X,µ) be a measured space. Any f ∈ L∞(X,µ) defines a multiplication

operator Mf ∈ B(L2(X,µ)), by

(Mfξ)(x) = f(x)ξ(x), ξ ∈ L2(X,µ), x ∈ X.

Then {Mf ; f ∈ L∞(X,µ)} is an abelian von Neumann algebra of B(L2(X,µ)).

6.3 Borel ∗-algebra

In this section, we introduce Borel ∗-algebra. They will be used, in Chapter 7, to

study countable Borel equivalence relations. From a topological space (X, T ), recall

from Theorem 2.4.5 that any bounded Borel function on X is a pointwise limit of

a sequence of continuous functions. Borel ∗-algebras can be seen as a possible non-

commutative analogue of this result. The definitions and results are taken from

Pedersen’s book [Ped].

Definition 6.3.1 ([Ped], 4.5.2) Let H be an Hilbert space and B(H)sa be the set of

self-adjoint elements of B(H). Let M ⊂ B(H)sa, x ∈ B(H)sa and {xn} be elements

in B(H)sa. Then
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1) Bm
H(M) will denote the smallest subset of B(H)sa containing M and such that

if {xn} is a norm bounded, monotone (increasing or decreasing) sequence of

Bm
H(M) converging strongly to x, then x ∈ Bm

H(M).

2) Bs
H(M) will denote the smallest subset of B(H)sa containing M and such that

if {xn} is a norm bounded sequence of Bs
H(M) converging strongly to x, then

x ∈ Bs
H(M).

3) Bw
H(M) will denote the smallest subset of B(H)sa containing M and such that

if {xn} is a norm bounded sequence of Bw
H(M) converging weakly to x, then

x ∈ Bw
H(M).

Remark 6.3.2 By definition, it follows that

Bm
H(M) ⊆ Bs

H(M) ⊆ Bw
H(M).

Definition 6.3.3 ([Ped], 4.5.14) Let A be a C∗-subalgebra of B(H).

The monotone Borel envelope of A in B(H), denoted Bm
H(A), is

Bm
H(A) = Bm

H(Asa) + iBm
H(Asa).

The strong Borel envelope of A in B(H), denoted Bs
H(A), is

Bs
H(A) = Bs

H(Asa) + iBs
H(Asa).

The weak Borel envelope of A in B(H), denoted Bw
H(A), is

Bw
H(A) = Bw

H(Asa) + iBw
H(Asa).

These envelopes are all C∗-algebras.

Theorem 6.3.4 ([Ped], Theorem 4.5.4) Let A be a C∗-algebra of B(H). Then

Bm
H(A) is the self-adjoint part of a C∗-algebra.
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Definition 6.3.5 ([Ped], 4.5.5) Let B ⊂ B(H) be a concrete C∗-algebra. Then B is

a Borel ∗-algebra if

Bsa = Bm
H(Bsa).

Definition 6.3.6 ([Dav1]) Let B ⊂ B(H) be a concrete C∗-algebra. Then B is a

Σ∗-algebra if

Bsa = Bw
H(Bsa).

The Σ∗-algebras were first introduced and studied by Davies in [Dav1], [Dav2]

and [Dav3]. By definition, if B ⊂ B(H) is a concrete C∗-algebra and if Bsa = Bs
H(Bsa)

or Bsa = Bw
H(Bsa), then B is a Borel ∗-algebra. In particular, a Σ∗-algebra is a Borel

∗-algebra. LetW ⊂ B(H) be a von Neumann algebra. SinceWsa ⊆ Bm
H(Wsa) ⊆ Ww

sa,

then any von Neumann algebra is a Borel ∗-algebra. The converse is not always true

(see Example 6.3.8).

Theorem 6.3.7 ([Ped], 4.5.5) If H is a separable Hilbert space, then any Borel ∗-

algebra in B(H) is a von Neumann algebra.

Example 6.3.8

Let (X,A ) be the uncountable standard Borel space. Let H = ℓ2(X) denote the

Hilbert space of complex valued functions such that

⟨ξ|ξ⟩ =
∑
x∈X

|ξ(x)|2 <∞.

If ξ ∈ ℓ2(X), then its support supp(ξ) = {x ∈ X : ξ(x) ̸= 0} is countable. Thus

any element in ℓ2(X) is a bounded Borel functions. For x ∈ X, let Xx denote the

characteristic function of the singleton {x}. Then {Xx : x ∈ X} forms an orthonormal

basis of ℓ2(X), therefore ℓ2(X) is not separable.

To a bounded Borel function f ∈ Bo(X), we associate the multiplication operator

Mf given by

(Mfξ)(x) = f(x)ξ(x), x ∈ X, ξ ∈ ℓ2(X).
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Then ∥Mf∥ = ∥f∥∞ = supx∈X |f(x)|.

We will frequently identify a function f ∈ Bo(X) with its associated multiplica-

tion operator Mf ∈ B(ℓ2(X)).

Let {fn} ⊂ Bo(X) be a bounded sequence of Borel function converging weakly

to f . As ⟨fnXx|Xx⟩ = fn(x), then ⟨fXx|Xx⟩ = f(x) which means that {fn} converges

pointwise to f , thus f ∈ Bo(X). Hence Bo(X) is a Borel ∗-algebra in B(ℓ2(X)). Since

Bo(X)′′ = Bnd(X), the bounded complex-valued functions of X, then Bo(X) is not a

von Neumann algebra.

Thus Bo(X) is an example of Borel ∗-algebra which is also a Σ∗-algebra. This is

also the case of a larger class of Borel ∗-algebra.

Theorem 6.3.9 Let {Xk : k = 1, 2, ...,∞} be a sequence of standard Borel spaces

and Hk be the Hilbert space of dimension k. Let

B =
∞∏
k=1

B0(Xk,B(Hk))

where B0(Xk,B(Hk)) is the ∗-algebra of bounded Borel functions of the form f : Xk →

B(Hk). Then B is sequentially weakly closed, thus a Borel ∗-algebra.

Recall that if X is a standard Borel space, |X| denotes its cardinal.

Definition 6.3.10 Any Borel ∗-algebra of the form

B =
∞∏
k=1

B0(Xk,B(Hk))

is called a type I Borel ∗-algebra. It follows that the ordered sequence of cardinals

{|Xk| : k = 1, 2, ...,∞} is an invariant of class of isomorphism of type I Borel ∗-

algebras.

The previous theorem and definition follow Theorem 6.3.4, Corollary 6.3.5 and

paragraph 6.3.5 of [Ped].
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For a locally compact Hausdorff space (X, T ), we identify C0(X) with {Mf ∈

B(ℓ2(X)); f ∈ C0(X)}. Then, from Theorem 2.4.5, the monotone Borel envelope of

C0(X) is Bo(X). Moreover, since Bo(X) is closed under pointwise limits of bounded

sequences, then the weak Borel envelope of C0(X) is also Bo(X). Thus in the abelian

case there is no distinction between the three Borel envelopes. In this thesis, we

use the weak Borel envelope for our purposes (to associate a Borel ∗-algebra to a

countable Borel equivalence relation).

Definition 6.3.11 Let A be a C∗-algebra in B(H). The Borel envelope of A in

B(H), denoted BH(A), is chosen to be the weak Borel envelope.

We now turn our attention on representations of Borel ∗-algebras.

Definition 6.3.12 Let K be a Hilbert space and B be a Borel ∗-subalgebra of B(K).

A σ-representation of B is a representation (π,H) such that if {xn} is a bounded

sequence of self-adjoint elements of B then

xn
w→ x if and only if π(xn)

w→ π(x).

By definition, if ϕ is a σ-normal state, the GNS-representation (πϕ,Hϕ) is a σ-

normal representation. Moreover if F is a separating family of σ-normal states of a

Borel ∗-algebra B, then the representation⊕
ϕ∈F

(πϕ,Hϕ)

is a faithful σ-representation of B (see paragraph 4.5.5 of [Ped]).

The Borel envelope of a C∗-algebra depends on the Hilbert space on which it

is acting. For example, Bℓ2(X)(C0(X)) = Bo(X), but BL2(X,µ)(C0(X)) = L∞(X,µ).

But if the Hilbert spaces are spatially isomorphic, then the Borel envelopes are iso-

morphic.

Gert K. Pedersen in his book [Ped] and some of his articles [Pedk], k = 1, ..., 7,

for example, studies monotone Borel envelopes of C∗-algebras taken in their universal
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representation. Thus we make a definition, by sticking the word universal in front,

when we are making reference to this Borel envelope.

Definition 6.3.13 ([Ped], paragraph 4.5.6) Let A be a C∗-algebra and (πu,Hu) its

universal representation. The universal enveloping Borel ∗-algebra of A is given

by

Bu(A) = Bm
Hu

(πu(Asa)) + iBm
Hu

(πu(Asa)).

The universal enveloping Borel ∗-algebra associated to A could be defined using

the atomic representation (πa,Ha). This is a direct consequence of the following two

lemmas.

Lemma 6.3.14 ([Ped], 4.5.9) Let A be a C∗-algebra. Any representation (π,H)

of A can be uniquely extended to a σ-representation (π′′,H) of Bu(A) such that

π′′(Bu(A)sa) = BH(π(Asa)).

Lemma 6.3.15 ([Ped], 4.5.13) The σ-representation (π′′
a ,Ha) of Bu(A) is faithful.

Thus for any C∗-algebra A, then

Bu(A) ∼= Bm
Ha

(πa(Asa)) + iBm
Ha

(πa(Asa)).

There is also an interesting non-commutative generalization of the notion stan-

dard Borel spaces, given by Pedersen in [Ped], to Borel ∗-algebras motivated by the

example following the definition.

Definition 6.3.16 ([Ped], 4.6.1) We say that a Borel ∗-algebra B is standard if

there is a separable C∗-algebra A with universal enveloping Borel ∗-algebra Bu(A),

and a central projection z ∈ Bu(A), such that B is isomorphic (as a C∗-algebra) to

zBu(A).

Example 6.3.17 ([Ped], 4.6.9) The Borel ∗-algebra of bounded Borel functions Bo(X),

over a Borel space (X,A ), is standard if and only if (X,A ) is standard.
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We finish this section with a definition and a technical result used later in the

thesis.

Definition 6.3.18 ([Ped], paragraph 4.5.5) Let B be a Borel ∗-algebra of B(H). Then

B is countably generated if there is a sequence {xn} ⊂ B such that no proper Borel

∗-subalgebra of B contains that sequence.

For a C∗-algebra A, recall that if x ∈ A, then |x| =
√
x∗x ∈ A.

Theorem 6.3.19 ([Ped], Proposition 4.5.17) Let {xn} be a sequence in a Borel ∗-

algebra B. If
∑

|xn| and
∑

|x∗n| are convergent (and thus belong to B), then
∑
xn is

convergent and belongs to B.

6.4 Cartan Subalgebras

In the constructions of operator algebras associated to dynamical systems, the so-

called Cartan subalgebras play a crucial role. In this section, we introduce them in

the measurable (mainly following [FM1]), topological (mainly following [Re2]) and

Borel context.

Definition 6.4.1 Let A be a C∗-algebra. An abelian C∗-subalgebra A0 of A is max-

imal abelian if

A′
0 ∩ A = A0.

Definition 6.4.2 Let A be a C∗-algebra and A0 be a C∗-subalgebra.

a) The map ∆ : A −→ A0 is a conditional expectation if it satisfies the fol-

lowing properties,

i) ∆ is a linear and surjective,

ii) ∆2(f) = ∆(∆(f)) = ∆(f),
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iii) ∆(f) > 0 for all f > 0, and

iv) ∆(afb) = a∆(f)b

for all a and b in A0 and f in A.

b) A conditional expectation ∆ is faithful if ∆(ff ∗) = 0, then f = 0 for all

f ∈ A.

c) A conditional expectation ∆ is normal if for all bounded nets {fk}k∈K in A

converging weakly to f , {∆(fk)}k∈K is a bounded net converging weakly to ∆(f).

d) A conditional expectation ∆ is sequentially normal if for all bounded se-

quences {fn}∞n=1 in A converging weakly to f , {∆(fn)}∞n=1 is a bounded sequence

converging weakly to ∆(f).

Definition 6.4.3

a) ([Ku], p.970) Let A be a C∗-algebra and A0 be a C∗-subalgebra. The set of all

operators a in A such aA0a
∗ ⊂ A0 and a∗A0a ⊂ A0 is called the normalizer

of A0, denoted ÑA(A0).

b) Let B be a Borel ∗-algebra and B0 be a Borel ∗-subalgebra. The (Borel) nor-

malizer of B0 is

NB(B0) = {u ∈ U(B);uB0u
∗ = B0}.

Remark 6.4.4 Keeping the notations of the previous definition, we have:

1) A0 ⊂ ÑA(A0) and B0 ⊂ NB(B0).

2) If A is unital, then ÑA(A0) ∩ U(A) = NA(A0).

We now define regular subalgebras for C∗-algebras, von Neumann algebras and

Borel ∗-algebras.



6.4. Cartan Subalgebras 68

Definition 6.4.5 Let A be a unital C∗-algebra and A0 be a C
∗-subalgebra. If ÑA(A0)

is norm dense in A, then A0 is called regular.

Definition 6.4.6 Let W0 be a von Neumann subalgebra of a von Neumann algebra

W. If NW(W0) is weakly dense in W, then W0 is called (von Neumann) regular.

Definition 6.4.7 Let B0 be a Borel ∗-subalgebra of B a Borel ∗-algebra. If the Borel

envelope of NB(B0) is B, then B0 is called (Borel) regular.

We now define Cartan subalgebras for C∗-algebras, von Neumann algebras and

Borel ∗-algebras.

Definition 6.4.8 ([Re2]) Let A be a C∗-algebra and A0 be a C∗-subalgebra. If A0 is

a regular, maximal abelian C∗-subalgebra of A and if there exists a faithful conditional

expectation ∆ : A −→ A0, then A0 is called a Cartan subalgebra.

Definition 6.4.9 ([FM2]) Let W be a von Neumann algebra. If W0 is a (von Neu-

mann) regular, maximal abelian and if there exists a faithful normal conditional expec-

tation ∆ from W to W0, then W0 is called a (von Neumann) Cartan subalgebra.

Definition 6.4.10 Let B be a Borel ∗-algebra and B0 be an Borel ∗-subalgebra. If

B0 is (Borel) regular, maximal abelian and if there exists a faithful sequentially nor-

mal conditional expectation ∆ from B to B0, then B0 is called a (Borel) Cartan

subalgebra.

Clearly, the von Neumann and Borel definitions of regular (or Cartan) are the

same for subalgebras of B(H) with H separable.

Definition 6.4.11 ([Ku], p.971) Let A be a C∗-algebra and A0 be a Cartan subalge-

bra. If A0 has the extension property relative to A ( 6.1.14), then we say that A0 is a

diagonal subalgebra.

The next two definitions are the analogue in the Borel setting.
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Definition 6.4.12 Let B0 be a Borel ∗-subalgebra of a Borel ∗-algebra B. Then B0

has the (Borel) extension property relative to B if every sequentially normal pure

state of B0 can be extended uniquely to a sequentially normal pure state of B.

Definition 6.4.13 Let B be a Borel ∗-algebra and B0 be a Cartan subalgebra. If B0

has the extension property relative to B, then B0 is a (Borel) diagonal subalgebra.

It is known in the topological setting that some Cartan subalgebras are not

diagonal (see [Ku] or [Re2]). The next proposition shows that in the Borel case the

notions of Borel diagonal subalgebra and Borel Cartan subalgebra coincide.

Proposition 6.4.14 Let B be an unital Borel ∗-algebra, B0 be an abelian Borel ∗-

subalgebra of B. If B0
∼= Bo(X) is (Borel) Cartan, then it is diagonal.

Proof: Without loss of generality we will identify B0 with Bo(X). Since Bo(X)

is Cartan in B, then we denote by ∆ the sequentially normal conditional expectation

from B to Bo(X). For x ∈ X, recall that the Dirac measures ϕx are the sequentially

normal pure states of Bo(X) (see for example [Dav1]). We want to show that for

any x ∈ X the corresponding sequentially normal pure states ϕx can be extended

uniquely to B. Since Φx : B → C given by Φx(f) = ϕx(∆(f)), for f ∈ B, is a

sequentially normal pure state which extends ϕx, it will be the unique extension of

ϕx. For x ∈ X fixed, recall from Theorem 6.1.13 that showing that ϕx as a unique

extension is equivalent to show that for any f ∈ B and ε > 0, there are b ∈ Bo(X)+,

with ∥b∥ = ϕx(b) = 1, and y ∈ Bo(X) such that

∥bfb− y∥ < ε.

Set b = Xx ∈ Bo(X) the characteristic function of the point x ∈ X (clearly

∥b∥ = ϕx(b) = 1). For any a ∈ Bo(X), set λx = a(x)I, where I is the identity, then

ab = ba = λxb = bλx.

Claim: The element bfb is in Bo(X).
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Since Bo(X) is maximal abelian, we have

(bfb)a = bf(ba)

= bf(bλx)

= (bfb)λx

= λx(bfb)

= (λxb)fb

= a(bfb),

hence bfb ∈ Bo(X). Since b ∈ Bo(X), then ∆(bfb) = b∆(f)b and ∆(bfb) = bfb.

Thus bfb = b∆(f)b and

∥bfb− b∆(f)b∥ = 0 < ε.

Hence by Theorem 6.1.13 (choosing y = b∆(f)b), the (sequentially normal) pure state

ϕx can be extended uniquely to a (sequentially normal pure) state of B. Since the

choice of x (thus the choice of the sequentially normal pure state of B0) is arbitrary,

the Borel ∗-subalgebra B0 has the extension property. Thus B0 is diagonal in B.

Definition 6.4.15 Let B be a Borel ∗-algebra and B0 be a Borel ∗-subalgebra. The

Weyl group, denoted WB(B0), is defined by

WB(B0) = NB(B0)/U(B0).

Definition 6.4.16 Let B0 be a Borel ∗-subalgebra of a Borel ∗-algebra B. The Borel

∗-algebra B is countably B0-generated if B is generated by B0 and NB(B0) and if

WB(B0) is countably generated.

In particular, when (X,A ) is a standard Borel space, Bo(X) is countably gener-

ated, hence if B0
∼= Bo(X) and the Borel ∗-algebra is B is countably B0-generated, then
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B is countably generated. We will see later in Chapter 7, that the Borel ∗-algebra

B associated to a Borel twist is always B0-countably generated by a distinguished

diagonal Borel ∗-subalgebra B0.

6.5 The von Neumann Algebra W ∗(E, σ, µ)

Let E be a countable Borel equivalence relation on (X,A ), σ a Borel 2-cocycle of

E and µ be a probability measure on X. In this section we present the construction

of the von Neumann algebra W ∗(E, σ, µ), given by Feldman and Moore [FM2]. It

generalizes Krieger’s result in [Kr1].

We denote by B(E), the set of Borel functions f : E → C, and let

∥f∥∞ = sup
(x,y)∈E

|f(x, y)|

be its sup-norm. Then Bo(E) will denote the set of bounded Borel functions.

Definition 6.5.1 [FM2] Let f ∈ B(E). The band of f , denoted band(f), is the

smallest number n ∈ N ∪ {∞} such that

∀x∈X (|{y ∈ X; f(x, y) ̸= 0}|+ |{y ∈ X; f(y, x) ̸= 0}| ≤ n) .

Then Bc(E) will denote the set of band-limited bounded Borel functions, i.e.,

Bc(E) = {f ∈ Bo(E); band(f) <∞}.

The set of band-limited bounded Borel functions is a complex vector space. Now

if σ is a normalized 2-cocycle on E, then Bc(E) becomes a ∗-algebra with the following

operations: for f and g ∈ Bc(E) and (x, y) ∈ E:

1. multiplication: (f · g)(x, y) =
∑
z∈[x]

f(x, z)g(z, y)σ(x, z, y).

2. involution: f ∗(x, y) = f(y, x).
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Definition 6.5.2 The ∗-algebra associated to E and to the normalized 2-cocycle σ is

denoted Bc(E, σ).

Notation 6.5.3 There is a (Borel) bijection between Bo(X) and the elements of

Bc(E, σ) whose support is on the diagonal of E. Thus we will also use the nota-

tion Bo(X) for this ∗-subalgebra.

Recall that to a measure µ on X, we associate two measures ν and ν−1 on E

(Definition 4.2.1). Then let

Hµ = L2(E, ν−1)

denote the Hilbert space of square ν−1-measurable functions on E. Hence a Borel

function ξ ∈ B(E) belongs to Hµ if∫
X

∑
y∼x

|ξ(y, x)|2 dµ(x) <∞.

The let (Lµ,Hµ) denote the ∗-representation of Bc(E, σ), defined by

(Lµ(f)ξ) (x, y) =
∑
z∼x

f(x, z)ξ(z, y)σ(x, z, y)

for all f ∈ Bc(E, σ) and ξ ∈ Hµ.

Definition 6.5.4 The von Neumann algebra associated to (E, σ) and µ is

W ∗(E, σ, µ) = Lµ(Bc(E, σ))′′ ⊂ B(Hµ).

The abelian von Neumann subalgebra Lµ(Bo(X)) is denoted L∞(X,µ).

Theorem 6.5.5 ([FM2], Proposition 2.9) Let E be a countable Borel equivalence

relation on (X,A ), σ a normalized 2-cocycle and µ be a quasi-invariant ergodic prob-

ability measure on X. Then the subalgebra L∞(X,µ) of W ∗(E, σ, µ) has the following

properties:

1) L∞(X,µ) is maximal abelian.
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2) L∞(X,µ) is regular.

3) There exists a faithful normal conditional expectation from W ∗(E, σ, µ) onto

L∞(X,µ).

This theorem admits a converse (Theorem 6.5.7).

Definition 6.5.6 Let A0 (resp. B0) be a C∗-subalgebra of A (resp. B). The pairs

(A,A0) and (B,B0) are isomorphic as pairs if there exists an isomorphism Φ :

A → B of C∗-algebras such that Φ(A0) = B0, denoted by (A,A0) ∼= (B,B0).

Theorem 6.5.7 ([FM2], Theorem 1.) Let W0 be a Cartan subalgebra of a von Neu-

mann algebra W acting on a separable Hilbert space. Then there exist a countable

Borel equivalence relation E on a measurable space (X,µ), a σ a normalized T-valued

2-cocycle and an isomorphism of pairs such that

(W ,W0) ∼= (W ∗(E, σ, µ), L∞(X,µ)).

The countable measured equivalence relation E on (X,µ) is unique up to isomorphism

and the 2-cocycle σ on E is unique up to coboundary.

6.6 C∗-Algebras Associated to Twisted Groupoids.

In this section, we present the C∗-algebra version of the results discussed in Section

6.5. They were obtained in several papers by Kumjian and Renault, more precisely

[Ku], [Re] and [Re2].

We begin this section by presenting how a C∗-algebra is associated to a topo-

logical twisted groupoid (Γ,G ) (Definition 3.2.8). This construction can be found in

many articles like [Ku] or [Re2].

A function f : Γ → C is equivariant if λf(γ) = f(λγ) for all λ ∈ T and for all

γ ∈ Γ. Let x ∈ G (0) = X and let q : Γ → G be the quotient map.
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Let Cc(Γ,G ) denote the vector space of equivariant functions with compact sup-

port. For g ∈ G we denote by ĝ an element in q−1(g). Equipped with the following

operations, for f, h ∈ Cc(Γ,G ),

1) multiplication

(f · h)(γ) =
∑

g∈G d(γ)

f(γĝ)h(ĝ−1)

2) involution

f ∗(γ) = f(γ−1),

Cc(Γ,G ) becomes a ∗-algebra. Notice that the multiplication is well-defined since the

functions f and g are equivariant.

The set of equivariant functions ξ : Γ → C such that∑
g∈Gx

|ξ(ĝ)|2 <∞,

is a Hilbert space, denoted L2(Γ,G , δx). Let ξ ∈ L2(Γ,G , δx).

For any x ∈ X, let πx be the ∗-representation of Cc(Γ,G ) into B(L2(Γ,G , δx)),

defined by

(πx(f)ξ)(γ) =
∑
ĝ∈G x

f(γĝ)ξ(ĝ−1).

The reduced C∗-algebra associated to (Γ,G ), denoted C∗
r (Γ,G ), is the completion

of Cc(Γ,G ) with the norm

∥f∥ = sup
x∈X

∥πx(f)∥.

The first topological result which parallels the work of Feldman and Moore was

obtained by Renault. Here the topological twist comes from a topological countable

equivalence relation with a continuous 2-cocycle.

Theorem 6.6.1 ([Re], Proposition 4.13) Let (Γ,G ) be a twisted groupoid. Suppose

Γ is a twist over an equivalence relation G given by a continuous 2-cocycle. Let

A = C∗
r (Γ,G ) and A0 = C0(G (0)). Then the pair (A,A0) has the following properties:



6.6. C∗-Algebras Associated to Twisted Groupoids. 75

1) A0 is maximal abelian,

2) A0 is regular,

3) there exists a faithful conditional expectation from A onto A0,

4) each element of the ample semigroup (in this case, the set of partial of home-

omorphism of the unit space of G , see [Re] p.105) acts relatively freely on the

unit space (see [Re], 1.2.14) and

5) let NA(A0) = {a ∈ Up(A) : r(a), d(a) ∈ A0 and a(A0d(a))a
∗ = A0r(a)} where

Up(A) are the partial isometry of A and P(A0) the projections in A0, then the

exact sequence of semigroups (see Remark p.105 in [Re])

P(A0) → Up(A0) → NA(A0)
s→ [[G ]] → P(A0)

splits, i.e., there exists a continuous section k for s such that k(se) = k(s)e,

k(es) = ek(s) and k(e) = e, for every e ∈ P(A0) and s ∈ [[G ]].

The result of Renault gives a pair of C∗-algebras with very specific algebraic

properties. This theorem has a converse.

Theorem 6.6.2 ([Re], Theorem 4.15) Let (A,A0) be a pair of C∗-algebra with the

algebraic properties of the previous theorem. Then there exists a twisted groupoid

(Γ,G ) where Γ is a twist over an equivalence relation G given by a continuous 2-

cocycle, such that

(A,A0) ∼= (C∗
r (Γ,G ), C0(G

(0))).

The twisted groupoid (Γ,G ) is unique up to isomorphism.

In their respective settings, Renault’s theorems and Feldman and Moore’s theo-

rems have the same starting point: an equivalence relation with a 2-cocycle. But the

parallel is not perfect since Renault’s pair of C∗-algebras has more algebraic proper-

ties then Feldman and Moore’s pair of von Neumann algebras. The next development
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in the topological setting to get closer to the algebraic setup of Feldman and Moore

was obtained by A. Kumjian in [Ku].

The starting point of Kumjian’s construction is a twisted groupoid (Γ,G )), with

G an equivalence relation (principal groupoid). Here the twist Γ over G is not neces-

sarily arising from a continuous 2-cocycle of G , making the class of the objects (Γ,G )

more general than in Renault’s result.

Theorem 6.6.3 ([Ku], Section 2, 9◦ Theorem) Let (Γ,G ) be a twisted groupoid.

Suppose G is an equivalence relation. Let A = C∗
r (Γ,G ) and A0 = C0(G (0)). Then

the pair (A,A0) satisfies:

1) A0 is maximal abelian,

2) A0 is regular,

3) there exists a faithful conditional expectation from A onto A0 and

4) Every pure state of A0 can be extended uniquely to a pure state of A.

This theorem also has a converse.

Theorem 6.6.4 ([Ku], Section 1, 1◦ Theorem) Let (A,A0) be a pair of C∗-algebras

with the algebraic properties 1) to 4) of the previous theorem. Then there exists a

twisted groupoid (Γ,G ) where Γ is a twist over an equivalence relation G , such that

(A,A0) ∼= (C∗
r (Γ,G ), C0(G

(0))).

The twisted groupoid (Γ,G ) is unique up to isomorphism.

The following results were obtained (again) by Renault in [Re2]. It characterizes

pairs of C∗-algebras arising from from twisted groupoids (Γ,G ) with G a topologically

principal groupoid.
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Theorem 6.6.5 ([Re2], Theorem 4.2 + Proposition 4.3 + Corollary 4.9) Let (Γ,G )

be a twisted groupoids. Let (A,A0) = (C∗
r (Γ,G ), C0(G (0))), where G is topologically

principal. Then the pair (A,A0) satisfies:

1) A0 is maximal abelian,

2) A0 is regular and

3) there exists a faithful conditional expectation from A onto A0.

This result is the C∗-algebraic equivalent of Feldman and Moore’s result. Again

this result has a converse.

Theorem 6.6.6 ([Re2], Theorem 5.9) Let (A,A0) be a pair of C∗-algebras with the

algebraic properties 1) to 3) of the previous theorem. Then there exists a twisted

groupoid (Γ,G ) where Γ is a twist over a topologically principal groupoid G , such that

(A,A0) ∼= (C∗
r (Γ,G ), C0(G

(0))).

The twisted groupoid (Γ,G ) is unique up to isomorphism.

Thus in the topological setting we have three “levels” of results: the theorems

from [Ku] generalized the theorems from [Re], which in turn were generalized by the

theorems from [Re2]. As in the measurable setting, we will see in Chapter 7 that all

three “levels” coincide in the Borel setting.

6.7 AF-Algebras

In this section, we introduce the class of approximatively finite C∗-algebras (AF-

algebras). Then we make the connection between AF-algebra, Bratteli diagram and

the reduced C∗-algebra associated with the tail equivalence relation on a Bratteli

diagram. (See for example [Da], Chapter 3, for general properties of AF-algebras.)
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Definition 6.7.1 Let A be a C∗-algebra. The following conditions are equivalent;

i) For any ε > 0 and for any finite set of elements {a1, ..., an} ⊂ A, there exists

a finite dimensional C∗-algebra A({a1, ..., an}, ε) containing a subset {b1, ..., bn}

such that ∥ak − bk∥ < ε for all k = 1, ..., n.

ii) There exists an increasing sequence A1 ⊆ A2 ⊆ ... of finite dimensional algebras

such that
∪
k≥1Ak is norm dense in A.

If A satisfies one of the above (equivalent) conditions, then A is called an AF-

algebra.

In [Bra], O. Bratteli associates to any Bratteli diagram D an AF-algebra. He

also defines an equivalence between Bratteli diagrams, and proves

Proposition 6.7.2 ([Bra], Theorem 2.7) Let D1 and D2 be two Bratteli diagrams.

AD1
∼= AD2 if and only if D1 and D2 are equivalent.

With this proposition, we can now associate to any AF-algebra A a unique, up to

equivalence, Bratteli diagram, denoted DA. (See Section 3 of [GPS], for example, for

more details on AF-algebras and equivalency between Bratteli diagrams.) Now tail

equivalence on DA, EDA , is a topological equivalence relation. The reduced C∗-algebra

associated to EDA , C
∗
r (EDA), allows us to reconstruct the original AF-algebras.

Theorem 6.7.3 Let A be an AF-algebra and let DA be its Bratteli diagram. Then

A ∼= C∗
r (EDA).

The details of this result can be found in [ExRe], for example.

In this thesis, we focus on countable Borel equivalence relations. Thus tail equiv-

alence on Bratteli diagrams, EDA , provides many examples of countable hyperfinite

Borel equivalence relations to study. The next set of conditions, presented in [Ped],

are results used to define in general the notion of a type I C∗-algebra.
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Definition 6.7.4 Let A be a separable C∗-algebra. The following conditions are

equivalent;

i) A∗∗ is (a von Neumann) algebra of type I.

ii) Bu(A) is (a Borel ∗-algebra) of type I.

iii) A has no factor representation of type II.

iv) A has no factor representation of type III.

Example 6.7.5 Any AF-algebra

A ∼=
∞⊕
k=1

C0(Xk,K(Hk)),

where {Xk} is a sequence of zero-dimensional Hausdorff spaces and C0(Xk,K(Hk))

are the continuous functions f : Xk → K(Hk) vanishing at infinity with K(Hk) the

compact operators in the Hilbert space Hk of dimension k, for k = 1, 2, ...,∞, is an

example of a smooth AF-algebra.

The Corollary 4.7.2 gives examples of Bratteli diagrams associated to non-smooth

aperiodic and hyperfinite Borel equivalence relations.



Chapter 7

A Non-Commutative Algebra of

Borel Functions

In this chapter we associate to a Borel twist (Γ, E) a (sequentially weakly closed) Borel

∗-algebra B∗
r(Γ). In this construction, that the algebra of bounded Borel functions

Bo(X) is a natural abelian subalgebra of B∗
r(Γ). We then study the algebraic structure

of the pair (B∗
r(Γ),Bo(X)) and we show that

1. Bo(X) is a (Borel) Cartan subalgebra of B∗
r(Γ),

2. B∗
r(Γ) is Bo(X)-countably generated.

Moreover, any pair (A,B) of sequentially weakly closed Borel ∗-algebras satisfying

conditions 1 and 2 can be realized uniquely as (B∗
r(Γ),Bo(X)) for a Borel twist (Γ, E))

up to isomorphism.

More precisely, the Borel twist Γ over E is part of the following diagram

T×X Γ E//
q //

s
oo

where (X,A ) is a standard Borel space, E a countable Borel equivalence relation on

X such that E(0) = X, q : Γ −→ E is the quotient map and s : E −→ Γ is a Borel

80
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cross-section. Recall from Theorem 5.3.2 that any twist Γ over E is induced by a

Borel 2-cocycle σ ∈ H2(E,T).

7.1 Band Limited Bounded Borel Functions

Let E be a countable Borel equivalence relation over a standard Borel space (X,A )

and σ a T-valued Borel 2-cocycle of E. Following closely section 2 of [FM2], we

associate in this section a ∗-algebra Bc(E, σ) of Borel functions on (E, σ).

Notation 7.1.1 We will denote by B(E) the complex vector space of Borel func-

tions on E and by Bo(E) the subspace of bounded Borel functions on E. If

f ∈ B(E), its sup-norm is given by:

∥f∥∞ = sup
(x,y)∈E

(|f(x, y)|).

Definition 7.1.2 Let f ∈ B(E) and

Nf = {n ∈ N;∀x∈X(|{y ∈ X; f(x, y) ̸= 0}|+ |{y ∈ X; f(y, x) ̸= 0}| ≤ n)}.

Then the band of f , denoted band(f), is defined by

band(f) =

∞ if Nf = ∅

inf(Nf ) if Nf ̸= ∅
.

Definition 7.1.3 ([FM2], Definition 2.1) We denote by Bc(E) the linear subspace of

Bo(E) of band limited bounded Borel functions:

Bc(E) = {f ∈ Bo(E); band(f) <∞}.

If f, g ∈ Bc(E) and σ ∈ Z2(E,T) is a T-valued 2-cocycle of E, then the function

f · g : E → C defined for (x, y) ∈ E, by
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(f · g)(x, y) =
∑
z∈[x]

f(x, z)g(z, y)σ(x, z, y)

is in Bc(E).

With this product, and the involution given for (x, y) ∈ E, by

f ∗(x, y) = f(y, x)σ(x, y, x)

Bc(E) becomes a ∗-algebra that we denote by Bc(E, σ).

Proposition 7.1.4 Let E be a countable Borel equivalence relation and σ1 and σ2 be

two T-valued 2-cocycles. If σ1 and σ2 are cohomologous, then Bc(E, σ1) and Bc(E, σ2)

are isomorphic ∗-algebras.

Proof: By assumption, there exists c ∈ C1(E,T) such that

σ2(x, y, z) = σ1(x, y, z)c(x, y)c
−1(x, z)c(y, z).

Let Φ : Bc(E, σ2) −→ Bc(E, σ1) be given for f ∈ Bc(E, σ2) by

Φ(f)(x, y) = f(x, y)c(x, y), (x, y) ∈ E.

Let f and g be in Bc(E, σ2). The map Φ is obviously linear. Now

(Φ(f) · Φ(g))(x, z) =
∑
y∈[x]E

Φ(f)(x, y)Φ(g)(y, z)σ1(x, y, z)

=
∑
y∈[x]E

f(x, y)c(x, y)g(y, z)c(y, z)σ1(x, y, z)

=
∑
y∈[x]E

f(x, y)g(y, z)c(x, z)c(x, y)c−1(x, z)c(y, z)σ1(x, y, z)

= c(x, z)
∑
y∈[x]E

f(x, y)g(y, z)σ2(x, y, z)

= (f · g)(x, z)c(x, z)

= Φ(f · g)(x, z)
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and

(Φ(f))∗(x, y) = Φ(f)(y, x)σ1(x, y, x)

= f(y, x)c(y, x)σ1(x, y, x)

= f(y, x)c(x, y)c−1(x, x)c(y, x)σ1(x, y, x)c(x, y)

= f(y, x)σ2(x, y, x)c(x, y)

= Φ(f ∗)(x, y).

Consequently, by 5.2.4 we can and will without loss of generality assume that in

the definition of Bc(E, σ) the 2-cocycle σ is normalized and therefore the involution

is given for f ∈ Bc(E, σ) and (x, y) ∈ E by

f ∗(x, y) = f(y, x).

Recall that (E1, σ1) and (E2, σ2) are (Borel) isomorphic if there is a Borel bijec-

tion ϕ : X1 −→ X2 such (x, y) ∈ E1 if and only if (ϕ(x), ϕ(y)) ∈ E2. For every n > 0,

ϕ induces an isomorphism ϕ̂ from the n-cochains Cn(E2,T) to Cn(E1,T).

Proposition 7.1.5 Let (E1, σ1) and (E2, σ2) be two countable Borel equivalence re-

lations on (X,A ) with σ1 and σ2 two normalized Borel 2-cocycles. If ϕ is a Borel

isomorphism between E1 and E2 and if ϕ̂(σ2) and σ1 are cohomologuous then the two

∗-algebras Bc(E1, σ1) and Bc(E2, σ2) are isomorphic.

Proof: By Proposition 7.1.4, we only have to show that the isomorphism ϕ :

X1 → X2 induces an isomorphism from Bc(E1, ϕ̂(σ2)) to Bc(E2, σ2). Recall that

ϕ× ϕ : E1 → E2 is a Borel isomorphism. Let Φ : B(E2) −→ B(E1) be defined by

Φ(f)(x, y) = f(ϕ(x), ϕ(y)),
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for f ∈ B(E2), (x, y) ∈ E1. A straightforward computation shows that Φ induces an

isomorphism from Bc(E1, ϕ̂(σ2)) to Bc(E2, σ2).

In the second part of this section, we embed the bounded Borel functions on

(X,A ) and the elements of the pseudo-group [[E]] of E in Bc(E, σ).

Example 7.1.6 To a function f ∈ Bo(X), we associate the function mf ∈ Bc(E, σ),

defined by

mf (x, y) =

f(x), if x = y

0 if x ̸= y

.

Then mf is an element of Bc(E, σ) such that band(mf ) = 1.

Example 7.1.7 Let ϕ : A → B be an element of the pseudo-group [[E]] and let

uϕ : E → C be the function given by

(uϕ)(x, y) =

1, if y ∈ A and ϕ(y) = x

0, if not

.

Then uϕ is the characteristic function of the graph of ϕ−1 in X×X, thus uϕ is a band

one element of Bc(E, σ).

One checks easily that u∗ϕ = uϕ−1. We then have

(uϕ · u∗ϕ)(x, z) =
∑
y∼x

uϕ(x, y)u
∗
ϕ(y, z)σ(x, y, z)

=
∑
y∼x

uϕ(x, y)uϕ−1(y, z)σ(x, y, z)

=

1, if x = z and z ∈ B

0, else

= mXB
(x, z),
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and

(u∗ϕ · uϕ)(x, z) =
∑
y∼x

u∗ϕ(x, y)uϕ(y, z)σ(x, y, z)

=
∑
y∼x

uϕ−1(x, y)uϕ(y, z)σ(x, y, z)

=

1, if x = z and z ∈ A

0, else

= mXA
(x, z).

Then {m(f), uϕ; f ∈ Bo(X), ϕ ∈ [[E]]} is a set of generators of Bc(E, σ). As in

Proposition 2.3 of [FM2], we have;

Proposition 7.1.8 For all f ∈ Bc(E, σ), there exist N > 0, fk ∈ Bo(X) and ϕk ∈

[[E]] for 1 6 k 6 N , such that

f =
N∑
k=1

mfk · uϕk .

Proof: Let F = {(x, y) ∈ E; f(x, y) ̸= 0} be the support of f ; πr : F → X be the

right projection (i.e. πr(x, y) = y) and πl : F → X be the left one (i.e. πl(x, y) = x).

As in the proof of Theorem 1 of [FM1], F can be partitioned

F =
⊔
i∈N

Fi

where πr is injective on every Fi.

As mentioned in Proposition 2.3 of [FM2], we can rearrange the partition using the

following algorithm:

For i > 0

For j > i+ 1
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The set Ai,j = (Fj ∩ π−1
r (πr(Fi)

c)) is the subset of Fj whose right

projection is disjoint from the right projection of Fi. Annex this set

to Fi, i.e.

Fi = Fi ∪ Ai,j,

and then remove it from Fj, i.e.

Fj = Fj \ Ai,j.

end.

end.

This new partition of F is such that πr is injective on every Fi and πr(Fj) ⊆ πr(Fi)

for all j > i. Since f ∈ Bc(E, σ), then there is at most a finite number of non-empty

Fi, i.e. there exists an s ∈ N such that Fk = ∅ for all k > s (in fact s = band(f)).

Thus

F =
s⊔

p=1

Fp.

Similarly F can be partitioned by

F =
t⊔

q=1

F ′
q,

where πl is injective on every F ′
q and πl(F

′
j) ⊆ πl(F

′
i ) for all j > i. With

F ′′
k = Fp,q = Fp ∩ F ′

q,

for p = 1, ..., s and q = 1, ..., t, then

F =
st⊔
k=1

F ′′
k

where πr and πl are injective on each F ′′
k . Let ϕk ∈ [[E]] be such that

F ′′
k = graph(ϕ−1

k ),
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and define

fk(x) =

f(x, ϕ
−1
k (x)), if x ∈ dom(ϕ−1

k )

0, else

.

As

(mfk · uϕk)(x, y) =
∑
z∼x

mfk(x, z)uϕk(z, y)σ(x, z, y)

= fk(x)uϕk(x, y)

=

f(x, ϕ
−1
k (x)), if ϕk(y) = x

0, else

we then have

f =
st∑
k=1

mfk · uϕk .

As in [FM2], Proposition 2.4, we show that every element of Bc(E, σ) is linear

combination of elements of the form mf ·uϕ with f ∈ Bo(X) with |f | = 1 and ϕ ∈ [E],

the full group of E. To achieve this goal, we need the following.

Lemma 7.1.9 Let f ∈ Bo(X). Then f ∈ Bo(X) is a linear combination of four

Borel functions of modulus one.

Proof: Without loss of generality, we can assume that f is real-valued and that

∥f∥ 6 1. Then f± = 1
2

(
f ± i

√
1− f2

)
is of modulus one and f = f+ + f−.

Lemma 7.1.10 Let E be a countable Borel equivalence relation on (X,A ). For any

ϕ : A → B in [[E]] \ [E], there exist two Borel automorphisms h0 and h1 in [E] and
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two disjoints Borel sets A0 and A1 of X such that A = A0 ⊔ A1 and

ϕ(x) =

h0(x) if x ∈ A0

h1(x) if x ∈ A1

.

Proof: Let ϕ ∈ [[E]], but ϕ /∈ [E], with ϕ : A→ B. We say that a point x ∈ B \A

has a negative orbit if for all k > 0, then ϕ−k(x) ∈ A∩B. We denote that (infinite)

orbit ∪k>0{ϕ−k(x)} by O−
ϕ (x). We say that a point x ∈ A \ B has a positive orbit

if for all k > 0, then ϕk(x) ∈ A ∩ B. We denote that (infinite) orbit ∪k>0{ϕk(x)}

by O+
ϕ (x). We say that a point x ∈ A ∩ B has an orbit if for all k ∈ Z, then

ϕk(x) ∈ A ∩B. We denote that orbit ∪k∈Z{ϕk(x)} by Oϕ(x). Notice that under this

definition, any fixed point of ϕ has an orbit. Let n > 0. Define the following sets;

B = {x ∈ B \ A;O−
ϕ (x) ⊂ A ∩B},

Bn = ϕ−n(B),

A = {x ∈ A \B;O+
ϕ (x) ⊂ A ∩B},

An = ϕn(A),

C = {x ∈ A ∩B;Oϕ(x) ⊂ A ∩B},

D = (A ∩B) \
(
C ⊔

(
⊔m>0Am

)
⊔
(
⊔m>0Bm

))
,

An = {x ∈ A \B;ϕn(x) ∈ B \ A},

Bn = ϕn(An).

A0 = A ⊔ C ⊔D ⊔ (⊔m>0A
m) ⊔

(
⊔m>0A2m

)
⊔
(
⊔m>0B2m−1

)
A1 = A \ A0
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The two following Borel automorphisms of (X,A )

h0(x) =



x, if x ∈ (A ∪B)c

ϕ−1(x), if x ∈ B ⊔
(
⊔m>0A2m−1

)
⊔
(
⊔m>0B2m

)
ϕ−n(x), if x ∈ Bn

ϕ(x), else.

and

h1(x) =



x, if x ∈ (A ∪B)c ⊔ A ⊔B

ϕ−1(x), if x ∈
(
⊔m>0A2m

)
⊔
(
⊔m>0B2m−1

)
ϕ−n(x), if x ∈ Bn

ϕ(x), else.

are elements of [E] such that

ϕ(x) =

h0(x) if x ∈ A0

h1(x) if x ∈ A1

.

Theorem 7.1.11 The vector space Bc(E, σ) is generated by

G = {mf · uϕ; f ∈ Bo(X), ∥f∥∞ = 1 and ϕ ∈ [E]}.

Proof: Let ϕ : A→ B be an element of [[E]] \ [E]. By Lemma 7.1.10, there exist

for i = 0, 1, Ai ∈ A and hi ∈ [E] such that A = A0 ⊔ A1 and, for x ∈ A,

ϕ(x) =

h0(x) if x ∈ A0

h1(x) if x ∈ A1

.
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Then let us check that

uϕ = mXϕ(A0)
· uh0 +mXϕ(A1)

· uh1 .

For j = 0, 1, we have

(mXϕ(Aj)
· uhj)(x, y) =

∑
z∼x

mXϕ(Aj)
(x, z)uhj(z, y)σ(x, z, y)

=

uhj(x, y), if x ∈ ϕ(Aj)

0, else

=

Xϕ(Aj), if hj(y) = x

0, else

.

Hence, we have(
mXϕ(A0)

· uh0 +mXϕ(A1)
· uh1

)
(x, y) = ...

... =

Xϕ(A0)(x), if h0(y) = x

0, else

+

Xϕ(A1)(x), if h1(y) = x

0, else

=

1, if x ∈ ϕ(A) and ϕ(y) = x

0, else

= uϕ(x, y).

Thus uϕ ∈ span{G}.
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7.2 The Borel ∗-Algebra of (E, σ)

In this section we associate a Borel ∗-algebra to (E, σ). In order to do this we first

define a sequentially normal representation of Bc(E, σ). Throughout this section, µ

denotes a probability measure on (X,A ) and

ν−1 =

∫
λxdµ(x)

is the associated measure on the standard Borel space (E,A×A|E) (Definition 4.2.1).

Definition 7.2.1 Let

Hµ = L2(E, ν−1)

denote the Hilbert space of the ν−1-square summable functions on E. Then the rep-

resentation (Lµ,Hµ) of Bc(E, σ) is defined by

(Lµ(f)ξ) (x, y) =
∑
z∼x

f(x, z)ξ(z, y)σ(x, z, y)

for all f ∈ Bc(E, σ) and ξ ∈ Hµ.

If f ∈ Bc(E, σ), with M = ∥f∥∞ and n = band(f), then by Theorem 7.1.11 we have

f =
n∑
k=1

λkmfk · uϕk ,

and therefore

∥Lµ(f)ξ∥22 =
∫ ∑

y∼x

|(Lµ(f)ξ)(y, x)|2 dµ(x)

=

∫ ∑
y∼x

∣∣∣∣∣
n∑
k=1

(Lµ(λkmfk · uϕk)ξ)(y, x)

∣∣∣∣∣
2

dµ(x)

6
∫ ∑

y∼x

n∑
k=1

|λk|2|ξ(ϕ−1
k (y), x)|2dµ(x)

6M2

n∑
k=1

∫ ∑
y∼x

|ξ(ϕ−1
k (y), x)|2dµ(x)
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=M2n∥ξ∥22,

This shows that Lµ(f) ∈ B(Hµ), for any f ∈ Bc(E, σ).

Definition 7.2.2 The representation given by

(L, ℓ2(E)) =
⊕
x∈X

(Lδx ,Hδx).

is called the (left) reduced representation of Bc(E, σ) and let ∥L(f)∥r denote the op-

erator norm of L(f), for f ∈ Bc(E, σ).

Recall that the elements in ℓ2(E) are (Borel) functions ξ : E −→ C with count-

able support on E such that ∑
(x,y)∈E

|ξ(x, y)|2 <∞.

Let us denote by {
ξ(y)x

}
(x,y)∈E

the orthonormal basis for ℓ2(E) given by ξ
(y)
x the characteristic function of the point

(x, y) ∈ E.

For f ∈ Bc(E, σ), L(f) is a decomposable operator (Section 2.5 of [Dix]), i.e.,

L(f) ∈ D =
∏
x∈X

B(Hδx).

Recall that, any operator in a ∈ D can be written as

a =
⊕
x∈X

a(x)

where

a(x)(y, z) =
⟨
aξ(x)z |ξ(x)y

⟩
.

Then for a ∈ D,

∥a∥r = sup
x∈X

∥a(x)∥x
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where ∥ · ∥x is the operator norm in B(Hδx). Therefore,

L(f) =
⊕
x∈X

L(f)(x),

with L(f)(x)(y, z) =
⟨
L(f)ξ

(x)
y |ξ(x)x

⟩
= f(y, z)σ(y, z, x). Thus the reduced represen-

tation is faithful of Bc(E, σ).

Remark that if f ∈ B(E), then its associated operator is not necessarily bounded

(take the constant function f(x, y) = 1 for example). We introduce the following

definition.

Definition 7.2.3 Let E be a countable Borel equivalence relation and σ be a T-valued

Borel 2-cocycle. The set of Borel operators associated to (E, σ), denoted M(E, σ),

is the set

M(E, σ) = L(Bop(E, σ)) ⊂ D

where Bop(E, σ) = {f ∈ B(E)|L(f) ∈ D}.

The previous definition follows closely the construction in Section 2 of [SulWWr],

where they associate to a countable Borel equivalence relation E a weakly sequentially

closed algebra M(E). Here the definition was adapted to include the Borel 2-cocycle

σ.

Definition 7.2.4 Let a ∈ D. The coordinate function associated to the operator

a, denoted c(a), is a function c(a) : E −→ C defined by

c(a)(x, y) =
⟨
aξ(x)y |ξ(x)x

⟩
,

where ξ
(x)
z is the characteristic function of the point (z, x).

Remark 7.2.5 For any Borel operators f and ξ ∈ ℓ2(E), then

(L(f)ξ)(x, z) =
∑
y∼x

f(x, y)ξ(y, z)σ(x, y, z),
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and therefore

c(L(f))(x, y) =
⟨
L(f)ξ(x)y |ξ(x)x

⟩
= f(x, y).

Thus for any f ∈ Bop(E, σ), then c(L(f)) = f .

Lemma 7.2.6

Bop(E, σ) ⊂ Bo(E).

Proof: Let f ∈ Bop(E, σ), then ∥L(f)∥r <∞. For any (x, y) ∈ E, then

∥L(f)∥2r >
⟨
L(f)ξ(x)y |L(f)ξ(x)y

⟩
=
∑
w∼y

|f(w, y)|2

> |f(x, y)|2.

Thus ∥f∥∞ 6 ∥L(f)∥r. Hence f ∈ Bo(E).

Theorem 7.2.7 The set of Borel operators M(E, σ) is a C*-subalgebra of B(ℓ2(E))

which is sequentially closed with respect to the weak operator topology, thus is a Borel

∗-algebra.

Proof: Let f and g be in Bop(E, σ) and λ ∈ C.

Since f + g and λf are Borel functions and (L, ℓ2(E)) is a representation, then

it follows immediately that M(E, σ) is a complex vector space.

For the involution, the map θ : E −→ E defined by θ(x, y) = (y, x) is Borel

isomorphism. Then f ∗ = f ◦ θ is a bounded Borel function. Since

⟨
L(f ∗)ξ(x)z |ξ(x)y

⟩
= (f ∗)(y, z)σ(x, y, z)

= f∗(y, z)σ(x, y, z)

= f(z, y)σ(x, y, z)
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=
⟨
ξ(x)z |L(f)ξ(x)y

⟩
=
⟨
L(f)∗ξ(x)z |ξ(x)y

⟩
,

then L(f ∗) = L(f)∗.

For multiplication, in general we don’t know if f · g is a bounded function, but

since L(f)L(g) is a bounded operator, straightforward computation shows that

c(L(f)L(g)) =
⟨
L(f)L(g)ξ(x)y |ξ(x)x

⟩
=
∑
z∈[x]

f(x, z)g(z, y)σ(x, z, y) = (f · g)(x, y),

which shows that f · g is a bounded function on E such that L(f · g) = L(g)L(f). It

remains to show that c(L(f · g)) = f · g is a Borel function. Let G = {ϕi}∞i=1 be a

countable group of Borel automorphisms of (X,A ) such that E = EG. Let

An = {(x, ϕn(x))|x ∈ X} ⊂ E

for n > 1. The An are not necessarily disjoint since the group G is not assumed to

act freely. Let D1 = A1, and

Dn = ∆n \Dn−1

for n > 2. The Dn are disjoints and

E =
∞⊔
n=1

Dn.

For n > 1, define fn(x, y) = XDn(x, y)f(x, y) where (x, y) ∈ E, which is a bounded

Borel function since it is the pointwise product of two bounded Borel functions. For

n > 1 define the Borel functions,

an : E −→ E by an(x, z) = (x, gn(x)),

bn : E −→ E by bn(x, z) = (gn(x), z)

and

cn : E −→ E(2) by cn(x, z) = (x, gn(x), z).
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Now for (x, z) ∈ E,

(f · g)(x, z) =
∑
y∈[x]

f(x, y)g(y, z)σ(x, y, z)

=
∞∑
n=1

fn(x, ϕn(x))g(ϕn(x), z)σ(x, ϕn(x), z)

=
∞∑
n=1

(fn ◦ an)(x, z)(g ◦ bn)(x, z)(σ ◦ cn)(x, z)

which is the the pointwise limit of the Borel functions

N∑
n=1

hn,

where hn(x, z) = (fn ◦ an)(x, z)(g ◦ bn)(x, z)(σ ◦ cn)(x, z). Thus f · g is a bounded

Borel function.

For weak sequential closure, let {fn}∞n=1 be a (bounded) sequence in Bop(E, σ)

such that L(fn) converges weakly to a and let f = c(a). Clearly for all (x, y) ∈ E

fn(x, y) converges to f(x, y) making the sequence {fn}∞n=1 converging pointwise to f ,

thus f is a bounded Borel function.

Remark 7.2.8 The previous proof is an adaptation of Lemma 2.1 of [SulWWr]. We

make the connection between the two constructions. Let (E, σ) be such that σ is

trivial. If f ∈ Bop(E, σ) with

L(f) =
⊕
x∈X

L(f)(x),

then for x ∼ y we have L(f)(x) = L(f)(y). From f ∈ Bop(E, σ) construct a bounded

operator Q(L(f)) on

ℓ2(X) =
⊕

[x]∈X/E

ℓ2([x]),
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defined by

Q(L(f)) =
⊕

[x]∈X/E

L(f)(y),

where y ∈ [x]. Explicitly, if f ∈ Bop(E, σ) and ξ ∈ ℓ2(X) then

(Q(L(f))ξ) (x) =
∑
y∈[x]

f(x, y)ξ(y).

The resulting Borel ∗-algebra Q(M(E, σ)) is then the construction defined in [SulWWr].

Then we get the following result.

Corollary 7.2.9 Let (E, σ) be such that σ is trivial. Then

M(E, σ) ∼= Q(M(E, σ)).

Proof: By construction M(E, σ) is the amplification of Q(M(E, σ)).

We now define a Borel ∗-algebra, by following the construction of the reduced

C∗-algebra associated to a topological groupoid, like in [Re], [Mu] or [Pat2].

Definition 7.2.10 The reduced Borel ∗-algebra associated to (E, σ), denoted

B∗
r(E, σ), is the Borel envelope of L(Bc(E, σ)) in B(ℓ2(E)).

Example 7.2.11 (Decomposition of the Borel ∗-algebra B∗
r(E, σ) by E-invariant Borel

subsets) If A be an E-invariant subset (see Definition 4.1.8), then

B∗
r(E, σ) = B∗

r(E|A, σ)
⊕

B∗
r(E|Ac , σ).

Remark 7.2.12 Since Bc(E, σ) ⊂ M(E, σ) and M(E, σ) is a weakly sequentially

closed Borel ∗-algebra, it follows that B∗
r(E, σ) ⊆ M(E, σ). We will show later that

they coincide when E is hyperfinite. We do not know if they coincide in general.

Proposition 7.2.13 The subalgebra L(Bo(X)) of B∗
r(E, σ) is maximal abelian.
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Proof: Let a and b be in Bo(X) and ξ in ℓ2(E). We have

(L(a)L(b)ξ)(x, y) =
∑
w∈[x]

a(x,w)(L(b)ξ)(w, y)σ(x,w, y)

= a(x, x)(L(b)ξ)(x, y)

= a(x, x)

∑
z∈[x]

b(x, z)ξ(z, y)σ(x, z, y)


= a(x, x)b(x, x)ξ(x, y)

and similary (L(b)L(a)ξ)(x, y) = b(x, x)a(x, x)ξ(x, y). This shows that L(Bo(X)) is

abelian. Let A be an abelian subalgebra of B∗
r(E, σ) containing L(Bo(X)). Let f̂ ∈ A

and f = c(f̂). We need to show that f ∈ Bo(X). Suppose that there exists (x, y) ∈ E

with x ̸= y and f(x, y) ̸= 0. Pick a ∈ Bo(X) such that a(x, x) ̸= a(y, y). Since

L(f)L(a) = L(a)L(f), the computations

(L(f)L(a)ξ(z)y )(x, z) =
∑
w∈[x]

f(x,w)(L(a)ξ(z)y )(w, z)σ(x,w, y)

=
∑
w∈[x]

f(x,w)

∑
w′∈[x]

a(w,w′)ξ(z)y (w′, z)σ(w,w′, z)

σ(x,w, y)

=
∑
w∈[x]

f(x,w)a(w, y)σ(w, y, z)σ(x,w, y)

= f(x,w)a(y, y)

and

(L(a)L(f)ξ(z)y )(x, z) =
∑
w∈[x]

a(x,w)(L(f)ξ(z)y )(w, z)σ(x,w, y)

= a(x, x)(L(f)ξ(z)y )(x, z)

= a(x, x)

∑
w′∈[x]

f(x,w′)ξ(z)y (w′, z)σ(x,w′, z)


= a(x, x)f(x,w)
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show that a(x, x) = a(y, y) which is a contradiction. Since the function f is bounded

by Lemma 7.2.6, then f ∈ Bo(X) and f̂ ∈ L(Bo(X)).

Proposition 7.2.14 The map ∆ : B∗
r(E, σ) −→ L(Bo(X)) defined by

∆(f̂) = L(c(f̂)∆),

with f̂ ∈ B∗
r(E, σ) and f = c(f̂) and where

c(f̂)∆(x, y) =

c(f̂)(x, y) if x = y

0 else

is a sequentially normal faithful conditional expectation.

Proof: Let f̂ ∈ B∗
r(E, σ). The coordinate function c(f̂) (bounded, by Lemma

7.2.6) multiplied pointwise by the characteristic function of the diagonal ∆ in X ×X

is a Borel function that can be viewed as an element of Bo(X). The operator ∆(f̂) is

the representation of that function, i.e.

∆(f̂) = L(X∆c(f̂)).

Clearly this is a linear map which is surjective. Let e be the identity element of

B(ℓ2(E))). Since c(e) = X∆, then ∆(e) = e. The computation

∆(∆(f̂)) = L(X∆c(L(X∆c(f̂))))

= L(X∆X∆c(f̂))

= L(X∆c(f̂))

= ∆(f̂)

shows that ∆ is a projection. Let â and b̂ be in L(Bo(X)). Let a = c(â), b = c(b̂) and

f = c(f̂). Let (x, y) ∈ E. The computations
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(a · f · b)∆(x, y) =

(a · f · b)(x, x) if x = y

0 else

where

(a · f · b)(x, x) =
∑
w∈[x]

a(x,w) (f · b) (w, x)

= a(x, x) (f · b) (x, x)

= a(x, x)

∑
w′∈[x]

f(x,w′)b(w′, x)


= a(x, x)f(x, x)b(x, x)

and

(a · f∆ · b)(x, y) =
∑
w∈[x]

a(x,w) (f∆ · b) (w, y)

= a(x, x) (f∆ · b) (x, y)

= a(x, x)

∑
w′∈[x]

f∆(x,w
′)b(w′, y)


= a(x, x)f∆(x, y)b(y, y)

=

a(x, x)f(x, x)b(x, x) if x = y

0 else

show that â∆(f̂)b̂ = ∆(âf̂ b̂).

Now if ∆(f̂ f̂ ∗) = 0 then (f · f ∗)∆ = 0. Since

(f · f∗)(x, x) =
∑
w∈[x]

f(x,w)f∗(w, x)

=
∑
w∈[x]

|f(x,w)|2
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then f(x,w) = 0 for all (x,w) ∈ E, thus f̂ = 0.

Finally if {f̂n}n∈N is a bounded sequence of operators in B∗
r(E, σ) that converges

weakly to f̂ , then c(f̂n)
∞
n=1 is a bounded sequence that converges pointwise to c(f̂).

Thus {X∆c(f̂n)}∞n=1 is a bounded sequence that converges pointwise to X∆c(f̂). Since

weak sequential convergence on L(Bo(X)) is equivalent to pointwise convergence on

Bo(X), it follows that ∆ is a sequentially normal conditional expectation.

We now give an explicit description of an element of the normalizer of L(Bo(X)) in

B∗
r(E, σ). Recall

NB∗
r (E,σ)(L(Bo(X))) = {u ∈ U(B∗

r(E, σ));uL(Bo(X))u∗ = L(Bo(X))}.

Proposition 7.2.15 Let û ∈ NB∗
r (E,σ)(L(Bo(X))). There exists f : X → T an (uni-

tary) element of Bo(X) and a Borel automorphism ϕ of (X,A ) such that

c(û) = mf · uϕ.

Proof: Let u = c(û) and for any â ∈ L(Bo(X)), let a = c(â). Then there exists a

Borel injection ϕ : X −→ X such that

ûâû∗ = L(a ◦ ϕ−1).

Since

(u · a · u∗)(x, x) =
∑
y∈[x]

u(x, y) (au∗) (y, x)σ(x, y, x)

=
∑
y∈[x]

u(x, y)

∑
z∈[x]

a(y, z)u∗(z, x)σ(y, z, x)


=
∑
y∈[x]

u(x, y)a(y, y)u∗(y, x)

=
∑
y∈[x]

|u(x, y)|2a(y, y)
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then

(a ◦ ϕ−1)(x, x) =
∑
y∈[x]

|u(x, y)|2a(y, y).

If a = δϕ−1(x) (the characteristic function of the singleton {ϕ−1(x)} , for x ∈ X), then

1 =
∑
y∈[x]

|u(x, y)|2δϕ−1(x)(y, y).

Thus ϕ−1(x) ∈ [x] and |u(x, ϕ−1(x))|2 = 1 for all x ∈ X. Then

x ∈ X 7→ f(x) = u(x, ϕ−1(x)) ∈ T

is a Borel function. For any (x, z) ∈ E, z ̸= ϕ−1(x), we have for a = δz,

0 =
∑
y∈[x]

|u(x, y)|2δz(y, y).

This implies that u(x, z) = 0. The conclusion of the proposition follows.

As a corollary, we get a Borel analogue of part (3) of Proposition 2.10 of [FM2].

Corollary 7.2.16 Let B = B∗
r(E, σ) and B0 = L(Bo(X)). The Weyl group

WB(B0) = NB(B0)/U(B0)

is isomorphic to [E].

Recall that for countable Borel equivalence relation that [E] is a countably gen-

erated (as a group). Thus we get the following corollary.

Corollary 7.2.17 B∗
r(E, σ) is countably L(Bo(X))-generated.

Proposition 7.2.18 Let û ∈ NB∗
r (E,σ)(L(Bo(X))) and f̂ ∈ B∗

r(E, σ). The sequen-

tially normal conditional expectation ∆ is such that ∆(ûf̂ û∗) = û∆(f̂)û∗.
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Proof: Let f = c(f̂) and u = c(û). Let (x, y) ∈ E. To prove the proposition, it is

enough to show that the two functions c(∆(ûf̂ û∗)) and c(û∆(f̂)û∗) are equal, which

follows from the following computations. For (x, y) ∈ E, we have:

c(∆(ûf̂ û∗))(x, y) =

(u · f · u∗)(x, x) if x = y

0 else

where

(u · f · u∗)(x, x) =
∑
w∈[x]

u(x,w) (f · u∗) (w, x)

= u(x, ϕ−1(x)) (f · u∗) (ϕ−1(x), x)

= u(x, ϕ−1(x))

∑
w′∈[x]

f(ϕ−1(x), w′)u∗(w′, x)σ(ϕ−1(x), w′, x)


= u(x, ϕ−1(x))f(ϕ−1(x), ϕ−1(x))u∗(x, ϕ−1(x))

= f(ϕ−1(x), ϕ−1(x))

= f∆(ϕ
−1(x), ϕ−1(x))

and

c(û∆(f̂)û∗)(x, y) =
∑
w∈[x]

u(x,w) (f∆u
∗) (w, y)σ(x,w, y)

= u(x, ϕ−1(x)) (f∆u
∗) (w, y)σ(x, ϕ−1(x), y)

= u(x, ϕ−1(x))

∑
w′∈[x]

f∆(ϕ
−1(x), w′)u∗(w′, y)σ(ϕ−1(x), w′, x)

σ(x, ϕ−1(x), y)

= u(x, ϕ−1(x))
(
f∆(ϕ

−1(x), ϕ−1(x))u∗(ϕ−1(x), y)
)
σ(x, ϕ−1(x), y)

= u(x, ϕ−1(x))
(
f∆(ϕ

−1(x), ϕ−1(x))u(y, ϕ−1(x))
)
σ(x, ϕ−1(x), y)

=

f∆(ϕ
−1(x), ϕ−1(x)) if x = y

0 else

.
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The Propositions 7.2.13, 7.2.14 and 7.2.15 can be summarized with the next

Corollary.

Corollary 7.2.19 The subalgebra L(Bo(X)) of B∗
r(E, σ) is a Cartan subalgebra.

Theorem 7.2.20 The subalgebra L(Bo(X)) has the extension property (see Defini-

tion 6.4.12) relative to B∗
r(E, σ).

Proof: This follows directly from Proposition 6.4.14. Nevertheless we give a

proof in this context. Let f̂ ∈ B∗
r(E, σ) and ϕ be a sequentially normal pure state of

L(Bo(X)). Since L(Bo(X)) ∼= Bo(X), then ϕ is a Dirac measure δx, for some x ∈ X.

Let λ = c(f̂)(x, x) and ĝ = L(λXx). Clearly ĝ ∈ L(Bo(X)). Then ĥ = L(Xx) is

positive, of norm one and ĥf̂ ĥ = ĝ.

The pair (B∗
r(E, σ), L(Bo(X))) is a pair of a Borel ∗-algebra and a (Borel) Cartan

subalgebra L(Bo(X)). In Section 7.7, we will state and prove a generalization to the

Borel case of Feldman and Moore converse statement.
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7.3 Borel Envelope of C∗
r (E, σ)

An étale equivalence relation (E, σ) twisted by a continuous normalized 2-cocycle σ,

can also be viewed as a countable Borel equivalence relation. In this section we study

the C∗-algebras C∗
r (E, σ) and B∗

r(E, σ) as subalgebras of B(ℓ2(E)).

Theorem 7.3.1 Let (E, σ) be an étale, Hausdorff, locally compact, second countable,

principal groupoid twisted by a continuous normalized 2-cocycle σ. Then the Borel

envelope Bℓ2(E)(C
∗
r (E, σ)) of C

∗
r (E, σ) is equal to B∗

r(E, σ).

Proof: Recall that B∗
r(E, σ) is the Borel envelope of L(Bc(E, σ)) inside B(ℓ2(E))

(see Definition 7.2.10). As any element of Cc(E, σ) is also a band-limited Borel

function in Bc(E, σ), then C∗
r (E, σ) ⊂ B∗

r(E, σ) and therefore Bℓ2(E)(C
∗
r (E, σ)) ⊆

B∗
r(E, σ).

To prove the converse, it suffice to show that the generators L(Bc(E, σ)) of

B∗
r(E, σ) are inside B = Bℓ2(E)(C

∗
r (E, σ)). By Theorem 7.1.11, any element f ∈

Bc(E, σ) is finite linear combination of elements of the form f · uϕ, with f ∈ Bo(X)

and ϕ ∈ [E]. It is enough to show that L(Bo(X)) ⊂ B and that L(uϕ) ∈ B for all

ϕ ∈ [E]. As C0(X) ⊂ C∗
r (E, σ), then Bo(X) ⊂ B.

Now let ϕ ∈ [E]. As E is étale, for any point g = (x, y) ∈ E there exist an

open subset Ug of E and a partial homeomorphism ϕg : Dg → Cg, Cg and Dg open

subsets of X, such that graph(ϕg) = Ug. Thus ∪g∈EUg is an open cover of E. As E

is second countable, by Lindelöf’s Theorem (see for example [Sch] Theorem 2 section

I.74 p.72), ∪g∈EUg as a countable sub-cover.

Let {ϕk} be a countable family of partial homeomorphisms of X, ϕk : Dk → Ck,

such that {graph(ϕk)} is a countable family of open bisections which covers E. Let

A1 = graph(ϕ)∩ graph(ϕ1). This is a Borel set. Let D̃1 = {x ∈ D1 : (x, ϕ1(x)) ∈ A1}

and C̃1 = ϕ1(D̃1), which are both Borel sets of X. Thus XD̃1
∈ Bo(X) and XD̃1

·uϕ1 ∈

B. Let B1 = X \ D̃1.



7.3. Borel Envelope of C∗
r (E, σ) 106

For k > 1, let Ak = graph(ϕ) ∩ graph(ϕk|Bk−1
). This is a Borel set. Let D̃k =

{x ∈ Dk : (x, ϕk(x)) ∈ Ak} and C̃k = ϕk(D̃k), which are both Borel sets of X. Thus

XD̃k
∈ Bo(X) and XD̃k

· uϕk ∈ B. Let Bk = X \
(
∪kj=1D̃j

)
.

By construction some D̃k could be empty and are such that X =
⊔∞
k=1 D̃k. Since

∞∑
k=1

|uϕk · XD̃k
| =

∞∑
k=1

√
(uϕk · XD̃k

)∗ · (uϕk · XD̃k
)

=
∞∑
k=1

√
XD̃k

· uϕ−1
k

· uϕk · XD̃k
)

=
∞∑
k=1

XD̃k

=I

and

∞∑
k=1

|(uϕk · XD̃k
)∗| =

∞∑
k=1

√
(uϕk · XD̃k

) · (Uϕk · XD̃k
)∗

=
∞∑
k=1

√
uϕk · XD̃k

· XD̃k
· uϕ−1

k

=
∞∑
k=1

√
uϕk · XD̃k

· uϕ−1
k

=
∞∑
k=1

√
Xϕk(D̃k)

=
∞∑
k=1

XC̃k

=I,

then by Theorem 6.3.19 the element

u =
∞∑
k=1

uϕk · XD̃k
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converges to an element of B. Since

(uϕk · XD̃k
)(x, y) =

1 if y ∈ D̃k and ϕ(y) = x

0 else

,

then u = uϕ. The conclusions follows by definition.

Remark 7.3.2

In [Re3], J. Renault construct the following Cartan pair of C∗-algebra (A,B) which

does not have the extension property. The C∗-algebra A, associated to the groupoid

of germs of the pseudogroup generated by T (x) = −x on [−1, 1] of germs Γ =

{(±x,±1, x) : x ∈ [−1, 1]} and the subalgebra B are

A =

f : [0, 1] → M2|f continuous and f(0) =

a b

b a


and

B =

f : [0, 1] → D2|f continuous and f(0) =

a 0

0 a


where M2 are the (2 × 2) matrices and D2 are the diagonal (2 × 2) matrices. The

Borel envelope of the pair (A,B) inside B(H), where H = ⊕[0,1]C2, is then

BH(A) =

f : [0, 1] → M2|f Borel and f(0) =

a b

b a


and

BH(B) =

f : [0, 1] → D2|f Borel and f(0) =

a 0

0 a

 .

Then BH(B) is not maximal abelian in BH(A), as the Borel subalgebra

C =

f : [0, 1] → M2|f Borel, f(x) ∈ D2, x ∈]0, 1] and f(0) =

a b

b a

 ,
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contains BH(B).

This example shows that Theorem 7.3.1 does not extend directly to Renault’s

generalized notion of a twist.

7.4 The Smooth Case

The goal of this section is to study Borel ∗-algebras constructed from smooth count-

able Borel equivalence relations. We will establish the correspondence between smooth

countable Borel equivalence relations and type I Borel ∗-algebras.

Recall that a countable Borel equivalence relation E on (X,A ) is smooth if

X/E is a standard Borel space (see Definition 4.4.1 and Theorem 4.4.5). Also a Borel

∗-algebra of type I can be written as

B =
∞∏
k=1

B0(Xk,B(Hk)),

where B0(Xk,B(Hk)) is the Borel ∗-algebra of bounded Borel functions a standard

Borel space f from Xk to B(Hk) the bounded linear operators on the Hilbert space

of dimension k (see Definition 6.3.10).

In general, straightforward computation shows that for any Borel twist (E, σ)

the centre of Bop(E, σ) (Definition 7.2.3)

Bop(E, σ) ∩ Bop(E, σ)′

can be identified with B0(X/E) (as in the proof of Theorem 4.2 of [Dav3]). By

combining Definition 4.4.1 and Example 6.3.17, E is smooth if and only if B0(X/E)

is a standard Borel ∗-algebra. Thus the centre of Bop(E, σ) is an abelian standard

Borel ∗-algebra if and only if E is smooth.

Theorem 7.4.1 Let E be a smooth countable Borel equivalence relation. Then B∗
r(E, σ)

is a type I Borel ∗-algebra.
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Proof: For n ∈ N∗∪{ω}, let An = {x ∈ X : |[x]| = n}. DefineM = {n ∈ N∗∪{ω} :

Xn ̸= ∅} and MF = M \ {ω}. For any n ∈ M, the Borel subset An is E-invariant

by Theorem 4.1.10. Moreover the space (An,A |An) is a standard Borel space and

the quotient space Xn = An/E is a standard Borel space with the quotient Borel

structure, such that X/E is the disjoint union of the Xn. Since E is smooth, we can

assume that σ is trivial by Theorem 5.1.7. Thus B∗
r(E, σ)

∼= Q(B∗
r(E, σ)) as defined

in Remark 7.2.8. Thus any f ∈ Q(B∗
r(E, σ)) can be written as f =

⊕
X/E f

[x]. Then

if Hn is the Hilbert space of dimension n, then f [x] ∈ B(Hn) if and only if [x] ∈ Xn.

Thus we can rewrite the operator f as

f =
⊕
n∈M

 ⊕
[x]∈Xn

f [x]

 =
⊕
n∈M

fn,

where fn : Xn → B(Hn) is a bounded Borel function defined by fn([x]) = f [x].

Suppose first that E is aperiodic. In this case, any band-limited bounded Borel

function is an element of the weakly sequentially closed Borel ∗-algebraB0(Xω,B(Hω)),

thus we have

Q(L(Bc(E, σ))) ⊂ Q(B∗
r(E, σ)) ⊆ B0(Xω,B(Hω)).

Now we can find a compact Hausdorff topology on Xω which generates the Borel

structure of Xω such that the Borel envelope of Cc(Xω,K(Hω)) (here every continu-

ous function from Xω to K(Hω) has compact support) is B0(Xω,B(Hω)) (see [Ped]

paragraph 6.3.6). Since any function of compact support is a band-limited bounded

Borel function then Cc(Xω,K(Hω)) ⊂ Q(L(Bc(E, σ))), and by taking the Borel enve-

lope of the following:

Cc(Xω,K(Hω)) ⊂ Q(L(Bc(E, σ))) ⊂ B0(Xω,B(Hω))

the Borel ∗-algebra Q(B∗
r(E, σ)) is squeezed and equals to B0(Xω,B(Hω)).

Now suppose E is finite. In this case, since the sequentially closed Borel ∗-algebra∏
n∈MF

Bo(Xn,B(Hn))
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contains any band-limited bounded Borel function, then we have

Q(L(Bc(E, σ))) ⊂ Q(B∗
r(E, σ)) ⊆

∏
n∈MF

Bo(Xn,B(Hn)).

Let f ∈
∏

n∈MF Bo(Xn,B(Hn)). Let Bn = ⊔nk=1An. For any n ∈ MF , the function

gn = L(XBn)fL(XBn) is a band-limited bounded Borel function (actually band(gn) =

n). Then the sequence of operators {gn}n∈MF is such that gn
s→ f . thus f ∈

Q(B∗
r(E, σ)). This shows that

Q(B∗
r(E, σ)) =

∏
n∈MF

Bo(Xn,B(Hn)).

Now let E be any smooth countable Borel equivalence relation. Let Ap = X \Aω
be E-invariant Borel subset of X of periodic points (points in X with finite orbit).

Then we can decompose Q(B∗
r(E, σ)) as the following direct sum

Q(B∗
r(E, σ)) = Q(B∗

r(E|Ap , σp))⊕Q(B∗
r(E|Aω , σω))

and by the first two cases the results is verified.

Using the notation of the previous theorem for the Xk, k = 1, 2, ...,∞, if B is a

type I Borel ∗-algebra, then the centre of B is

B ∩B′ = B0(⊔∞
k=1Xk).

It follows that a countable Borel equivalence relation E is smooth if and only if

B∗
r(E, σ) is a type I Borel ∗-algebra. The next proposition shows how to associate

to a type I Borel ∗-algebra B a smooth countable Borel equivalence relation E, such

that B ∼= B∗
r(E, σ).

Proposition 7.4.2 Every type I Borel ∗-algebra is the Borel ∗-algebra associated to

a smooth countable Borel equivalence relation.
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Proof: Let B be any Borel ∗-algebra of type I,

B =
∞∏
k=1

B0(Xk,B(Hk)).

For n <∞, let Xj
n = Xn and

Zn =
n−1⊔
j=0

Xj
n

be the standard Borel space of the disjoint union of n copies of Xn. For n = ∞, let

Xj
∞ = X∞ and

Z∞ =
⊔
j∈Z

Xj
∞

be the standard Borel space of the disjoint union of infinitely countably many copies

of X∞. The point x ∈ Xn on the j-th copy Xj
n is denoted xj. Let

Z =
∞⊔
k=1

Zk

and let ϕ : Z → Z be defined as

ϕ(x) =

x
j+1 mod n if x ∈ Zn

xj+1 if x ∈ Z∞

.

Then ϕ is a smooth Borel automorphism of Z such that Q(B∗
r(Eϕ, σ)) = B.
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7.5 The Hyperfinite Case

The goal of this section is to study the Borel ∗-algebras constructed from hyperfinite

countable Borel equivalence relations (E, σ) (recall that σ can be assumed to be

trivial for E hyperfinite). We give a (possible) definition for a Borel AF-algebras

(BAF-algebra) and show that if the reduced Borel ∗-algebra B∗
r(E, σ) (Definition

7.2.10) is hyperfinite then B∗
r(E, σ) is a BAF-algebra. We will also established the

equality between B∗
r(E, σ) and the Borel operators M(E, σ) (Definition 7.2.3), when

E is hyperfinite.

To characterize abstractly Borel ∗-algebras arising from hyperfinite countable

Borel equivalence relations is an important problem.

Definition 7.5.1 Let B be a Borel ∗-algebra inside B(H). If there exist a separable

AF-algebra A ⊆ B such that BH(A) = B, then we say that B is a Borel approxima-

tively finite ∗-algebra or a BAF-algebra.

Of course if the Hilbert space H is separable and B is a BAF-algebra, then B is an

AF von Neumann algebra and is equal to A′′ ⊂ B(H).

Example 7.5.2 The Borel envelope of

∞⊕
k=1

C0(Xk,K(Hk)),

(from the Example 6.7.5) is
∞∏
k=1

B0(Xk,B(Hk)).

Thus any Borel ∗-algebra of type I is a BAF-algebra.

Example 7.5.3 From the topological (also Borel) tail equivalence on EDk
, we can

compute C∗
r (EDk

) which is an AF-algebra and by Theorem 7.3.1, the Borel envelope

of C∗
r (EDk

) inside B(ℓ2(E)) is B∗
r(EDk

), thus a BAF-algebra.
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This result says that every reduced Borel ∗-algebra constructed from an hyper-

finite Borel equivalence relation is a BAF-algebra. We do not know if every BAF-

algebra arises this way.

Theorem 7.5.4 Let E be a hyperfinite countable Borel equivalence relation on (X,A ).

Then

B∗
r(E, σ) =M(E, σ).

Proof: We already know by definition that B∗
r(E, σ) ⊆ M(E, σ). To show that

M(E, σ) ⊆ B∗
r(E, σ), we will show that for any f̂ ∈ M(E, σ) there is a bounded

sequence {f̂n} ⊂ L(Bc(E, σ)) such that f̂n
w−→ f̂ .

When E is hyperfinite, any 2-cocycle σ is cohomologuous to the trivial one, and

E can be written as E = ∪n∈N∗En, with En uniformly finite and En ⊆ En+1.

Let f̂ ∈M(E, σ) and f = c(f̂) be the corresponding coordinate function. Define

fn(x, y) =

f(x, y) , if (x, y) ∈ En

0 , if (x, y) /∈ En

.

As En is uniformly finite then fn is in Bc(E, σ). The functions fn are such that

for any (x, y) ∈ E there exists N(x, y) > 0 such that for all m > N(x, y), then

f(x, y) = fm(x, y) (in particular, the functions fn converge pointwise to f).

Let f̂n = L(fn). The sequence {f̂n}n∈N∗ is a bounded sequence (∥f̂n∥ 6 ∥f̂∥).

Since f̂ is a bounded operator in B∗
r(E, σ), then for any ξ ∈ ℓ2(E) such that

∥ξ∥22 6 1, we have ∥f̂ ξ∥22 6 ∥f̂∥2. In particular, for any element ξ
(y)
x (the characteristic

function of the point (x, y) ∈ E) of the orthonormal basis of ℓ2(E), we have

∥f̂ ξ(y)x ∥22 =
∑
w∼x

|(f · ξ(y)x )(w, y)|2

=
∑
w∼x

|
∑
z∼y

f(w, z)ξ(y)x (z, y)|2

=
∑
w∼x

|f(w, x)|2 6 ∥f̂∥2.
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Then for any ε > 0, there is a finite subset F(ε,x) ⊂ [x] such that∑
w∼x

|f(w, x)|2 6
∑

w∈F(ε,x)

|f(w, x)|2 + ε.

Recall that any vector ξ ∈ ℓ2(E) is of the form

ξ =
∑
k∈I

λkξ
(yk)
xk

,

where I is a countable index and (xk, yk) ∈ E. Since finite linear combinations of

elements of the basis {ξ(y)x }(x,y)∈E form a dense subset of ℓ2(E), then for any ε > 0,

there exists a vector

ξ0 =
∑
k∈F

λkξ
(yk)
xk

,

where F ⊂ I is a finite index, such that

∥ξ − ξ0∥22 6
ε

8∥f̂∥2
.

With this we get

∥(f̂ − f̂n)ξ0∥22 =∥(f̂ − f̂n)(
∑
k∈F

λkξ
(yk)
xk

)∥22

=∥
∑
k∈F

λk(f̂ − f̂n)ξ
(yk)
xk

∥22

6
∑
k∈F

∥λk(f̂ − f̂n)ξ
(yk)
xk

∥22

=
∑
k∈F

∑
w∼xk

|λk|2|(f − fn)(w, xk)|2 (⋆)

Now for εk =
ε

|F |2|λk|2
(here |F | is the cardinality of the set F ), let F(εk,xk) be the finite

subset of [xk] such that∑
w∼xk

|f(w, xk)|2 6
∑

w∈F(εk,xk)

|f(w, xk)|2 + εk.

Thus the line (⋆) equals to:

∑
k∈F

|λk|2
 ∑
w∈F(εk,xk)

|(f − fn)(w, xk)|2 +
∑

w/∈F(εk,xk)

|(f − fn)(w, xk)|2
 ,
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and since (f − fn)(w, xk) = f(w, xk) or (f − fn)(w, xk) = 0, the previous line is

bounded by

∑
k∈F

|λk|2
 ∑
w∈F(εk,xk)

|(f − fn)(w, xk)|2 +
∑

w/∈F(εk,xk)

|f(w, xk)|2


6
∑
k∈F

|λk|2
 ∑
w∈F(εk,xk)

|(f − fn)(w, xk)|2 +
ε

|F |2|λk|2


=
∑
k∈F

 ∑
w∈F(εk,xk)

|λk|2|(f − fn)(w, xk)|2 +
ε

2|F |


=

∑
k∈F

∑
w∈F(εk,xk)

|λk|2|(f − fn)(w, xk)|2
+

ε

2
,

Now for every (w, xk) there exists N(w, xk) ∈ N∗ such that for all n > N(w, xk) then

f(w, xk) = fn(w, xk). Let N = max{N(w, xk)}. Now if n > N , then

∥(f − fn)ξ0∥22 6
ε

2
.

Finally, since (with n > N)

∥(f − fn)ξ∥22 =∥(f − fn)(ξ − ξ0 + ξ0)∥22

6∥(f − fn)(ξ − ξ0)∥22 + ∥(f − fn)ξ0∥22

6∥f − fn∥2∥ξ − ξ0∥22 +
ε

2

64∥f∥2
(

ε

8∥f∥2

)
+
ε

2

=ε,

then fn
s−→ f which in turn implies weak convergence.

Remark 7.5.5 The above proof shows also that the strong Borel envelope of L(Bc(E, σ))

is M(E, σ).
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7.6 The Borel ∗-Algebra of a Borel Twist

This section generalize to the Borel case the work of A. Kumjian in [Ku]. We associate

to a Borel twist Γ a Borel ∗-algebra B∗
r(Γ). Recall (see Section 5.3) that, the Borel

twist Γ over E is given by the following diagram

T×X Γ E//
q //

s
oo

where (X,A ) is a standard Borel space, E a countable Borel equivalence relation on

X such that E(0) = X, q : Γ −→ E is the quotient map and s : E −→ Γ is a Borel

cross-section. Moreover q(T×X) = E(0) = X. Recall from Theorem 5.3.2, any twist

Γ over E is induced by a Borel 2-cocycle σ ∈ H2(E,T).

Definition 7.6.1

1) The equivariant Borel functions over Γ, denoted B(Γ), are defined as

B(Γ) = {f : Γ → C Borel;∀λ∈T∀γ∈Γ (λf(γ) = f(λγ))}.

2) For f ∈ B(Γ), let

∥f∥∞ = sup
γ∈Γ

{|f(γ)|}.

The bounded equivariant Borel functions over Γ, denoted Bo(Γ), are the

functions f ∈ B(Γ) such that ∥f∥∞ <∞.

Remark 7.6.2 If γ ∈ supp(f) = {γ ∈ Γ; f(γ) ̸= 0}, then for all λ ∈ T

f(λγ) = λf(γ) ̸= 0,

thus λγ ∈ supp(f).

Definition 7.6.3 Let f ∈ B(Γ). The band of f , denoted band(f), is

band(f) = sup
N∪{∞}

{#{g ∈ E; r(s(g)) = d(γ) and f(γs(g)) ̸= 0}+
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#{g ∈ E; d(s(g)) = r(γ) and f(s(g)γ) ̸= 0}}.

The band limited bounded equivariant Borel functions over Γ are defined as

Bc(Γ) = {f ∈ Bo(Γ); band(f) is finite}.

Definition 7.6.4 The vector space Bc(Γ) becomes a ∗-algebra with the following op-

erations:

i) multiplication: (f · h)(γ) =
∑

g∈Ed(q(γ))

f(γs(g))h(s(g)−1),

ii) involution: f ∗(γ) = f(γ−1).

Definition 7.6.5

1) The equivariant normalizer functions of Γ, denoted N(Γ), are functions

u ∈ Bo(Γ) such that u∗u = uu∗ = 1 and q(supp(u)) = graph(ϕ−1) for some

ϕ ∈ [E]. It follows that if u ∈ N(Γ) then band(u) = 1, hence N(Γ) ⊂ Bc(Γ).

2) The equivariant diagonal functions of Γ, denoted D(Γ), are functions f ∈

Bo(Γ) such that q(supp(u)) ⊂ X. It follows that if f ∈ D(Γ) and f ̸= 0, then

band(f) = 1, hence D(Γ) ⊂ Bc(Γ).

Proposition 7.6.6 There is a natural isomorphism between Bc(Γ) to Bc(E, σ).

Proof: Let f ∈ Bc(Γ), f ′ ∈ Bc(E, σ), g ∈ E and γ ∈ q−1(g) with γ = kγs(g) ∈ Γ.

Define Q : Bc(Γ) → Bc(E, σ) by

Q(f)(g) = f(s(g))

In this case Q−1 : Bc(E, σ) → Bc(Γ) is

Q−1(f ′)(γ) = kγf
′(g).

Then Q can be used to show that Bc(Γ) and Bc(E, σ) are isomorphic as ∗-algebra.
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For any x ∈ X, we consider the vector space,

L2(Γ, E, δx) = {ξ ∈ Bo(Γ) : Q(ξ) ∈ Hδx}.

Then we have:

Lemma 7.6.7

1) Endowed with the inner product,

⟨ξ|η⟩x =
∑
g∈Ex

ξ(s(g))η(s(g)),

ξ and η in L2(Γ, E, δx), then L
2(Γ, E, δx) is a Hilbert space.

2) {ξg}g∈Ex, with ξg = Q−1(Xg) where Xg ∈ Bc(E, σ) is the characteristic function

of the point g ∈ E, forms an orthogonal basis for L2(Γ, E, δx).

3) Since ξg ∈ Bc(Γ), then for any x ∈ X, Bc(Γ) is a dense subspace in L2(Γ, E, δx).

For all x ∈ X, we now define a representation Lδx of Bc(Γ) in L2(Γ, E, δx) by,

(Lδx(f)ξ)(γ) =
∑
g∈Ex

f(γs(g))ξ(s(g)−1).

Definition 7.6.8 Let

(L, ℓ2(Γ)) =
⊕
x∈X

(Lδx , L
2(Γ, E, δx)).

The reduced Borel ∗-algebra associate to Γ, denoted B∗
r(Γ), is the Borel envelope

of L(Bc(Γ)) in B(ℓ2(Γ)).
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7.7 The Feldman-Moore Theorem for Borel Twist

Throughout this section, A denotes a (weakly sequentially closed) Borel ∗-algebra

with a (Borel) Cartan subalgebra such that B ∼= Bo(X), where X is a standard Borel

space (X is also the space of sequentially normal pure states of B) and such that A

is countably B-generated. We shall refer to this pair (A,B) as a Borel Cartan pair.

Let NA(B) the the normalizer of B in A. Recall that for any u ∈ NA(B) we can

associate a Borel automorphism ϕu : X → X, such that u∗fu = f ◦ ϕu for all f ∈ B.

Let ∆ : A→ B be the sequentially normal conditional expectation from A to B. For

any x ∈ X, then the pure state x ◦∆ : A → C is the unique (by Proposition 6.4.14)

extension of x to A. To simplify notation, we shall use again x for the corresponding

pure state on A.

We first associate a Borel twist to the Borel Cartan pair (A,B).

Notation 7.7.1 Let (A,B) be a Borel Cartan pair. Let us denote by

1) Γ(B) = {[u, x] ∈ A∗;u ∈ NA(B), x ∈ X}, where [u, x](a) = x(u∗a), a ∈ A,

2) F (B) = {[u, x] ∈ A∗; u ∈ NA(B), x ∈ X,ϕu(x) = x},

3) E(B) = {q([u, x]) = (ϕu(x), x) ∈ X ×X; [u, x] ∈ Γ(B)}.

Lemma 7.7.2 Let (A,B) be a Borel Cartan pair. If [u, x] ∈ Γ(B), then x(u) ̸= 0 if

and only if ϕu(x) = x.

Proof: If ϕu(x) ̸= x, then

x(u) = x(Xxu) = x(uu∗Xxu) = x(uXϕu(x)) = x(u)x(Xϕu(x)) = 0.

If ϕu(x) = x, then u∗Xxu = Xx, hence Xxu = uXx. Let us show first that uXx =

x(u)Xx. Let f, g ∈ B. Then gXx = fXx if and only if g(x) = f(x). We have

(uXx)f = ufXx
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= ufXxu
∗u

= (f ◦ ϕ−1
u )Xϕ−1

u (x)u

= fXxu

= f(uXx)

and B is maximal abelian, thus uXx is in B. If y ̸= x then y(x(u)Xx) = y(uXx) = 0

and x(uXx) = x(x(u)Xx) = x(u). This shows that

uXx = x(u)Xx

Xxu
∗ = Xxx(u

∗).

Since x(u∗Xxu) = x(Xx) = 1 and x(u∗Xxu) = x(x(u∗)Xxx(u)) = x(u∗)x(u), then

x(u)x(u) = 1, which implies that x(u) ∈ T.

Proposition 7.7.3 Let (A,B) be a Borel Cartan pair. Then Γ(B) can be endowed

with a Borel twist structure over E(B).

Proof: Equip Γ(B) with the following operations:

1) (Product) [v, y][u, x] = [vu, x] if and only if ϕu(x) = y.

2) (Inverse) [u, x]∗ = [u∗, ϕu(x)].

The the range and the source maps are given by:

r([u, x]) = [u, x][u, x]∗ = [1, ϕu(x)]

and

d([u, x]) = [u, x]∗[u, x] = [1, x],

and the object Γ(B)(0) can be identified by X. Then Γ becomes a free T-space under

the action given, for λ ∈ T, by

λ[u, x] = [λu, x].
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Since A is countably B-generated, let U be a countable group of unitaries in

NA(B) generating A. Define

E =
∪
u∈U

graph(ϕ−1
u ) ⊂ X ×X,

since ϕu are Borel automorphisms and U is countable, then E = E(B) is a countable

Borel equivalence relation. Let q : Γ(B) → E(B) be defined by

q([u, x]) = (ϕu(x), x).

The map q is T-invariant, since ϕu = ϕλu. Moreover q([u, x]) = (x, x), a unit of E(B),

if and only if [u, x] ∈ F (B). Recall by construction that x(a) = x(XxaXx). Let [u, x]

be such that ϕu(x) = x, then we want to show that [u, x] = [x(u), x].

By Lemma 7.7.2, if ϕu(x) = x, then x(u)Xx = uXx. Now this implies that for

any a ∈ A, then

[u, x](a) = x(u∗a)

= x(Xxu
∗aXx)

= x(Xxx(u
∗)aXx)

= x(x(u∗)a)

= [x(u), x](a)

which shows that [u, x] = [x(u), x] = x(u∗)[1, x]. Thus an element of F (B) can be

written as an element of T×X.

Now if [u, x] and [v, z] are two elements of Γ such that q([u, x]) = q([v, z]), then

z = x and ϕu(x) = ϕv(x). Moreover [v∗, ϕv(x)][u, x] = [v∗u, x], with ϕv∗u(x) = x,

then [v∗u, x] = x(u∗v)[1, x] and [u, x] = x(u∗v)[v, x]. In particular, [u, x] = [v, x] if

and only if x(v∗u) = 1. It follows that Γ(B) is a Borel twist.
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The following proposition is a Borel analogue of Proposition 4.15 of [Re2]. It

shows that for a Borel twist (Γ, E) the Borel twist associated to the Borel Cartan

pair (B∗
r(Γ), L(Bo(X))) is again (Γ, E).

Proposition 7.7.4 Keeping the notation of Proposition 7.7.3, let (Γ, E) be a Borel

twist. Let A = B∗
r(Γ) and B = L(Bo(X)). We have an isomorphism of Borel twist:

F (B) Γ(B) E(B)

T×X Γ E

ι̂ //
q̂ //

ŝ
oo

ι //
q //

s
oo

����

Φ

��

Proof: We verified already in the previous proposition that E(B) = E.

Let x ∈ X, γ ∈ Γ, with γ = kγs(q(γ))) and kγ ∈ T, such that d(γ) = x, r(γ) = y

and ϕ ∈ [E], with ϕ(x) = y. In general for any ϕ ∈ [E], let uϕ ∈ N(Γ) be such that

uϕ(γ) =

kγ if ϕ(d(γ)) = r(γ)

0 else

.

Let u ∈ NA(B). Let Φ : Γ(B) → Γ be defined by

Φ([u, x]) = u(ŝ(ϕu(x), x))ŝ(ϕu(x), x).

The map Φ is a groupoid homomorphism: For [u, x],

Φ([u, x])∗ = (u(s((ϕu(x), x)))s((ϕu(x), x)))
∗

= (u(s((ϕu(x), x)))s((ϕu(x), x))
−1

= u∗(s((ϕu(x), x))
−1)s((ϕu(x), x))

−1

= u∗(s((x, ϕu(x))))s((x, ϕu(x)))

= Φ([u∗, ϕu(x)]),

and now with [v, y], ϕu(x) = y and ϕv(y) = z,

Φ([vu, x]) = (vu)(s((ϕuv(x), x)))s((ϕuv(x), x))
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=
∑
w∈[x]E

v(s((z, x))s((w, x)))u(s((w, z)))s((z, x))

= v(s((z, x))s((x, y)))u(s((y, x)))s((ϕuv(x), x))

= v(s((z, x))s((x, y)))u(s((y, x)))k−1s((z, y))s((y, x))

= v(k−1s((z, x))s((x, y)))s((z, y))u(s((y, x)))s((y, x))

= v(s((z, y)))s((z, y))u(s((y, x)))s((y, x))

= Φ([v, y])Φ([u, x]).

Moreover Φ([u, x]) ∈ T×X if and only if [u, x] ∈ F (B).

Let Ψ : Γ → Γ(B) be defined by

Ψ(γ) = [uϕ(γ)uϕ, x],

where ϕ ∈ [E] is chosen such that (ϕ(x), x) = (r(γ), d(γ)). The map Ψ does not

depend on the choice of ϕ and is a groupoid homomorphism. Moreover, we get

(Ψ ◦ Φ)([u, x]) = [u, x] and (Φ ◦Ψ)(γ) = γ, since

(Ψ ◦ Φ)([u, x]) = Ψ(u(s(ϕu(x), x))s((ϕu(x), x)))

= [uϕ(u(s(ϕu(x), x))s((ϕu(x), x)))uϕ, x]

= [u(s(ϕu(x), x))uϕ(s((ϕu(x), x)))uϕ, x]

= [u(s(ϕu(x), x))uϕ, x]

= [u, x]

and

(Φ ◦Ψ)(γ) = Φ([uϕ(γ)uϕ, x])

= uϕ(γ)uϕ(s((ϕ(x), x)))s((ϕ(x), x))

= kγuϕ(s((ϕ(x), x)))s((ϕ(x), x))

= kγ((ϕ(x), x))



7.7. The Feldman-Moore Theorem for Borel Twist 124

= γ.

Theorem 7.7.5 Let A be a Borel ∗-algebra with a Cartan subalgebra B ∼= Bo(X),

where X is a standard Borel space (X is also the space of sequentially normal pure

states of B), such that A is countably B-generated. Then there exists (E, σ), E unique

up to isomorphism and σ unique up to a 2-coboundary, such that A ∼= B∗
r(E, σ) and

where the isomorphism sends B onto L(Bo(X)).

Proof:

We divide the proof in four steps:

1. By Proposition 7.7.3, we associate to the Borel Cartan pair (A,B) a Borel twist

Γ = Γ(B) over the countable Borel equivalence relation E = E(B).

2. To any operator, we associate an equivariant (bounded) Borel function over Γ.

3. Show that (A,B) and (B∗
r(Γ), L(Bo(X))) can be realized as algebras of operators

acting in spatially equivalent Hilbert spaces.

4. By Theorem 5.3.2, there exists a normalized 2-cocycle σ such that Γ ∼= (E, σ).

The steps 2. and 3. need to be verified.

2. For any a ∈ A, we denote by L(a) : Γ → C the equivariant complex valued

function defined by

L(a)([v, x]) = [v, x](a).

By Lemma 7.7.2, if L(NA(B)) ⊆ N(Γ) and L(B) ⊆ D(Γ). Let us show that

L(NA(B)) = N(Γ).
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We want to show that for any element ũ ∈ N(Γ) , there is u ∈ NA(B) such that

L(u) = ũ. By hypothesis on A, let {uϕn}n∈N of NA(B) be a countable subset which

together with B generated A. Let E be the countable Borel equivalence relation

E =
∪
n∈N

graph(ϕ−1
n ).

We can assume that uϕ0 = 1. Now set

A0 = {x ∈ X;ϕ(x) = x}

and B0 = A0 and for k > 0 define inductively

An = {x ∈ X \Bn−1;ϕ(x) = ϕn(x)} and Bn =
n∪
i=0

Ai.

Then {An}n∈N forms a Borel partition of the space X. Let hn ∈ B be defined by

x(hn) = ũ([uϕn , x])XAn(x), x ∈ X,

and

gn = uϕnhn ∈ A.

By construction, the elements

aN =
N∑
n=0

|gn| =
N∑
n=0

√
g∗ngn =

N∑
n=0

√
h∗nu

∗
ϕn
uϕnhn =

N∑
n=0

XAn = X(∪N
n=0 An) = XBN−1

and

bN =
N∑
n=0

|g∗n| =
N∑
n=0

√
gng∗n =

N∑
n=0

√
uϕnhnh

∗
nu

∗
ϕn

=
N∑
n=0

√
uϕnXAnu

∗
ϕn

=
N∑
n=0

√
Xϕn(An)

=
N∑
n=0

Xϕ(An) = Xϕ(
∪N

n=0 An) = Xϕ(BN−1)

are such that aN ↗ 1 and bN ↗ 1 strongly, thus by Theorem 6.3.19,
∑N

n=0 gn is

convergent to an element u =
∑∞

n=0 gn in A and, the element u ∈ NA(B) is such that

L(u) = ũ.
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The map L is clearly linear. Moreover L(a)∗ = L(a∗), for any a ∈ A, since

L(a)∗([v, x]) = L(a)([v∗, ϕv(x)])

= ϕv(x)(va)

= ϕv(x)(a
∗v∗)

= ϕv(x)(vv
∗a∗v∗)

= x(v∗a∗)

= L(a∗)([v, x]).

Let [v, x] ∈ Γ, b ∈ B, u ∈ NA(B) and a ∈ A. First L(ab) = L(a) · L(b), since

L(ab)([v, x]) = x(v∗ab)

and

(L(a) · L(b))([v, x]) =
∑
g∈Ex

L(a)([v, x]c(g))L(b)(c(g)−1)

= L(a)([kv, x])kx(b)

= x(kv∗a)kx(b)

= x(v∗ab).

We also have L(au) = L(a) · L(u), since

L(au)([v, x]) = x(v∗au)

and

(L(a) · L(u))([v, x]) =
∑
g∈Ex

L(a)([v, x]c(g))L(u)(c(g)−1)

= L(a)([kvu∗, ϕu(x)])kL(u)([u, x])

= ϕu(x)(kuv
∗a)k

= x(u∗uv∗au)
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= x(v∗au).

If Ac denote the linear span of {B,NA(B)}, then by restriction the map L is a

∗-homomorphism between Ac and Bc(Γ).

3. Since the conditional expectation ∆ : A → B is faithful and x : A → C is a se-

quentially normal pure state then, by using the GNS construction, the representation

(π,H) =
⊕
x∈X

(πx,Hx)

is a faithful sequentially normal representation of A. Thus for all a ∈ A we have

∥a∥ = sup
x∈X

{ sup
d∈Hx

x(d∗d)≤1

{∥ad∥x = x(d∗a∗ad)}}.

Thus we identify A with π(A) ⊂ B(H).

Recall that by Lemma 7.6.7 {ξg}g∈Ex is an orthonormal basis for the Hilbert

space L2(Γ, E, δx). For any element ξg of the basis {ξg}g∈Ex , by definition, there is an

element [ug, x] ∈ Γ such that ξg([ug, x]) = 1, thus by taking Xx ∈ B and ug ∈ NA(B),

then dg = ugXx, is such that L(dg) = ξg. Thus for any vector

ξ =
∑
g∈Ex

λgξg ∈ L2(Γ, E, δx),

we can associate a vector

d =
∑
g∈Ex

λgdg ∈ Hx,

via the same map L, which is a linear surjective isometry from Hx to L2(Γ, E, δx).

Since {ξg}g∈Ex is an orthonormal basis for Hx, then {ξg}g∈Ex is an orthonormal basis

for L2(Γ, E, δx).

For any x ∈ X, we get a map

Lx : Hx → L2(Γ, E, δx)

such that ∀d ∈ Hx,

Lx(πx(a)d) = Lδx(L(a))Lx(d).
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The matrix representation for both operators πx(a) inA and Lδx(L(f)) in B(L2(Γ, E, δx))

are the identical, since

πx(f)i,j = x(d∗i fdj)

= L(d∗i fdj)([1, x])

= (L(d∗i ) · L(fdj))([1, x])

= ⟨L(di)|L(f) · L(dj)⟩x

= ⟨ξi|L(f)ξj⟩x

= Lx(L(f))i,j.

Thus ∥f∥ = ∥L(f)∥. The map Lx : d 7→ ξ is an unitary between the Hilbert spaces

Hx and L
2(Γ, E, δx) which make them spatially isomorphic. The map L is an unitary

between the Hilbert bundle spacesH and ℓ2(Γ) which make them spatially isomorphic.

Since Ac and L(Bc(Γ)) are isomorphic ∗-algebras acting in spatially equivalent

Hilbert spaces then their corresponding Borel closures are isomorphic, i.e.,

A ∼= B∗
r(Γ).

Remark that the uniqueness of (E, σ), up to isomorphism, follows from Proposi-

tion 7.7.4.

Remark 7.7.6 The previous proof is the Borel analogue of Theorem 1◦ of Section 3

of [Ku], where the unicity part was adapted from [Re2], and some ideas came from

the lines of the proof in [Re1] (Theorem p.439).
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7.8 Invariants of Borel Equivalence Relations

In this section, we present two results on invariants of countable Borel equivalence

relation. The first one is a particular case of Theorem 1.1 of [MRo]. Our second

result uses isomorphism of Cartan pairs between Borel ∗-algebras.

Theorem 7.8.1 ([MRo], Theorem 1.1) Let E1 and E2 be two countable Borel equiv-

alence relations on (X,A ) such that |[x]Ei
| > 3, for all x ∈ X and i = 1, 2. The

following are equivalent.

1) E1 is isomorphic to E2, and

2) [E1] is isomorphic to [E2].

The cardinality condition of the previous theorem cannot be removed. Here is an

example given by [M].

Example 7.8.2 Let ϕ : X → X and ψ : X → X be two Borel automorphisms such

that ϕ ◦ ϕ = IX and ψ ◦ ψ = IX (i.e., there is at most two points in the orbit of any

points). Denote by A2, B2 ∈ A the points with exactly two points in their orbits for ϕ

and ψ respectively. Suppose A2 and B2 are infinite with different cardinalities. Then

[Eϕ] and [Eψ] are both isomorphic to the unique abelian group, with the cardinality

of the continuum, whose elements are of order at most 2, but the standard Borel

spaces X/Eϕ and X/Eψ are not isomorphic, as A2/Eϕ and B2/Eψ have different

cardinalities.

As a consequence of Theorem 7.7.5, we have the following invariant:

Corollary 7.8.3 Let E1 and E2 be two countable Borel equivalence relations on

(X,A ). The following are equivalent:

1) E1 is isomorphic to E2, and
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2) (B∗
r(E1),Bo(X)) is isomorphic to (B∗

r(E2),Bo(X)).

Proof: This follows by the unicity of the (in this case trivial) Borel twist associ-

ated to a Borel Cartan pair of Theorem 7.7.5.



Chapter 8

A Borel Krieger Type Theorem

Let (X,A ) be a standard Borel space and µ a measure on X. Recall that a Borel

automorhism T : X → X is a nonsingular transformation (here we use the

terminology transformation for an automorphism) if for any B ∈ A ,

µ(T−1(B)) = 0 iff µ(B) = 0.

T is an ergodic transformation if for any B ∈ A ,

T−1(B) = B implies µ(B) = 0 or µ(Bc) = 0.

In [Kr1], W. Krieger associates to any nonsingular transformation T acting ergodi-

cally on a Lebesgue space (X,µ) an ergodic R-flow, the so-called associated flow. If

W ∗(X,µ, T ) denotes the von Neumann algebra associated to the ergodic dynamical

system (X,µ, T ), then Krieger proves:

Theorem. Let (Xi, µi, Ti), i = 1, 2, be two nonsingular ergodic transformations. The

following statements are equivalent:

1) (X1, µ1, T1) and (X2, µ2, T2) are measurably orbit equivalent.

2) W ∗(X1, µ1, T1) and W
∗(X2, µ2, T2) are isomorphic.

3) The associated flows of (X1, µ1, T1) and (X2, µ2, T2) are conjugate.
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As any ergodic nonsingular dynamical system (X,µ, T ) is orbit equivalent to an

ergodic hyperfinite countable equivalence relation ET on (X,µ), Krieger’s theorem

can be stated as follows:

Theorem. Let (Xi, µi, Ti), i = 1, 2, be two nonsingular ergodic transformations. The

following statements are equivalent:

1) ET1 and ET2 are orbit equivalent.

2) W ∗(X1, ET1) and W
∗(X2, ET2) are isomorphic.

3) The associated flows of (X1, µ1, ET1) and (X2, µ2, ET2) are conjugate.

In Section 8.4, we will prove a Krieger type theorem in the Borel setting. To

get this result, we first make, in Section 8.1, the connection between invariant (er-

godic) probability measures on E and (extremal) normalized sequentially normal

traces of B∗
r(E, σ). This correspondence established, we recall and use, in Section

8.2, the Dougherty-Jackson-Kechris classification theorem of aperiodic non-smooth

hyperfinite countable Borel equivalence relations to get a classification of their Borel

∗-algebras. The classification of smooth countable Borel equivalence relations classi-

fication is covered in Section 8.3.
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8.1 Traces on B∗
r(E, σ)

Let E be a countable Borel equivalence relation on (X,A ) and σ be a normalized

T-valued 2-cocycle on E.

If ∆ denotes the sequentially normal conditional expectation from B∗
r(E, σ) onto

L(Bo(X)), defined in Proposition 7.2.14, and if µ is an E-invariant measure on (X,A ),

we verify in Lemma 8.1.2 that

τµ(f̂) =

∫
∆(f̂)dµ, f̂ ∈ B∗

r(E, σ),

defines a sequentially normal trace on B∗
r(E, σ) and we show in Proposition 8.1.3, that

µ 7→ τµ induces a bijective correspondence between E-invariant probability measures

on (X,A ) and normalized sequentially normal traces on B∗
r(E, σ).

Definition 8.1.1 Let B be a Borel ∗-algebra. A normalized sequentially normal

trace τ is a sequentially normal state of B such that τ(x∗x) = τ(xx∗), for all x ∈ B.

The set of all normalized sequentially normal traces of B is denoted T (B). The

extreme points of T (B) are called the (normalized sequentially normal) characters.

The set of all normalized sequentially normal characters of B is denoted ∂T (B).

Lemma 8.1.2 Let E be a countable Borel equivalence relation on (X,A ) and σ be

a normalized T-valued 2-cocycle on E. If µ is an E-invariant measure on (X,A )

and ∆ denotes the sequentially normal conditional expectation from B∗
r(E, σ) onto

L(Bo(X)), then τµ belongs to T (B∗
r(E, σ)).

Proof: As ∆ and integration with respect to µ are linear and preserve positivity,

τµ is a positive linear form. Moreover, as ∆ is sequentially normal, ∆(I) = 1 and

as µ is a probability measure, τµ is a sequentially normal state. Let us check that

τµ is a trace. Let f̂ ∈ B∗
r(E, σ) and f = c(f̂) be the coordinate function of f̂ . By

Proposition 7.2.14, we have

∆(f̂ f̂ ∗) = L((f · f ∗)∆)
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and

(f · f ∗)(x, x) =
∑
z∈[x]

f(x, z)f ∗(z, x).

Hence

τµ(f̂ f̂
∗) =

∫ ∑
z∈[x]

|f(x, z)|2dµ(x) = ν(|f |2),

and similarly

τµ(f̂
∗f̂) =

∫ ∑
z∈[x]

|f(z, x)|2dµ(x) = ν−1(|f |2).

As µ is E-invariant, ν = ν−1 and therefore τµ is a trace.

Proposition 8.1.3 Let E be a countable Borel equivalence relation on (X,A ) and

σ be a normalized T-valued 2-cocycle on E. If IE denotes the set of E-invariant

probability measures on (X,A ), then the convex map

µ 7→ τµ

is a bijective correspondence between IE and T (B∗
r(E, σ)).

Proof: Let τ ∈ T (B∗
r(E, σ)), and µ be defined by

µτ (A) = τ(L(XA)), A ∈ A .

As τ is a normalized normal state, µ is a probability measure on A .

Let ϕ ∈ [[E]] be a partial Borel transformation from A to B and let uϕ be the

partial isometry of B∗
r(E, σ) such that u∗ϕuϕ = L(XA) and uϕu

∗
ϕ = L(XB). Then

µτ (A) = τ(L(XA)) = τ(uϕu
∗
ϕ) = τ(u∗ϕuϕ) = τ(L(XB)) = µτ (B).

This shows that µτ ∈ IE.

As τµτ = τ and µτµ = µ, and as the correspondance µ ∈ IE 7→ τ ∈ T (B∗
r(E, σ))

preserves convex combinations, the proposition is proved.
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As the set of E-invariant and ergodic probability measures of (X,A ) are the

extreme points of IE, we have:

Corollary 8.1.4 Let E be a countable Borel equivalence relation on (X,A ) and σ

be a normalized T− valued 2-cocycle of E. There is a bijection between the set IEE,

E-invariant and E-ergodic probability measures on (X,A ), and the set of normalized

sequentially normal characters of B∗
r(E, σ).

Remark 8.1.5 The Proposition 8.1.3 and Corollary 8.1.4 are just Theorem 4.2 and

Corollary 4.3 of the article of Davies [Dav2] adapted to countable Borel equivalence

relations.
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8.2 The Non-Smooth Classification

For i = 1, 2, let ϕi : X → X be a Borel automorphism of (X,A ) and Ei be its

associated countable hyperfinite Borel equivalence relation (as defined in Theorem

4.5.2). We say that ϕ1 and ϕ2 are Borel orbit equivalent if E1
∼= E2 (see Definition

4.1.5).

In this section, we will moreover assume that ϕ1 and ϕ2 are aperiodic non-smooth

Borel automorphisms, and therefore E1 and E2 are non-smooth aperiodic hyperfinite

countable Borel equivalence relations. Recall from Theorem 4.7.1 that two aperiodic

countable non-smooth hyperfinite Borel equivalence relations are isomorphic if and

only if the cardinalities of their sets of non-atomic, invariant and ergodic probability

measures are equal.

Theorem 8.2.1 Let E1 and E2 be two non-smooth aperiodic hyperfinite countable

Borel equivalence relations. Then E1
∼= E2 if and only if B∗

r(E1) ∼= B∗
r(E2).

Proof: That E1
∼= E2 implies B∗

r(E1) ∼= B∗
r(E2) is true in general. For the con-

verse, if B∗
r(E1) ∼= B∗

r(E2), then the cardinality of ∂T (B∗
r(E1)) and ∂T (B∗

r(E2)) are

the same which implies by Lemma 8.1.4 that the cardinality of IE◦
E1

and IE◦
E2

are

also the same. Thus by Theorem 4.7.1, E1
∼= E2.
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8.3 The Smooth Classification

In this section, ϕ1 and ϕ2 are smooth Borel automorphisms, i.e., E1 and E2 are

smooth. Recall as a consequence of Theorem 7.4.1 that a countable Borel equivalence

relation E is smooth if and only if B∗
r(E, σ) is a type I Borel ∗-algebra (see Definition

6.3.10).

Theorem 8.3.1 Let E1 and E2 be two smooth countable Borel equivalence relations

on (X,A ). Then E1
∼= E2 if and only if B∗

r(E1) ∼= B∗
r(E2).

Proof: That E1
∼= E2 implies B∗

r(E1) ∼= B∗
r(E2) is true in general. To prove the

converse statement, keeping the notation of Theorem 7.4.1, note that as E1 and E2

are smooth countable Borel equivalence relations, we have, for i = 1, 2,

B∗
r(Ei) =

∞∏
k=1

B0(X
i
k,B(Hk)).

Moreover, for k ∈ 1, 2, ...,∞, we have by 7.4.1, that X i
k = Aik/Ei, where A

i
k = {x ∈

X : |[x]Ei
| = k} are Ei-invariant Borel subset of X. As B∗

r(E1) ∼= B∗
r(E2), then

|X1
k | = |X2

k | for all k ∈ {1, 2, ...,∞} (see Definition 6.3.10). Thus by Corollary 4.4.7,

we have that E1
∼= E2.
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8.4 The Borel Krieger Type Theorem

In this section, we use the results of the Sections 8.2 and 8.3 to state a Borel Krieger

type Theorem:

Theorem 8.4.1 Let E1 and E2 be two aperiodic hyperfinite countable Borel equiva-

lence relations. Then E1
∼= E2 if and only if B∗

r(E1) ∼= B∗
r(E2).

Proof: That E1
∼= E2 implies B∗

r(E1) ∼= B∗
r(E2) is true in general.

If E1 and E2 are smooth countable Borel equivalence relations, then by Theorem

8.3.1, B∗
r(E1) ∼= B∗

r(E2) if and only if E1
∼= E2.

If E1 and E2 are aperiodic non-smooth hyperfinite countable Borel equivalence

relations, then by Theorem 8.2.1, B∗
r(E1) ∼= B∗

r(E2) if and only if E1
∼= E2.
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