
On the Rational Retraction Index

Philippe Paradis

Thesis submitted to the Faculty of Graduate and Postdoctoral Studies

in partial fulfillment of the requirements for the degree of Master of Science in

Mathematics 1

Department of Mathematics and Statistics

Faculty of Science

University of Ottawa

c© Philippe Paradis, Ottawa, Canada, 2012

1The M.Sc. program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics



Abstract

If X is a simply connected CW complex, then it has a unique (up to isomorphism)

minimal Sullivan model (ΛV, d). There is an important rational homotopy invariant,

called the rational Lusternik–Schnirelmann of X, denoted cat0(X), which has an

algebraic formulation in terms of (ΛV, d). We study another such numerical invariant

called the rational retraction index of X, denoted r0(X), which is defined in terms of

(ΛV, d) and satisfies

0 ≤ r0(X) ≤ cat0(X).

It was introduced by Cuvilliez et al. [4] as a tool to estimate the rational Lusternik–

Schnirelmann category of the total space of a fibration.

In this thesis we compute the rational retraction index on a range of rationally

elliptic spaces, including for example spheres, complex projective space, the biquotient

Sp(1) \ Sp(3) / Sp(1) × Sp(1), the homogeneous space Sp(3)/U(3) and products of

these. In particular, we focus on formal spaces and formulate a conjecture to answer

a question posed in the original article of Cuvilliez et al.,

“If X is formal, what invariant of the algebra H∗(X; Q) is r0(X)?”
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Introduction

This thesis is centered around the branch of mathematics called rational homotopy

theory. There exists a notion of equivalence between two simply connected topolog-

ical spaces X and Y called “rational homotopy equivalence,” weaker than homotopy

equivalence, denoted

X ≃Q Y.

We say that X ≃Q Y if there exists a continuous map f : X → Y which induces an

isomorphism between higher rational homotopy groups (n ≥ 2)

πn(f)⊗Q : πn(X)⊗Q
∼=
−→ πn(Y )⊗Q.

Rational homotopy equivalence ignores the torsion subgroup in homotopy groups,

because tensoring an abelian group G by Q corresponds to quotienting out by the

torsion subgroup of G, in addition to turning G into a vector space over the ratio-

nals. This means that some homotopy information is lost through rational homotopy

equivalence and this is why it is weaker than homotopy equivalence.

On the other hand, rational homotopy equivalence has the considerable advantage

of simplifying the picture sufficiently such that topological spaces can be completely

substituted by a corresponding“algebraic object”which encodes all the rational homo-

topy information of the space. This is the bijective correspondence between “minimal

Sullivan models” and “rational homotopy types” and it is key to the power of rational
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Introduction 2

homotopy theory.

This algebraic counterpart to a topological space, called a minimal Sullivan

model, was discovered by Sullivan [36], who in turn proved the bijective correspon-

dence (restricting ourselves to spaces which are simply connected CW complexes with

rational homology of finite type and to minimal Sullivan models which are 1-connected

and of finite type)

{
rational homotopy

types

}
∼=
←→





isomorphism classes of
minimal Sullivan models

over Q





The minimal Sullivan model associated to a space X via this correspondence is

a commutative differential graded algebra of the form (ΛV, d), where ΛV denotes the

“free commutative graded algebra” on the graded rational vector space V = {V n}n≥2.

The minimal Sullivan model (ΛV, d) is related to the spaceX by the properties (n ≥ 0)

Hn(ΛV, d) ∼= Hn(X; Q) and HomZ(V n,Q) ∼= πn(X)⊗Q.

All the rational homotopy information of a space is encoded in its corresponding

minimal Sullivan model, which is a particularly manageable and well-behaved type of

algebraic object, explaining the computational power of rational homotopy theory. In

fact, since a minimal Sullivan model is “free commutative” over a set of generators, its

multiplicative structure is particularly straightforward. Moreover, a minimal Sullivan

model is “well-behaved” in the sense that the ground ring is the field Q, which means

that the model is comprised of a sequence of rational vector spaces connected by linear

maps, reducing many computations to a linear algebra problem over the rationals.

A homotopy invariant of particular interest in rational homotopy is the Lusternik–

Schnirelmann category of a space X, denoted cat(X), defined to be the least integer

k such that X can be covered by k+1 open sets, each contractible in X. There exists
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a “rational approximation” to cat(X), formulated in terms of the minimal Sullivan

model of X, which we call the rational Lusternik–Schnirelmann category of X and

denote cat0(X). The rational L.-S. category cat0(X) approximates cat(X) in the

sense that

cat0(X) ≤ cat(X).

The goal of this thesis is to investigate a rational homotopy invariant called the

rational retraction index of a space X and denoted r0(X). It is very closely related

to the rational L.-S. category and it satisfies

0 ≤ r0(X) ≤ cat0(X).

In the original article where Cuvilliez et al. [4] introduced the rational retraction

index, it was used as a tool to help provide a better upper bound on the rational L.-S.

category of the total space of a fibration.

It is known that r0(S
n) = 1 and that r0(CP n) = 1. The goal of this thesis is to

understand how to compute r0(X) for many other spaces X, where the computations

might be more involved. Each chapter, from chapter 1 through chapter 3, is built

towards the idea of reaching this goal. We limit ourselves to computing r0(X) for

examples where X is a “rationally elliptic space,” which means that H∗(X; Q) and

π∗(X)⊗Q are both finite dimensional.

In addition to computing r0(X) for new examples of spaces X, we also try to

answer a question posed in the original article, namely

“If X is formal, what invariant of the algebra H∗(X; Q) is r0(X)?”

where a formal space X is a space whose minimal Sullivan model is completely de-

termined by the cohomology algebra H∗(X; Q).

We formulate at the end of this thesis a conjecture that, if verified, would answer

this question.
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In chapter 1, we fix the notation and terminology and recall basic concepts

and definitions related to homotopy theory, including CW complexes and homotopy

groups.

In chapter 2, we explain all the algebraic machinery required for rational homo-

topy theory. We also give examples of how to find the minimal Sullivan model of a

topological space.

In chapter 3, we focus on the rational Lusternik–Schnirelmann category of a

space, which is defined in terms of the minimal Sullivan model (ΛV, d) ofX, as follows.

For any integer m ≥ 1, the notation Λ>mV stands for the subspace consisting of all

words in ΛV of length greater than m. It is a differential ideal of ΛV and so there is

a projection map onto the quotient ΛV/Λ>mV

πm : (ΛV, d) −→ (ΛV/Λ>mV, d̄).

It will be shown that it is always possible to add generators in (ΛV, d) and to extend

the differential d to those new generators to obtain a relative Sullivan model of the

form (Λ(V ⊕ V ′), d′) such that there exists a map

ϕm : (Λ(V ⊕ V ′), d′) −→ (ΛV/Λ>mV, d̄)

satisfying

(i) ϕm ◦ λm = πm, where λm : (ΛV, d) →֒ (Λ(V ⊕ V ′), d′) denotes the inclusion,

(ii) ϕm induces an isomorphism in cohomology.

The rational Lusternik–Schnirelmann category of X, denoted cat0(X), is the least

positive integer m such that the inclusion λm admits a retraction ρ : (Λ(V ⊕V ′), d′)→

(ΛV, d), where a retraction ρ is a map of commutative differential graded algebras

satisfying ρ ◦ λm = id(ΛV,d).
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One of the most important properties of cat0(X) is the additivity formula (for

simply connected CW complexes with rational homology of finite type)

cat0(X × Y ) = cat0(X) + cat0(Y ),

which is false in general for cat(X).

There exist a few other invariants that can be computed from a minimal Sullivan

model which “approximate” the L.-S. category of X. Those invariants are easier to

compute and provide a good approximation for many important classes of spaces. In

particular, for rationally elliptic spaces, cat0(X) reduces to another invariant e0(X),

the “rational Toomer invariant.” Also, in the case of formal spaces, cat0(X) reduces

to the computation of the cohomology cup-length.

Finally, in chapter 4, we introduce the rational retraction index, r0(X). The

definition of r0(X) is related to that of cat0(X), such that it is necessary to first

compute cat0(X) before computing r0(X) becomes possible. We start by listing the

basic properties of r0(X). Afterwards, we show detailed computations of r0(X) for

different examples of rationally elliptic spaces X. Finally, we list all spaces for which

the rational retraction index is known to us and we formulate our conjecture for formal

spaces.



Chapter 1

Topological preliminaries

In this section, we will fix some notation from topology and review concepts from ho-

motopy theory. It is assumed that the reader is already familiar with the fundamental

group, singular homology and singular cohomology.

1.1 Notation

Throughout this thesis, a space will always refer to a normal Hausdorff path-connected

topological space.

The notation Sn stands for the n-sphere Sn = {x ∈ Rn+1 | ||x|| = 1}. In

particular, S0 = {−1, 1}.

The notation Dn stands for the n-disk Dn = {x ∈ Rn | ||x|| ≤ 1}.

The notation I stands for the unit interval [0, 1] ⊂ R.

We denote the disjoint union of two spaces X and Y by X
∐
Y .

1.2 Basic definitions

A pointed space is a pair (X, x0) where X is a space and x0 ∈ X. We call the point

x0 the base point of (X, x0). We say that a map of pointed spaces (X, x0) → (Y, y0)

6



1. Topological preliminaries 7

is a continuous map f : X → Y such that f(x0) = y0.

Consider two continuous maps f, g : X → Y . We say that f is homotopic to

g (denoted f ∼ g) if there exists a continuous map H : X × I → Y such that

H(x, 0) = f(x) and H(x, 1) = g(x) for all x ∈ X. In this case, H is called a homotopy

from f to g.

A continuous map f : X → Y is called a homotopy equivalence if there exists a

continuous map g : Y → X such that gf ∼ idX and fg ∼ idY . In this case, we say

that X and Y have the same homotopy type.

If f, g : (X, x0) → (Y, y0) are two maps of pointed spaces, then we say that f is

pointed homotopic to g if there exists a continuous map H : X × I → Y such that

H(x, 0) = f(x), H(x, 1) = g(x) and H(x0, t) = y0 for all x ∈ X, t ∈ I. In this case,

H is called a pointed homotopy from f to g. Two maps being pointed homotopic is

an equivalence relation on the set of all maps of pointed spaces (X, x0)→ (Y, y0) and

we denote by [(X, x0), (Y, y0)] the set of all equivalence classes under this relation.

A subspace U of a topological space X is said to be contractible in X if the

inclusion map i : U →֒ X is homotopic to a constant map U → {x0} for some point

x0 ∈ X.

The suspension of a space X, denoted ΣX, is the quotient space (X × I)/ ∼,

where (x, 0) ∼ (x′, 0) and (x, 1) ∼ (x′, 1) for any x, x′ ∈ X, equipped with the quotient

topology.

The suspension of a pointed space (X, x0), denoted Σ(X, x0), or just ΣX by abuse

of notation, is the quotient space (X × I)/ ∼, where (x, 0) ∼ (x′, 0), (x, 1) ∼ (x′, 1)

for any x, x′ ∈ X and (x0, t) ∼ (x0, t
′) for any t, t′ ∈ I.

Given two spaces X and Y , with a continuous map f : A ⊂ Y → X, we define

the adjunction space (also“the space obtained by attaching Y to X along f”), denoted

X ∪f Y , to be the quotient

X ∪f Y =
(
X
∐

Y
)/
∼
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under the relation a ∼ f(a) (for any a ∈ A), equipped with the quotient topology.

The map f is called the attaching map.

1.3 CW complexes

In this thesis, we will always be working with spaces which have the homotopy type

of a CW complex.

Definition 1.1. A relative CW complex (X,A) is a space X and a space A such that

X is the union X =
⋃

nX
n, where

(1) X0 = A
∐
Y where Y is a discrete space,

(2) For each n ≥ 0,

Xn+1 = Xn ∪f

(
∐

α∈J

Dn+1
α

)

for some attaching map

f :
∐

α∈J

Sn
α → Xn

(viewing Sn as a subset of Dn+1 under the correspondence ∂Dn+1 ∼= Sn).

where (X,A) is given the “weak topology”, meaning that U ⊂ X is closed if and only

if U ∩Xn is closed for every n ≥ 0.

Definition 1.2. (1) The subspace Xn is called the n-skeleton of (X,A).

(2) If A = ∅, then (X, ∅) is called a CW complex.

(3) When a space is a relative CW complex, we often say that it “admits a cell

decomposition.”

(4) For n ≥ 1, the image en
α of Dn

α in the adjunction space is called a cell of

dimension n (or n-cell). A cell of dimension 0 is the image of a point of Y in

the adjunction space.
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(5) If there exists a cell decomposition such that for some n ≥ 0, X = Xn, then

the relative CW complex (X,A) is said to be finite dimensional. In this case,

the least integer n ≥ 0 such that X admits a cell decomposition with X = Xn

is called the dimension of X.

Example 1.3. (1) The circle S1.

Consider the disk D1 = [−1, 1]. Take X0 = {⋆}, a one-point set. Consider an

attaching map

f : ∂D1 = {−1, 1} −→ {⋆}.

We can see that the corresponding 1-skeleton is X1 = D1 ∪f ⋆ ∼= S1. Hence, S1

is a CW complex of dimension at most 1, with one cell of dimension 1 and one

cell of dimension 0.

(2) The disk D2.

Build X0 and X1 as in the previous example and define the attaching map

f : ∂D2 ∼= S1 → X1 = S1 to be the identity map on S1. The corresponding

2-skeleton is

X2 = D2 ∪id X
1 ∼= D2.

This exhibits the disk D2 as a finite dimensional CW complex with one cell in

each of the dimensions 0, 1 and 2.

(3) More generally, the n-sphere and the n-disk are CW complexes of dimension n.

Remark. The category of spaces having the homotopy type of CW complexes is

quite vast as it encompasses all finite dimensional smooth manifolds (see [31] for the

proof).
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1.4 The complex projective space

There is a space that we will encounter often in examples, which we call the n-

dimensional complex projective space and is denoted by CP n.

The space CP n can be pictured as the collection of all lines through the origin in

Cn+1. Formally, we construct CP n as the quotient (Cn+1\{0})/ ∼, under the relation

(z1, . . . , zn+1) ∼ (λz1, . . . , λzn+1) for any λ ∈ C\{0}.

The space CP n is a CW complex of dimension 2n, with one cell in each even

dimension between 0 and 2n, which we write as CP n = e0 ∪ e2 ∪ · · · ∪ e2n.

Moreover, CP n has a particularly simple singular homology sequence. If we fix

a commutative ring R, then

Hi(CP
n;R) ∼=






R if i = 0, 2, 4, . . . , 2n,

0 otherwise.

Its singular cohomology is isomorphic to its singular homology and the multiplicative

structure is the truncated polynomial ring H∗(CP n;R) ∼= R[x]/(xn+1), with x in

degree 2.

The infinite dimensional complex projective space CP∞ =
⋃∞

k=0 CP k is an infinite

dimensional CW complex with one cell in each even dimension. Its cohomology is the

polynomial ring R[x] with x in degree 2.

1.5 Homotopy groups

In this section, we define higher homotopy groups.

Let X be any space, fix x0 ∈ X and fix n ≥ 1. Fix some arbitrary base point

in the n-sphere that we shall denote by ⋆. We now have pointed spaces (X, x0) and

(Sn, ⋆).
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Definition 1.4. The n-th homotopy group of X with base point x0 is defined as the

set of all pointed homotopy equivalence classes

πn(X, x0) = [(Sn, ⋆), (X, x0)].

Remark. In the case n = 0, the definition of π0(X, x0) still applies verbatim, except

that π0(X, x0) is not a group in general. We call π0(X, x0) the set of path-connected

components of X.

For n ≥ 1, we can define a group operation on πn(X, x0) as follows. Consider

[f ], [g] ∈ πn(X, x0) and use the homeomorphism Σ(Sn−1, ⋆) ∼= (Sn, ⋆) to define [f ]+[g]

to be the map represented by f + g : (ΣSn−1, ⋆)→ (X, x0), where

(f + g)(x, t) =





f(x, 2t) if 0 ≤ t ≤ 1
2
,

g(x, 2t− 1) if 1
2
≤ t ≤ 1

for any x ∈ Sn−1 and t ∈ I.

This operation is well defined and makes πn(X, x0) into a group.

Remarks. (1) We will always assume a space to be path-connected. Since πn(X, x0) ∼=

πn(X, y0) if x0 and y0 are in the same path-component, it follows that we can

ignore the base point. Thus, from now on we will always write πn(X) for the

n-th homotopy group of X, ignoring the choice of a base point.

(2) For n ≥ 2, πn(X) is always an abelian group (see [20], Chapter 4).

(3) If ϕ : X → Y is a continuous map, then there is an induced map πn(ϕ) :

πn(X) → πn(Y ), defined by [f ] 7→ [ϕ ◦ f ]. In fact, πn is a functor from the

category of topological spaces and continuous maps to the category of groups

and group homomorphisms (for n ≥ 1).
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1.6 Homotopy theory

Basic definitions.

(1) Suppose that we are working over a field F . The singular homology H∗(X;F )

of a space is said to be of finite type if H∗(X;F ) is finite dimensional in every

degree. Similarly, the singular cohomology of a space is of finite type if it is

finite dimensional in every degree.

(2) A space X is simply connected if it is path-connected and π1(X) = 0.

(3) More generally, a space X is said to be 0-connected if it is path-connected and

it is said to be r-connected (r ≥ 1) if it is path-connected and πi(X) = 0 for

1 ≤ i ≤ r. In particular, 1-connected just means simply connected.

The following result due to Whitehead [40] justifies why we restrict ourselves to spaces

having the homotopy type of a CW complex.

Theorem 1.5 (Whitehead). Let X and Y be path-connected CW complexes and let

f : X → Y be a continuous map such that the induced homomorphism

πn(f) : πn(X)→ πn(Y )

is an isomorphism for every n ≥ 1. Then, f is a homotopy equivalence.

The original article contains a proof for finite dimensional CW complexes. For

an arbitrary CW complex, see for example the proof in [20], Theorem 4.5.

Next, we introduce two types of spaces which are particularly useful in homotopy

theory.

Definition 1.6. If G is a group and n a positive integer, then a space X is said to

be an Eilenberg–Mac Lane space K(G, n) if πn(X) ∼= G and πi(X) is trivial for i 6= n.
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Examples. The sphere S1 is a K(Z, 1) space. The infinite complex projective space

CP∞ is a K(Z, 2) space. For any group G, there exists a CW complex which is a

K(G, 1) space. Moreover, for any abelian group G and any n > 1, there exists a CW

complex which is K(G, n) space. See [6] for more details.

Definition 1.7. If G is an abelian group and n a positive integer, then a space X

is called a Moore space M(G, n) if it satisfies Hn(X; Z) ∼= G and H̃i(X; Z) = 0 for

i 6= n.

Examples. The n-sphere is a Moore space M(Z, n) for n ≥ 1.



Chapter 2

Algebraic preliminaries

In this chapter we introduce the algebraic structures that are required to understand

rational homotopy theory. Throughout this section, the ground field will be Q.

Recall that every space is assumed to have the homotopy type of a CW complex.

2.1 Graded vector spaces

Definition. A graded vector space is a family V = {V i}i≥0 of vector spaces (over

the field Q), indexed by the non-negative integers. Elements v ∈ V i are said to have

degree i and we denote this by |v| = i. A graded vector space V is concentrated in

degree i ∈ I (I ⊂ N) if V i = 0 for every i /∈ I, and in this case, we would write

V = {V i}i∈I . A graded vector space V is said to be of finite type if each V i is

finite dimensional. A graded vector space V is finite dimensional if each V i is finite

dimensional and if V i = 0 for all but finitely many i’s.

Now, we will need to introduce some notation for graded vector spaces. Define

V + to be the graded vector space {V i}i≥1. Similarly, if k ≥ 0, define V ≥k to be

the graded vector space {V i}i≥k. The graded vector spaces V >k, V ≤k and V <k are

defined analogously. We also define V even = {V 2i}i≥0 and V odd = {V 2i+1}i≥0.

14
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Examples. (i) The field of rational numbers Q can be regarded as a graded vector

space concentrated in degree 0.

(ii) The rational singular homology Hn(X; Q) of a topological space X is a sequence

of vector spaces over Q and hence is a graded vector space.

Remark. It is important to note that graded vector spaces lack additional graded

structure. For example, given a graded vector space V , there is no addition defined

for an element of V i and an element of V j if i 6= j. There is an alternative point of

view where the graded vector space is seen as the direct sum V =
⊕

V i (and hence

addition of vectors is always formally defined). This is also why elements of V i are

referred to as homogeneous elements of degree i (in contrast with a formal sum of

elements of different degrees).

Basic constructions. Typical constructions from linear algebra usually carry over

to graded linear algebra in a natural way. We illustrate many useful constructions

that will come up later.

(i) A subspace of a graded vector space U ⊂ V is a graded vector space {U i}i≥0

such that U i is a subspace of V i for each i ≥ 0.

(ii) Given a subspace U of a graded vector space V , the quotient of V by U is the

graded vector space V/U = {V i/U i}i≥0.

(iii) Given two graded vector spaces V and W , the direct sum of V and W is the

graded vector space V ⊕W = {V i ⊕W i}i≥0.

(iv) Given two graded vector spaces V and W , the tensor product of V and W is

the graded vector space

V ⊗W =

{
⊕

j+k=i

V j ⊗W k

}

i≥0

.
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In particular, this means that an element v⊗w ∈ V j⊗W k has degree |v⊗w| =

j + k.

Definition. A linear map of degree n from a graded vector space V to a graded vector

space W is a family of linear maps fi : V i →W i+n (for each i ≥ 0).

Definition. A differential on a graded vector space V is a linear map d : V → V of

degree 1 such that dn+1 ◦ dn = 0 for any n ≥ 0.

Definition. Any graded vector space V equipped with a differential d has an as-

sociated cohomology algebra H(V, d) defined by Hn(V, d) = ker dn/ Im dn−1 for each

n ≥ 1 and by H0(V, d) = ker d0. The elements of ker dn are called n-cocycles and the

elements of Im dn are called n-coboundaries.

2.2 Commutative differential graded algebras

Definition. A graded algebra A is a graded vector space equipped with a linear map

A⊗A→ A of degree zero, called multiplication and denoted by x⊗y 7→ xy, together

with an identity element 1 ∈ A0, such that for all x, y, z ∈ A,

(xy)z = x(yz) and 1x = x1 = x.

A morphism of graded algebras ϕ : A → B is a linear map of degree zero such

that ϕ(xy) = ϕ(x)ϕ(y) for all x, y ∈ A and such that ϕ(1) = 1.

A graded algebra A is commutative if

xy = (−1)|x||y|yx for all homogeneous elements x, y ∈ A.

In this case we will call A a “cga” (short for commutative graded algebra).
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A derivation of degree k in a graded algebra A is a morphism d : A → A of

degree k such that

d(xy) = (dx)y + (−1)k|x|x(dy) for all x, y ∈ A.

This is essentially the graded version of the Leibniz product rule from differential

calculus.

If A is a graded algebra, then a left ideal I of A is a graded subspace of A such

that if x ∈ A and y ∈ I, then xy ∈ I. A right ideal is defined analogously and we

simply refer to two-sided ideal as ideals.

Example. Given two graded algebras A and B, the tensor product A⊗B admits a

graded algebra structure. We define the multiplication as

(a⊗ b) · (a′ ⊗ b′) = (−1)|b||a
′|aa′ ⊗ bb′ a ∈ A, b ∈ B.

Note: The sign convention ensures that the tensor product of two commutative graded

algebras is still commutative.

Definition. A commutative differential graded algebra (cdga for short) is a commuta-

tive graded algebra A equipped with a differential d : A→ A which is also a derivation.

We usually denote the pair as (A, d). A morphism of cdga’s f : (A, d) → (B, d) is a

graded algebra morphism f : A→ B such that fd = df .

Whenever (A, d) is a cdga, Im d is an ideal of the subalgebra ker d, so it follows

that its cohomology H(A, d) is also a cga with the obvious multiplication (that is if

a, a′ ∈ A are two cocycles, then define [a][a′] = [aa′]).

Definition. A morphism f : (A, d) → (B, d) between to cdga’s is called a quasi-

isomorphism if the induced map in cohomology H(f) : H(A, d) → H(B, d), [x] 7→
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[f(x)] is an isomorphism. We denote the arrow by (A, d)
≃
−→ (B, d) to indicate a

quasi-isomorphism.

Example. Given two graded cdga’s (A, d) and (B, d), the tensor product A ⊗ B

admits a cdga structure with the multiplication given earlier and with differential

d(a⊗ b) = (da)⊗ b+ (−1)|a|a⊗ (db) a ∈ A, b ∈ B.

2.3 Free commutative graded algebras

Let V be a graded vector space. The tensor algebra TV is the graded vector space

TV =
∞⊕

k=0

T kV where T 0V = Q, T kV = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k times

(k ≥ 1).

It is a graded algebra. Multiplication is defined as follows: if x ∈ T kV , y ∈ T lV , then

xy = x ⊗ y ∈ T k+lV . The identity is 1 ∈ T 0V . Elements in T kV are said to have

word length k.

Next, consider the ideal I ⊂ TV generated by all elements of the form x ⊗ y −

(−1)|x||y|y ⊗ x (for all x, y ∈ V ).

Definition. The following quotient

ΛV = TV
/
I

is a commutative graded algebra, called the free commutative graded algebra (free

cga) on V .

Denote by ΛkV the image of the natural projection T kV −→ ΛV . Elements of

ΛkV are said to have word length k.

Next, we introduce a very useful proposition.
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Proposition 2.1. Let V be a graded vector space and A a commutative graded algebra.

(i) Any linear map V → V of degree k extends to a unique derivation ΛV → ΛV

of degree k.

(ii) Any linear map V → A of degree 0 extends to a unique morphism of cga’s

ΛV → A.

Remarks. (i) Whereas ΛkV stands for all elements of word length k, it is not to

be confused with the notation (ΛV )k, which stands for all elements in ΛV of

degree k.

(ii) We often write Λ(v1, v2, . . .) instead of ΛV if {v1, v2, . . .} is a basis of V .

(iii) Consider v ∈ V k. If k is odd, then v2 = 0. This follows from the commutativity

of ΛV , which says that v2 = (−1)k2

v2 = −v2. Hence 2v2 = 0, and so v2 = 0.

(iv) If V and W are graded vector spaces, then there is a canonical isomorphism of

cga’s

Λ(V ⊕W ) ∼= ΛV ⊗ ΛW

specified by v 7→ v ⊗ 1 for any v ∈ V and w 7→ 1⊗ w for any w ∈ W . We will

frequently make implicit use of this isomorphism.

(v) Recall that V even = {V 2n}n≥0 and V odd = {V 2n+1}n≥0. It follows that

ΛV ∼= Symm(V even)⊗ Exterior(V odd)

where Symm(V even) is the symmetric algebra on V even and Exterior(V odd) is the

exterior algebra on V odd.

Note. The differential on ΛV .

If there is a differential d defined on ΛV , then d is completely characterized by

its values on V . Indeed, the restriction of d to V is a linear map V → ΛV of degree
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1, so it extends uniquely to a derivation ΛV → ΛV of degree 1 by Theorem 2.1,

determining the values of d on ΛV .

Definition 2.2. If such a map d is provided, we call the cdga (ΛV, d) the free com-

mutative differential graded algebra (free cdga) on V , with differential d.

Remark. It is not true that any linear map d : V → ΛV of degree 1 extends to a

differential on ΛV . It is necessary to check that the extension d : ΛV → ΛV satisfies

d2 = 0. However, it is easy to check that if d is a derivative of odd degree, d2 is a

derivation of even degree, and so one would only need to verify that d2 = 0 on V .

If (ΛV, d) is a free cdga, then the differential d can always be written as a sum

d = d0 + d1 + d2 + · · · of derivations di of degree 1, where di increases the length of a

word by exactly i. If we restrict di to ΛkV , this gives rise to linear maps di : ΛkV →

Λk+iV .

Definition 2.3. Let (ΛV, d) be a free cdga, then we call d0 the linear part of the

differential and d1 the quadratic part of the differential. We say that a free cdga

(ΛV, d) is quadratic if d = d1.

Example 2.4. Consider a graded vector space V with basis {a, b} such that a ∈ V 2

and b ∈ V 5. Now define a linear map d (of degree 1) by da = 0 and db = a3.

It follows that d extends uniquely to a derivation d : ΛV → ΛV . Moreover, since

d(da) = d(db) = 0, as indicated in the remark above, we can deduce that d2 = 0 on

ΛV by induction on the word length together with the Leibniz product rule. This

makes d into a differential on ΛV , as desired, so that (ΛV, d) is a free cdga.

Because |b| = 5 is odd, it follows that b2 = 0. Therefore, a basis for (ΛV, d) would

be

1, b, a, ab, a2, a2b, a3, a3b, . . .

and the differential on such a basis can easily be computed using the Leibniz product
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rule. We get

d(1) = 0, d(b) = a3, da = 0, d(ab) = a4, d(a2) = 0, d(a2b) = a5, d(a3) = 0, . . .

It is now possible to calculate the cohomology H(Λ(a, b), d). We see that a and a2 are

cocycles which are not coboundaries, but for n ≥ 3, every cocycle an is a coboundary,

since d(an−3b) = an. Moreover, the unit 1 ∈ Λ(a, b) is always a cocycle which is not

a coboundary, but other than that there are no other cocycles in (Λ(a, b), d). So,

H(Λ(a, b), d) = Q · [1]⊕Q · [a]⊕Q · [a2].

2.4 Sullivan models

Now, we introduce one of the most important concepts in rational homotopy theory,

the notion of a Sullivan algebra (or Sullivan model). Basically, Sullivan algebras are

the “minimal models” of cdga’s, in the sense that all the homotopy information in a

cdga can be encoded in a corresponding (unique up to isomorphism) Sullivan algebra.

We will see that two cdga’s are considered to be equivalent if there exists a

morphism between them that induces an isomorphism in cohomology. Also, as long

as a cdga has trivial homology in degree 0, then we will see (Theorem 2.7) that there

exists a unique minimal Sullivan algebra (up to isomorphism) equivalent to this cdga.

Definition. A Sullivan algebra is a free commutative differential graded algebra

(ΛV, d) such that

(i) V = {V p}p≥1,

(ii) V =
⋃∞

k=0 V (k), where V (0) ⊂ V (1) ⊂ · · · is an increasing sequence of graded

subspaces such that

d|V (0) = 0 and d : V (k) −→ ΛV (k − 1), k ≥ 1.
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A Sullivan algebra is minimal if d(V ) ⊂ Λ≥2V .

Remarks. (1) If V 1 = 0 and d(V ) ⊂ Λ≥2V , then (ΛV, d) is automatically a minimal

Sullivan algebra. Indeed, in this case we can define V (k) = V ≤k and property (ii) will

be satisfied, because if d increases word length by at least 1 (and degree by 1) and

every element of V has degree 2 or greater, then clearly d(V ≤k) ⊂ Λ(V ≤k−1).

(2) A Sullivan algebra is minimal if and only if d0 = 0, where d0 is the linear part of

d.

Example. Consider the algebra (Λ(x, y, z), d) with |x| = |y| = |z| = 1 and dx = yz,

dy = zx and dz = xy. In this case (Λ(x, y, z), d) is not a Sullivan algebra because it

fails to satisfy condition (ii).

Example. The algebra (Λ(x, y), d) with |x| = 2, |y| = 5, dx = 0 and dy = x3 is an

example of a minimal Sullivan algebra.

Example. The quadratic part of a minimal Sullivan algebra.

If (ΛV, d) is a minimal Sullivan algebra, then (ΛV, d1) is also a minimal Sullivan

algebra. Indeed, because (ΛV, d) is minimal, the differential d decomposes as d =

d1 + d2 + d3 + · · · (since d0 = 0). Now, because d1 increases word length by 1, it

follows that d2
1 increases word length by exactly 2. However, a quick argument shows

that d2−d2
1 increases word length by at least 3. Since d2 = 0, this implies that d2

1 = 0,

since d2
1 cannot both increase word length by exactly 2 and by more than 2 at the

same time, unless it is the zero map.

Hence, whenever (ΛV, d) is minimal, the quadratic part d1 of d is a differential.

In this case, (ΛV, d1) is clearly a minimal Sullivan algebra.

Those minimal Sullivan algebras whose differential is entirely quadratic constitute

an important class of Sullivan algebras for our purposes, since they will turn out to

be the trivial case when it comes to computing the rational retraction index, as we

will see in chapter 4. Therefore, we make the following
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Definition. A minimal Sullivan algebra (ΛV, d) is said to be quadratic if d = d1.

Sullivan algebras are particularly tractable types of cdga’s with the property that for

every cdga (A, d) withH0(A, d) = Q, there is an associated Sullivan algebra connected

to (A, d) by a quasi-isomorphism.

Definition 2.5. Let (A, d) be a cdga. A Sullivan model for (A, d) is a quasi-

isomorphism m : (ΛV, d)
≃
−→ (A, d) from a Sullivan algebra (ΛV, d).

Remark. Even though a Sullivan model is a map m : (ΛV, d)
≃
−→ (A, d), we often

just refer to (ΛV, d) as the Sullivan model, by abuse of notation, when no confusion

will arise.

Example 2.6. Let’s see how we can construct a Sullivan model in practice. For exam-

ple, consider the cohomology of the complex projective plane (A, d) = (H∗(CP 2; Q), 0)

as a cdga equipped with the zero differential. Recall that H∗(CP 2; Q) ∼= Q[x]/(x3),

with x ∈ H2(CP 2; Q). That is A0 = Q · 1, A2 = Q · x, A4 = Q · x2, Ai = 0 for any

i 6= 0, 2, 4 and d = 0.

Construct (ΛV, d) as follows. First, introduce a generator a ∈ V 2 of degree 2 and

define da = 0. Next, introduce a generator b ∈ V 5 of degree 5 and define db = a3.

This defines a Sullivan algebra (ΛV, d) = (Λ(a, b), d). Now, define a Sullivan model

m : (Λ(a, b), d)→ (A, d) by m(a) = x and m(b) = 0. To check that this extends to a

well-defined morphism of cdga’s, it is sufficient to check that m(da) = dm(a) and that

m(db) = dm(b), which is true. Next, we have to check that m is a quasi-isomorphism.

Computing a basis for the cohomology of (ΛV, d) we obtain 1, [a] and [a2]. Because m

must preserve multiplication, it follows that H(m)(1) = 1, H(m)([a]) = [m(a)] = x,

H(m)([a2]) = [m(a2)] = x2. Hence, H(m) maps a basis to a basis and is therefore an

isomorphism.

Observe that (Λ(a, b), d) is minimal.
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2.5 Relative Sullivan models

Next, we will introduce relative Sullivan models, which serve as “minimal models” of

morphisms between cdga’s.

Definition. Let ϕ : (A, d) → (B, d) be a morphism of cdga’s and suppose that

H0(A) = Q. A relative Sullivan model for ϕ is a quasi-isomorphism of cdga’s of the

form

m : (A⊗ ΛV, δ)
≃
−→ (B, d)

where m|A = ϕ and satisfying the following conditions

(i) δ extends d in the sense that δ = d on A,

(ii) 1⊗ V = V = {V p}p≥1,

(iii) V =
⋃∞

k=0 V (k), where V (0) ⊂ V (1) ⊂ · · · is an increasing sequence of graded

subspaces such that

d : V (0)→ A and d : V (k)→ A⊗ ΛV (k − 1), k ≥ 1.

Definition. A relative Sullivan model (A⊗ ΛV, δ) is minimal if

δ(A⊗ ΛV ) ⊂ A+ ⊗ ΛV + A⊗ Λ≥2V.

Remark. (1) Whereas m is called a relative Sullivan model for ϕ, we call (A⊗ΛV, δ)

a relative Sullivan algebra.

(2) We will frequently abuse notation by using the symbol d to stand for both δ and

d, when there is no danger of confusion.

(3) Given a cdga (B, d), a relative Sullivan model for the unique morphism (Q, 0)→

(B, d) is just a Sullivan model for (B, d). Therefore, any result for relative Sullivan

models also applies to Sullivan models as a particular case.
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Theorem 2.7 (Existence and uniqueness of relative Sullivan models).

Suppose ϕ : (A, d) −→ (B, d) is a morphism of cdga’s. If H0(A) = Q, H0(B) = Q

and H1(ϕ) is injective, then ϕ has a minimal relative Sullivan model

m : (A⊗ ΛV, δ)
≃
−→ (B, d).

Moreover, if m′ : (A ⊗ ΛW, δ′)
≃
−→ (B, d) is also a minimal relative Sullivan model

for ϕ, then there is an isomorphism

(A⊗ ΛV, δ) ∼= (A⊗ ΛW, δ′).

We refer the reader to Theorem 6.1 and Theorem 6.2 of [17] or to Theorem 14.12

of [10] for a proof. Although we do not give the proof of this theorem here, we will

however illustrate its application with the next example.

Remark. When the morphism is ϕ : (Q, 0) → (B, d), then H1(ϕ) is automati-

cally injective. Thus, a cdga (B, d) has a unique minimal Sullivan model as long as

H0(B, d) = Q.

Example. We will construct a relative Sullivan model for the following morphism.

Fix x ∈ Q\{0} and consider

(Λ(a2, b5), da = 0, db = a3)
ϕ

−−−−→ (Λ(α2, β3), dα = 0, dβ = α2)

a 7−−−−→ xα

b 7−−−−→ x3αβ

Note that the subscripts represent the degree of each element here. As can be verified,

this is a morphism of cdga’s. To construct a relative Sullivan model, we need to extend

(Λ(a2, b5), d) to a cdga of the form (Λ(a2, b5) ⊗ ΛV, d) such that the cohomology

H(Λ(a2, b2) ⊗ ΛV, d) is isomorphic to H(Λ(α2, β3), d) (and we also need to extend ϕ
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to a morphism m : (Λ(a2, b5) ⊗ ΛV, d)
≃
−→ (Λ(α2, β3), d) such that m induces this

isomorphism in cohomology).

Start by defining m on Λ(a, b) by m|Λ(a,b) = ϕ. The first step is then to compute

the cohomology of (Λ(α2, β3), d). A straightforward computation reveals that a basis

in cohomology is 1, [α]. Now, on the other hand, we already computed in Exam-

ple 2.4 that the cohomology of (Λ(a2, b5), d) is given by the basis 1, [a], [a2]. Hence,

to obtain an isomorphism in cohomology it is necessary to “kill off” the cocycle a2

(by making it into a coboundary). Thus, first introduce a generator s ∈ V 3 with

differential ds = a2. Define m(s) = x2β (this is necessary in order for m to satisfy

dm = md and be a morphism of cdga’s). At this point, having “killed off”a2, we have

isomorphic cohomologies up to at least degree 4. However, if we compute the coho-

mology of (Λ(a2, b5)⊗Λ(s3), d), we find out that there is a new cocycle (which is not

a coboundary) in degree 5, namely b−as. Indeed, d(b−as) = a3−a3 = 0 and [b−as]

is not 0 in cohomology. Hence, we need to “kill off” b−as by introducing t ∈ V 4 with

dt = b− as. We define m(t) = 0 and this guarantees that m is a morphism of cdga’s.

Now, it follows that we have isomorphic cohomologies up to at least degree 5.

However, a computation of the cohomology reveals that H(Λ(a, b)⊗Λ(s, t), d) =

Q · [1] ⊕ Q · [a]. Hence, we have constructed a cdga with cohomology isomorphic

to H(Λ(α, β), d), as desired, and such that m induces this isomorphism (because

H(m)([1]) = [m(1)] = [1] and H(m)([a]) = [m(a)] = [α]). Furthermore, d(Λ(a, b) ⊗

Λ(s, t)) ⊂ Λ+(a, b)⊗ Λ(s, t). Hence, m is a minimal relative Sullivan model of ϕ.

Remark. It is not guaranteed in general that this process stops after a finite number

of steps. In practice there will often be an infinite number of generators to be added.

Example. The acyclic closure of a free cdga.

Consider a free cdga (ΛV, d). There is a unique morphism ϕ : (ΛV, d) −→ (Q, 0).

A relative Sullivan model (ΛV ⊗ ΛZ, d) for ϕ is called an acyclic closure of (ΛV, d),
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because it has the obvious property that

Hn(ΛV ⊗ ΛZ, d) =






Q if n = 0,

0 if n 6= 0.

We introduce some new notation: define V , called the suspension of V , by V
i
= V i+1

(denote by v̄ ∈ V
i
the element v ∈ V i+1).

An acyclic closure of (ΛV, d) can always be chosen of the form (ΛV ⊗ΛV , d) (see

[10] Chapter 14, section (b), Example 1). Moreover, the linear part d0 of d, when

restricted to V , is an isomorphism d0 : V
∼=
−→ V . This means that for any generator

v̄ ∈ V , the differential has the form d(v̄) = v + ω for some ω ∈ Λ≥2(V ⊕ V ).

The reason why (ΛV ⊗ ΛV , d) is an acyclic closure of (ΛV, d) follows from a

topological argument. We refer the reader to [12], Example 2.66, for the proof.

Next, we will introduce the very important “lifting property,” a technical result

that is used in many proofs.

Theorem 2.8 (Lifting property). Suppose that (A ⊗ ΛV, d) is a relative Sullivan

algebra and suppose that we are given the following commutative square

(A, d)
α - (B, d)

(A⊗ ΛV, d)

i

? ψ -
......

......
......

......
......

......
....

ϕ
-

(C, d).

η ≃

?

Suppose further that i is the inclusion map and η is a surjective quasi-isomorphism.

Then, there exists a morphism ϕ : (A⊗ΛV, d)→ (B, d) such that ϕi = α and ηϕ = ψ

(we say that ϕ is a “lift” of ψ through η).

The reader is referred to Lemma 14.4 in [10] for a proof.
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2.6 Rational homotopy theory

In this section, we briefly explain some aspects of rational homotopy theory and then

give the results that will be relevant to our study.

Definition. We say that a simply connected space X is rational if its homotopy

groups π∗(X) are vector spaces over Q.

Here a remark is in order about what it means for a group to be a “vector space

over Q.” First, since X is simply connected and higher homotopy groups (n ≥ 2)

are always abelian, it follows that the groups π∗(X) are actually abelian groups in

each degree. A vector space is not that different from an abelian group in the sense

that if we forget about scalar multiplication, a vector space along with its addition

is an abelian group. Hence, an abelian group merely lacks a scalar multiplication

by rational numbers (satisfying the vector space axioms) to become a rational vector

space. As it turns out, an abelian group G admits a rational vector space structure

if and only if G is divisible and torsion-free. In this case, the scalar multiplication by

rationals is uniquely determined, as is easy to verify.

Moreover, tensoring an abelian group G by the abelian group of rational numbers

Q will “kill off” the torsion in G. In fact, the tensor product G⊗Z Q is always torsion-

free 1 and divisible (where ⊗Z stands for the tensor product of Z-modules).

It follows from the remarks above that if X is a rational space, then π∗(X)⊗Q ∼=

π∗(X).

Definition. A rationalization of X is a continuous map ϕ : X → X ′ where X ′ is

simply connected and rational and such that

πn(ϕ)⊗Q : πn(X)⊗Q −→ πn(X ′)⊗Q ∼= πn(X ′)

1If g ∈ G is torsion, i.e. ng = 0 for some positive integer n, then in G ⊗Z Q we have g ⊗ 1 =
g ⊗ n

n
= (ng) ⊗ 1

n
= 0 ⊗ 1

n
= 0. It follows from this that G ⊗ Q is torsion-free. Moreover, G ⊗ Q

becomes a rational vector space with an obvious scalar multiplication by rationals: if a ∈ Q and
g ⊗ b ∈ G⊗Q, then define a · (g ⊗ b) = g ⊗ (ab).
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is an isomorphism for each n ≥ 1.

Every simply connected space admits a rationalization:

Theorem 2.9. If X is a simply connected space, then there exists a relative CW

complex (XQ, X) with no 0-cells and no 1-cells such that the inclusion ϕ : X → XQ is

a rationalization. Moreover, given any continuous map f : X → Z for some simply

connected rational space Z, there exists a map f̃ : XQ → Z making the following

diagram

X
f - Z

XQ

f̃

6

ϕ
-

commute.

The construction of the rationalization XQ of a space X is originally due to

Sullivan [35] (inspired by earlier developments from Serre [34]). However, we refer the

reader to [10], Theorem 9.7, for a proof.

Definition 2.10. The rational homotopy type of a simply connected space X is the

homotopy type of a rationalization XQ of X. If two simply connected spaces X and

Y have the same rational homotopy type, we write X ≃Q Y . This is an equivalence

relation, which we call rational homotopy equivalence.

The rational homotopy type is well defined and we present here the reason.

Proposition 2.11. All rationalizations of X have the same homotopy type.

Proof. If ϕ : X → XQ and ϕ′ : X → X ′
Q are two rationalizations of X, then by

Theorem 2.9, there exists a continuous map g : XQ → X ′
Q such that g ◦ ϕ = ϕ′.

Next, using the functoriality of πn and of the tensor product, we get the equation
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(πn(g)⊗Q) ◦ (πn(ϕ)⊗Q) = πn(ϕ′)⊗Q. However, πn(ϕ)⊗Q and πn(ϕ′)⊗Q are by

hypothesis assumed to be isomorphisms, therefore πn(g)⊗Q must be an isomorphism

as well. Now, if πn(g) ⊗ Q is an isomorphism, this means that πn(g) is also an

isomorphism (since XQ and X ′
Q are rational spaces, thus πn(XQ)⊗Q ∼= πn(XQ) and

πn(X ′
Q) ⊗ Q ∼= πn(X ′

Q)). Therefore, we conclude that XQ and X ′
Q have the same

homotopy type, according to Whitehead’s theorem (Theorem 1.5). �

2.7 From topology to algebra

Now, we will see how the transition from topological spaces to commutative differ-

ential graded algebras is achieved, so that we can make use of the algebraic tools

introduced earlier.

First, let’s fix some category theory notation, since we will be using functors.

Denote by Top the category of spaces and continuous maps and denote by CDGAQ

the category of cdga’s over the field Q and morphisms of cdga’s.

Given a space X, we can construct a cdga APL(X), called the cdga of piecewise-

linear de Rham forms on X. Moreover, if f : X → Y is any continuous map, then

there is a morphism of cdga’s APL(f) : APL(Y ) → APL(X). This extends to a

contravariant functor from spaces to commutative differential graded algebras

APL : Top −→ CDGAQ.

The construction of APL is originally due to Sullivan [36].

The idea behind the construction of APL(X) for a space X is inspired by the

construction of the de Rham complex of smooth forms on a manifold M . Indeed,

suppose M is a smooth manifold. Let σ : ∆k → M be a smooth k-simplex and let

ω ∈ Ωl(M) be a smooth differential form of degree l on M . If σj : ∆k−1 → ∆k is the

j-th face of σ, then there is a collection of smooth forms on ∆k−1: namely σ∗
jσ

∗ω for
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each j, satisfying some compatibility criteria. The construction of APL is a piecewise-

linear analogue of this, in the sense that if X is a space, then the elements of APL(X)l

are functions which assign to each singular k-simplex of X a “piecewise-linear” l-form

on ∆k, k ≥ 0, satisfying some compatibility criteria.

For the interested reader, all the details of the construction of APL can be found

in chapter 10 of [10].

The APL functor has the following important property.

Theorem 2.12 ([10], Corollary 10.10). For any space X, the cohomology of APL(X)

is isomorphic to the rational singular cohomology of X, i.e.

H∗(X; Q) ∼= H(APL(X)).

Conversely, there is a spatial realization functor (also contravariant)

〈 〉 : CDGAQ −→ CW complexes.

It is obtained by composition of Sullivan’s simplicial realization functor“CDGAQ −→

simplicial sets”(introduced in [36]) and Milnor’s realization functor“simplicial sets −→

CW complexes” (introduced in [32], alternatively see Chapter III of [30]).

This functor has the following two important properties

Theorem 2.13. If (ΛV, d) is a Sullivan algebra which is 1-connected and of finite

type, then there always exists a quasi-isomorphism

m : (ΛV, d)
≃
−→ APL(〈 (ΛV, d) 〉).

Moreover, for each n ≥ 1, there is a canonical vector space isomorphism

πn(〈 (ΛV, d) 〉) ∼= HomZ(V n,Q).
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If we restrict ourselves to spaces which are simply connected CW complexes

with rational homology of finite type and to 1-connected Sullivan algebras of finite

type, then these two functors combined together give rise to the following bijective

correspondence






rational homotopy types of simply
connected CW complexes with
rational homology of finite type





∼=
←→






isomorphism classes of minimal
Sullivan algebras over Q which

are 1-connected and of finite type






The fact that this is a bijection can be deduced from the properties of the functors

stated in Theorem 2.12 and Theorem 2.13.

The power of rational homotopy theory lies precisely in the above bijection. It

reduces all topological computations in rational homotopy theory to computations on

an algebraic object, the minimal Sullivan algebra.

Having introduced the APL functor, we can now make the crucial definition that

relates Sullivan algebras to topological spaces.

Definition 2.14. A Sullivan model of a path-connected space X is a Sullivan model

for the cdga APL(X), in other words, it is a quasi-isomorphism

m : (ΛV, d)
≃
−→ APL(X)

for some Sullivan algebra (ΛV, d).

Remarks. (i) It follows from Theorem 2.7 that if X is simply connected, then there

is a unique (up to isomorphism) minimal Sullivan model (ΛV, d)
≃
−→ APL(X) for X.

We will often just refer to (ΛV, d) as the model of X, by abuse of terminology and

notation.
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(ii) If (ΛV, d) is a Sullivan model of X, then Theorem 2.12 implies that

H(ΛV, d) ∼= H∗(X; Q).

(iii) If (ΛV, d) is a Sullivan model of X and X is simply connected, then Theorem 2.13

implies that

HomZ(V n,Q) ∼= πn(X)⊗Q.

Definition 2.15. If f : X → Y is a continuous map, then a relative Sullivan model

for APL(f) : APL(Y )→ APL(X) is called a relative Sullivan model for f .

Next, we introduce a class of spaces which will turn out to be important in

chapter 4.

Definition 2.16. A space X is called coformal if it has a minimal Sullivan model

which is quadratic.

Remark. We make a remark here about the previous definition. Even though the

minimal Sullivan model of a space is unique up to isomorphism, in general not every

minimal Sullivan model of a coformal space will be quadratic, because the property of

being quadratic is not preserved under isomorphisms of cdga’s. For example, consider

the minimal model (Λ(a, b, x), d) with |a| = 2, |b| = 4, |x| = 5 and dx = ab. Construct

a morphism ϕ : (Λ(a, b, x), d) → (Λ(â, b̂, x̂), d̂), where |â| = |a| = 2, |b̂| = |b| = 4,

|x̂| = |x| = 5, by defining ϕ(x) = x̂, ϕ(a) = â and ϕ(b) = b̂−â2. Then, it is immediate

that ϕ is a linear isomorphism. In order for ϕ to be a morphism of cdga’s, then it

must commute with the differentials: ϕ(dx) = d̂ϕ(x) = d̂(x̂). Yet,

ϕ(dx) = ϕ(ab) = â(b̂− â2).

Therefore, it follows that we can define the differential d̂ by d̂(x̂) = â(b̂− â2) and this

will make ϕ into an isomorphism of cdga’s. Yet, (Λ(â, b̂, x̂), d̂) is not quadratic.
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Example 2.17. The minimal Sullivan model of CP n.

We know that H(APL(CP n)) ∼= H∗(CP n; Q) ∼= Q[x]/(xn+1), where x has degree

2. So, necessarily there exists elements α ∈ APL(CP n)2 and β ∈ APL(CP n)2n+1 such

that x = [α] and dβ = αn+1. Define (ΛV, d) by introducing a ∈ V 2 and b ∈ V 2n+1,

with da = 0 and db = an+1. It follows that the map m : (Λ(a, b), d) → APL(CP n)

defined by m(a) = α and m(b) = β is a quasi-isomorphism, so m is the minimal

Sullivan model of CP n.

2.8 Formal spaces

In general, it is possible for two non-isomorphic Sullivan algebras to have isomorphic

cohomology. This means that in general a Sullivan algebra contains “information”

that is not contained in its cohomology algebra. However, there are certain Sullivan

algebras which are completely characterized by their cohomology, which we introduce

now.

Definition 2.18. A Sullivan algebra (ΛV, d) is formal if there exists a quasi-isomorphism

ϕ : (ΛV, d)
≃
−→ (H(ΛV, d), 0)

where (H(ΛV, d), 0) is the cga H(ΛV, d) equipped with the 0 differential.

Definition 2.19. A simply connected space X with minimal Sullivan model (ΛV, d)

is formal if (ΛV, d) is formal. Equivalently, X is formal if there exists a quasi-

isomorphism

ϕ : (ΛV, d)
≃
−→ (H∗(X; Q), 0).

Examples. By taking together Example 2.6, where we computed the minimal Sulli-

van model for (H∗(CP 2; Q), 0), and Example 2.17, where we computed the minimal
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Sullivan model of APL(CP n), and found that they were identical, it follows that CP 2

is formal.

In fact, any sphere and any complex projective space is a formal space. Moreover,

the wedge of two formal spaces is again formal and the product of two formal spaces is

formal if one of the factors has rational homology of finite type (see [10], Chapter 12,

Section (c)). Any compact Khäler manifold is also formal (see [5], section 5).

2.9 Bigraded structures

Sometimes, it will be useful to consider algebraic structures that are indexed by two

degrees. A bigraded vector space is a family V = {V i,j}i,j∈N of vector spaces V i,j.

Elements of V i,j are said to have bidegree (i, j). A morphism f : V → W of bidegree

(k, l) between bigraded vector spaces is a collection of linear maps fi,j : V i,j →

W i+k,j+l.

If V and W are two bigraded vector spaces, then V ⊗W is also a bigraded vector

space with bigradation

(V ⊗W )i,j =
⊕

p+r=i
q+s=j

V p,q ⊕W r,s.

Bigradations naturally come up when working with free cdga’s, because in addi-

tion to the usual degree, there is also the word length that can be viewed as another

degree. Suppose that V is a graded vector space and recall that ΛkV stands for the

set of all elements of word length k in ΛV . We can define a bigradation on ΛV by

(ΛV )p,q := (ΛpV )p+q.

In this case, we call the integer p the filtration degree (or just word length), the integer

p+ q the topological degree and the integer q the complementary degree.
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Example. Consider the space (ΛV, d) = (Λ(a, b, x, y), d), |a| = 2, |b| = 6, |x| = 7,

|y| = 11, da = db = 0, dx = a4 − 2ab and dy = b2, which happens to be a minimal

Sullivan model for the homogeneous space Sp(3)/U(3) (see [26]). In this case, the

element abx for example has filtration degree 3 and topological degree 15, hence its

bidegree is (3, 12).

Observe that in this case, the differential d is not a morphism of bigraded vector

spaces. Indeed, the differential d maps x to a4−2ab, but this latter element is a linear

combination of a4 which has word length 4 and ab which has word length 2. Hence,

there is no well-defined choice of bidegree for the differential. However, if we restrict

our attention to the quadratic part d1 of d (i.e. the map d1a = d1b = 0, d1x = −2ab

and d1y = b2), then this map is a morphism of bigraded vector spaces of bidegree

(1, 0). Indeed, we see for example that y has bidegree (1, 10) and that d1y = b2 has

bidegree (2, 10) and similarly x has bidegree (1, 6) and d1x = −2ab has bidegree (2, 6).

Indeed, in any case where (ΛV, d) is quadratic, then, d is a bigraded map.

2.10 Modules

In this section, we introduce the concept of (A, d)-modules over a cdga (A, d). This

will be useful to us sometimes as an alternative to cdga’s, since sometimes we do

not need the full multiplicative structure of a cdga and the “simpler” structure of an

(A, d)-module is preferable.

We will introduce the notion of a semifree (A, d)-module, which is analogous to

a Sullivan model, as well as the notion of a semifree resolution of an (A, d)-module,

analogous to a relative Sullivan model. For a general reference on (A, d)-modules, the

reader is referred to ([10], chapter 6) or ([24], chapter 16).

Throughout this section, fix a cdga (A, d).

Definition. A left (A, d)-differential module (or just left (A, d)-module) is a graded
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vector space M = {M i}i∈N over Q along with a linear map A ⊗M → M of degree

zero (denoted x⊗m 7→ x ·m) and a differential d in M such that

x · (ym) = (xy) ·m and 1 ·m = m for all x, y ∈ A,m ∈M

and

d(x ·m) = dx ·m+ (−1)|x|x · dm.

There is an analogous definition for right (A, d)-module. However, since (A, d) is

commutative, the two definitions are equivalent and we will always work with left

(A, d)-modules and simply refer to a left (A, d)-module as an (A, d)-module.

Definition. Let M and N be two (A, d)-modules. A linear map of (A, d)-modules of

degree k is a linear map f : M → N of degree k such that

f(x ·m) = (−1)k|x|x · f(m)

and

df = (−1)|k|fd.

Moreover, a morphism of (A, d)-modules is a linear map of (A, d)-modules of degree

0.

Remark. If (M, d) is an (A, d)-module, then H(M, d) is an H(A, d)-module via [x] ·

[m] = [x ·m]. Moreover, a morphism f : (M, d)→ (N, d) between two (A, d)-modules

induces a map H(f) : H(M, d)→ H(N, d) and this map is automatically a morphism

of H(A, d)-modules.

Example. Let (A ⊗ ΛV, d) be a relative Sullivan model for a morphism (A, d) →

(B, d). The relative Sullivan model can be viewed as an (A, d)-module in the obvious

way (simply define a · (x⊗ y) = (ax)⊗ y for a ∈ A, x⊗ y ∈ A⊗ΛV and forget about

the cdga structure on ΛV , viewing it simply as a graded module with a differential).
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Definition. Let (M, d) and (N, d) be (A, d)-modules. The tensor product M ⊗A N

of M and N is defined as

M ⊗A M
′ = (M ⊗M ′)

/
∼

where we quotient by the submodule spanned by elements of the form am ⊗ n −

(−1)deg a deg mm ⊗ an for any a ∈ A, m ∈ M and n ∈ N . It is made into an (A, d)-

module (M ⊗A N, d) with multiplication defined by a · (m ⊗A n) = am ⊗A n and

differential defined by

d(m⊗A n) = (dm)⊗A n + (−1)deg mm⊗A dn.

Definition. An (A, d)-module (M, d) is (A, d)-free if M ∼= A⊗V for some free graded

module V (that is, V i is free for each i ∈ N).

Definition. An (A, d)-module (M, d) is semifree if

M =

∞⋃

k=0

M(k) where M(0) ⊂M(1) ⊂ . . . ⊂M(k) ⊂ . . .

and each M(k) is a sub (A, d)-module of M , such that M(0) and each quotient

M(k)/M(k − 1) is (A, d)-free on a basis {vα} of cocycles.

Definition. Let (Q, d) be an (A, d)-module. An (A, d)-semifree resolution of (Q, d)

is an (A, d)-semifree module (M, d) along with a quasi-isomorphism m : (M, d)
≃
−→

(Q, d) of (A, d)-modules.

Just like Sullivan models, semifree modules and semifree resolutions have an

existence and uniqueness property as well as a lifting property, which we introduce

below. The similarity with Sullivan models will be exploited in chapters 3 and 4, where

we will see that in a particular case a relative Sullivan model can be replaced by a
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semifree resolution, which has a simpler structure and hence can make computations

easier.

We refer the reader to ([10], Proposition 6.6) for a proof of the following theorem.

Theorem 2.20 (Existence of semifree resolutions). Given any (A, d)-module (Q, d),

there exists an (A, d)-semifree resolution (M, d)
≃
−→ (Q, d).

Next is the lifting property for (A, d)-modules.

Theorem 2.21 (Lifting property [1], p.9). Consider the following commutative square

of morphisms of (A, d)-modules

(M ′, d)
θ - (P, d)

(M, d)

i

? ψ -
......

......
......

......
......

......
....

ϕ
-

(B, d).

η ≃

?

where i : (M ′, d) → (M, d) is an inclusion, the quotient M/M ′ is semifree and η

is a surjective quasi-isomorphism of (A, d)-modules. Then, there exists a morphism

ϕ : (M, d) → (P, d) such that ϕ ◦ η = ψ and ϕ ◦ i = θ (we say that ϕ is a “lift” of ψ

over η).



Chapter 3

The Lusternik–Schnirelmann

category

3.1 Introduction

We will now introduce a homotopy invariant called the Lusternik–Schnirelmann cat-

egory of a space. It is a numerical invariant defined for any topological space. It

was originally introduced in [29], where it was only defined for manifolds and it was

proven that this invariant was a lower bound for the number of critical points admit-

ted by any smooth function f : M → R on a closed manifold M (under the additional

assumptions that M is a paracompact C2-Banach manifold and that f : M → R is a

C2-function that is bounded below. See [3], Theorem 1.15 for details).

The minimal models of rational homotopy theory have been highly successful

tools for studying a lower bound of the Lusternik–Schnirelmann category, namely the

rational Lusternik–Schnirelmann category (introduced in [8]). This latter invariant is

essential to our main object of study, the rational retraction index of a space.

Recall that given a topological space X, a subspace U of X is said to be con-

tractible in X if the inclusion map i : U →֒ X is homotopic to a constant map

40
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U → x0.

Definition 3.1 (Lusternik & Schnirelmann [29]). Let X be a topological space. The

Lusternik–Schnirelmann category of X, denoted catX, is the least integer m such

that X can be covered by m+ 1 open subsets each contractible in X. If there exists

no such covering, we say that catX =∞.

Remark. An open cover of a space X such that each subset is contractible in X

is called a categorical cover of X. Also, note that our definition of the Lusternik–

Schnirelmann category of X is 1 less than the definition from the original article

[29].

The Lusternik–Schnirelmann category (henceforth “the category” or the “L.-S.

category”) of a space is a homotopy invariant ([10], Proposition 27.2). The category

of any contractible space is 0 and the category of a circle (or in fact any n-sphere for

n ≥ 1) is 1. To see this, observe that the category of the n-sphere must be greater

than or equal to 1 since this space is not contractible. A cover of the n-sphere using

two contractible open sets is obtained by choosing as the first open set the sphere

minus the “north pole” and as the second open set the sphere minus the “south pole”.

This is a categorical cover of cardinality 2, hence the category of the n-sphere is 1.

Another interesting example is the topologist’s sine curve (Figure 3.1), which has

infinite category. Recall that the topologist’s sine curve is defined to be the union of

the graph of the function sin(1/x) over the interval (0, 1] together with the vertical line

segment {0} × [−1, 1], with the subspace topology induced by the standard topology

of R2. This space has infinite category because it admits no categorical cover. In fact,

no neighborhood of the point (0, 0) is contractible.

Yet another interesting example is CP∞ =
⋃∞

k=0 CP k, which also has infinite

category. Note however that contrary to the topologist’s sine curve, CP∞ has the

homotopy type of a CW complex. To compute the category of CP∞, we need to

introduce the following homotopy invariant.
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Figure 3.1: The topologist’s sine curve

Definition 3.2. The cup-length, cup(X), of a path-connected space X is the greatest

integer n such that there exist cohomology classes ω1, . . . , ωn ∈ H̃
∗(X; Q) with cup-

product ω1 ∪ · · · ∪ ωn 6= 0. If no such integer exists, then cup(X) =∞.

Theorem 3.3. If X is a path-connected normal space, then

cup(X) ≤ cat(X).

For a proof of this theorem, the reader is referred to [10], Proposition 27.14. Note

that any CW complex is a normal space.

Now, the cohomology of CP∞ is isomorphic to the polynomial algebra in one

variable Q[x], with x in degree 2 (see [10], Chapter 15, section (b), Example 5).

Therefore, there is no bound on the length of a non-zero product of cohomology

classes, i.e. cup(X) = ∞. Hence, by the theorem above (since CP∞ is a path-

connected CW complex) cat(X) =∞.
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There is also a useful upper bound to the category, in the case where the space

admits a cell decomposition. Recall from chapter 1 that a space is r-connected (r ≥ 1)

if πi(X, x0) = 0 for 1 ≤ i ≤ r and a space is 0-connected if it is path-connected.

Theorem 3.4. Let X be a (q− 1)-connected CW complex of dimension n (assuming

q ≥ 1), then

cat(X) ≤
n

q
.

We refer the reader to [10], Proposition 27.5, for a proof.

Example. Consider the n-dimensional complex projective space CP n. It is a simply

connected (i.e. 1-connected) CW complex of dimension 2n, hence by Theorem 3.4,

cat(CP n) ≤
2n

2
= n.

Because the rational cohomology of CP n is the truncated polynomial ring Q[x]/(xn+1),

where x ∈ H2(CP n; Q), it follows that cup(CP n) = n. Hence, by Theorem 3.3,

n = cup(CP n) ≤ cat(CP n).

Therefore, cat(CP n) = n. �

The reader is referred to [10] or [3] for a comprehensive and modern treatment of the

Lusternik–Schnirelmann category.

3.2 The rational Lusternik–Schnirelmann category

Albeit simple to define, the Lusternik–Schnirelmann category has been found to be

difficult to compute in general, except for the simplest spaces, and one usually has to

resort to computing approximations to the category (see for example the introduction

of [16]).
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Throughout the rest of this thesis, we will not be concerned directly with catX,

instead we will consider the rational counterpart to catX, namely the category of the

rationalization XQ of X. We now give the definition

Definition 3.5. Let X be a simply connected space. The rational L.-S. category of

a space X, denoted cat0X, is the least integer m such that X ≃Q Y and catY = m

for some simply connected space Y .

Remark. It is immediate from the definition that cat0X is an invariant of rational

homotopy type.

Theorem 3.6. If X is a simply connected CW complex, then

(i) cat0X = catXQ,

(ii) catXQ ≤ catX.

We refer the reader to [8] for the proof of (i) and to [39] for the proof of (ii).

The study of cat0 began with Toomer [38], [39]. Next, Lemaire and Sigrist [28] showed

how to compute an approximation to cat0 from the Quillen model of a space (from

the Quillen approach [33] to rational homotopy theory). However, it is only with

Félix et al. [8] and [9] that the relationship of cat0X with Sullivan’s minimal models

was formulated (see next chapter).

Remark. The hypothesis that X is simply connected is necessary for part (ii) of

Theorem 3.6. For example, consider the non-simply connected space X = S1. As we

explained earlier, catS1 = 1. However, the category of the rationalization S1
Q of S1

is catS1
Q = 2 > 1 = catS1.

To see this, observe that S1
Q has the rational homotopy type of K(Q, 1) (the

Eilenberg–Mac Lane space, see chapter 1). Any space with category 1 has as its

fundamental group a free group (see [3], exercise 1.21). However, π1(S
1
Q) = Q is
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not free as a group. This implies that cat(S1
Q) > 1. To prove that cat(S1

Q) = 2, it

remains to show that cat(S1
Q) ≤ 2. Now, S1

Q is 0-connected and it is a CW complex

of dimension 2 (see the construction of S1
Q as the “infinite telescope” for more details,

in [10], chapter 9, section (a)). Thus, by Theorem 3.4,

cat(S1
Q) ≤ 2/1 = 2.

Hence, cat(S1
Q) = 2. So we see that cat(XQ) ≤ cat(X) does not hold for non-simply

connected spaces in general.

3.3 The L.-S. category of a Sullivan algebra

Our interest in cat0X lies in the fact that it can be characterized in an algebraic way

from the minimal Sullivan model of a space. In other words, one can in principle

compute the rational category of a space from its minimal Sullivan model. This is

not too surprising, since all the rational homotopy type information about a simply

connected space is encoded in its minimal Sullivan model (see section 2.7).

We will begin by introducing the notion of the L.-S. category cat0(ΛV, d) of a

Sullivan algebra (ΛV, d). If X is a simply connected space, with minimal Sullivan

model φ : (ΛV, d)
≃
−→ APL(X), we will see that it satisfies cat0(ΛV, d) = cat0X,

where the invariant cat0(ΛV, d) was first introduced in [8].

Suppose that (ΛV, d) is any Sullivan algebra and fix an integer m ≥ 1. The

subspace Λ>mV , consisting of words of length greater than m, is a differential ideal

of (ΛV, d). Hence, we can take the quotient cdga ΛV/Λ>mV with differential d̄(x̄) =

d(x). There is an associated projection map

πm : (ΛV, d) −→ (ΛV/Λ>mV, d̄)
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that sends x to its equivalence class x̄. In practice, we will often omit the bar notation

for simplicity. Now, recall from Theorem 2.7 that this map admits a minimal relative

Sullivan model. That is, we can factor πm as

(ΛV, d)
πm- (ΛV/Λ>mV, d̄)

(ΛV ⊗ ΛZm, δ)

≃ hm

6

λ
m

-

such that (ΛV ⊗ΛZm, δ) is a relative Sullivan algebra and hm is a quasi-isomorphism.

Definition 3.7. The L.-S. category, cat0(ΛV, d), is the least integer m (or ∞) such

that the inclusion map λm above admits a retraction ρ which is a morphism of cdga’s.

Recall that a retraction is a morphism ρ : (ΛV ⊗ΛZ, δ) −→ (ΛV, d) such that ρ◦λm =

id(ΛV,d).

We refer the reader to [8] and [9] for the original articles introducing cat0(ΛV, d)

and to [10] for a recent treatment.

Of course, this definition is related to the rational category of a space, under

certain hypotheses, via its minimal model. It is Félix and Halperin [8] who showed

Theorem 3.8. If (ΛV, d) is a Sullivan model for a simply connected space X with

rational homology of finite type, then

cat0(ΛV, d) = cat0X.

It is possible to“relax the conditions in the definition of cat0(ΛV, d)”. Recall from

section 2.10 that the cdga’s (ΛV, d) and (ΛV ⊗ ΛZ, d) can be regarded as (ΛV, d)-

modules. So, for example, we might merely require the retraction ρ to be a morphism

of (ΛV, d)-module, an apparently weaker condition.
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This is useful, because computing cat0(ΛV, d) amounts to determining the exis-

tence or non-existence of a retraction for (ΛV, d) −→ (ΛV ⊗ ΛZm, d) and this can

be rather difficult to do as the retraction needs to be an algebra map and preserve

not only the differential but also the multiplicative structure. On the other hand,

showing the existence or non-existence of a (ΛV, d)-module retraction happens to be

often much easier to achieve, since the multiplicative structure of a (ΛV, d)-module is

simpler than that of a cdga.

This led Halperin and Lemaire [18] to formulate the following

Definition 3.9. The module L.-S. category, mcat0(ΛV, d), is the least integer m (or

∞) such that the inclusion map λm above admits a retraction ρ which is a morphism

of (ΛV, d)-modules.

Finally, we could require the retraction ρ to merely be a linear map, an even

weaker condition that completely ignores the multiplicative structure of our models.

Indeed Toomer [38] formulated the following invariant (under a different formulation,

using spectral sequences, see [10] chapter 29, section (g) for details of the equivalence).

Definition 3.10. The rational Toomer invariant, e0(ΛV, d), is the least integer m

(or ∞) such that H(πm) is injective. This is equivalent to the fact that λm admits a

linear retraction.

Remark. The module category and the rational Toomer invariant are both rational

homotopy invariants. As it turns out, they are lower bounds for the category, which

are easier to compute in practice than the category. In particular, computing e0(ΛV, d)

is the most straightforward in practice (at least for spaces with cohomology of finite

dimension), as it can be achieved by computing the cohomology of the cdga (ΛV, d)

and of its quotients (ΛV/Λ>mV, d̄) for different values of m ≥ 1 and checking for every

m if the projection map induced in cohomology is injective.

Finally, another related invariant is the cup-length of the cohomology of (ΛV, d).
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Definition 3.11. The cup-length of a Sullivan algebra (ΛV, d) is the greatest integer

n such that there exist ω1, . . . , ωn ∈ H
+(ΛV, d) with ω1 · · ·ωn 6= 0.

It is clear that if X is any space with associated minimal Sullivan model (ΛV, d),

then cup(X) = cup(ΛV, d).

Proposition 3.12. If (ΛV, d) is any Sullivan algebra, then

cup(ΛV, d) ≤ e0(ΛV, d) ≤ mcat0(ΛV, d) ≤ cat0(ΛV, d).

Moreover,

Proof. The inequality mcat0(ΛV, d) ≤ cat0(ΛV, d) is obvious from the definition.

For the inequality e0(ΛV, d) ≤ mcat0(ΛV, d), suppose that mcat0(ΛV, d) = m and

hence (using the notation of the diagram above) the inclusion λm admits a certain

retraction ρ of (ΛV, d)-modules. It follows from the functoriality of the homology

functor that because ρ ◦ λm = id(ΛV,d), then H(ρ) ◦H(λm) = idH(ΛV,d) and thus H(ρ)

is injective. Now, H(πm) = H(h) ◦ H(ρ) and H(h) is an isomorphism because h is

a quasi-isomorphism. Thus, H(πm) is the composite of two injective functions and

must be injective as well. Hence, e0(ΛV, d) ≤ mcat0(ΛV, d), as desired.

Finally, to prove that cup(ΛV, d) ≤ e0(ΛV, d), proceed by contradiction. Let n =

cup(ΛV, d) and m = e0(ΛV, d) and suppose towards a contradiction that m < n. So,

by assumption there is a product ω1 · · ·ωn 6= 0, with each ωi ∈ H
+(ΛV, d). Moreover,

each ωi is represented by a cocycle αi ∈ Λ≥1V . In particular, α1 · · ·αn ∈ Λ≥nV .

Our second assumption is that H(πm) is injective. Observe however that α1 · · ·αn

is sent to πm(α1 · · ·αn) = 0 in the quotient (ΛV/Λ>mV, d̄), since m < n. Thus,

H(πm)(ω1 · · ·ωn) = [πm(α1 · · ·αn)] = 0, contradicting the injectivity of H(πm). So

we conclude that cup(ΛV, d) ≤ e0(ΛV, d), as desired. �

Surprisingly, the above theorem can be improved. As it turns out, the existence

of a (ΛV, d)-module retraction in the diagram above guarantees the existence of a cdga
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retraction, so that in the end, despite the apparent weakness of the module category,

one really is computing the category. It was Hess who proved [21] the following

Theorem 3.13 (Hess). If (ΛV, d) is any Sullivan algebra, then

mcat0(ΛV, d) = cat0(ΛV, d).

The theorem above is of crucial importance in the theory of the rational category.

Its proof involves understanding very intrinsic details of the structure of the model of

the projection map πm : (ΛV, d) −→ (ΛV/Λ>mV, d̄). We will study some of the the

structure of this model in details in section 3.7.

3.4 The rational L.-S. category of a product

In this section, we consider the category of a topological product. First of all, consider

two spaces X and Y . Bassi proved [2] (see also [13] or [3]) that if X and Y are path-

connected and X × Y is a normal space, then

cat(X × Y ) ≤ cat(X) + cat(Y ).

Note that CW complexes are normal. It is known that this inequality can be strict,

for example the following product of Moore spaces (see chapter 1 for a definition)

satisfies

cat(M(Z/2, 2)×M(Z/3, 2)) < catM(Z/2, 2) + catM(Z/3, 2).

This is a consequence of the fact that Moore spaces always have category equal to 1

(for a proof, see [3], Example 1.33), and using the Künneth theorem reveals that the

product M(Z/2, 2) ×M(Z/3, 2) has homology isomorphic to Z/2 ⊕ Z/3 in degree 2
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and trivial homology in all other positive degrees. Hence, M(Z/2, 2) ×M(Z/3, 2) is

the Moore space M(Z/2⊕ Z/3, 2). Hence

1 = cat(M(Z/2, 2)×M(Z/3, 2)) < catM(Z/2, 2) + catM(Z/3, 2) = 2.

In 1971, Ganea [15] formulated the conjecture

cat(X × Sn) = cat(X) + 1

for any finite dimensional CW complex X and any n ≥ 1. The reasoning behind

this conjecture was based on the fact that all known counter-examples to the equality

cat(X × Y ) = cat(X) + cat(Y ) involved spaces that had different torsion in their

homology groups as in the above example. Because the homology of Sn is torsion-

free, Ganea made the conjecture. However, 27 years later, Iwase [22], [23] found

counter-examples to the conjecture without different torsion in homology. Hence, the

lack of torsion is only one possible factor causing Ganea’s conjecture to fail.

Yet, the situation is different in the rational world, where by default every space

is torsion-free (both in homology and homotopy, after passing to the rationalization of

a space or equivalently, to its minimal Sullivan model). Jessup [25] first showed that

Ganea’s conjecture is true when replacing cat by mcat0, the module L.-S. category.

Hess later showed that mcat0 = cat0 (recall Theorem 3.13). Combining this with

Jessup’s result, it follows that Ganea’s conjecture holds in the rational case, that is

for any simply connected space X and n ≥ 2, we have

cat0(X × S
n) = cat0(X) + 1.

By considering the dual (ΛV, d)♯ as a (ΛV, d)-module, Félix, Halperin and Lemaire

finally proved that in fact, cat0 is additive.
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Theorem 3.14. [11] If X and Y are simply connected CW complexes with rational

homology of finite type, then

cat0(X × Y ) = cat0X + cat0 Y.

Because of the importance of this result, we will restrict our study to simply

connected CW complexes with rational homology of finite type in chapter 4.

3.5 Elliptic spaces

3.5.1 Definition

Recall that a graded vector space is said to be finite dimensional if it is finite dimen-

sional in each degree and if it is non-zero only in finitely many degrees.

Definition 3.15. A Sullivan algebra (ΛV, d) is elliptic if H(ΛV, d) and V are both

finite dimensional.

Definition 3.16. A simply connected topological space X is rationally elliptic if

H∗(X; Q) and π∗(X)⊗Q are both finite dimensional.

Proposition 3.17. Consider a simply connected topological space X with associated

minimal Sullivan model (ΛV, d). Then, X is rationally elliptic if and only if (ΛV, d)

is elliptic.

Proof. This is a direct consequence of the isomorphisms

H(ΛV, d) ∼= H∗(X; Q) and V ∼= HomZ(π∗(X),Q)

described in chapter 2. �
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Examples. Important examples of rationally elliptic spaces include spheres, finite

complex projective space, homogeneous spaces and products of rationally elliptic

spaces.

3.5.2 Poincaré duality algebras

A related and useful notion is that of a“Poincaré duality algebra”, which we introduce

now.

Definition 3.18. Let A = {Ai}0≤i≤n be a finite dimensional commutative graded

algebra such that A0 = Q. Let ω : An → Q be any linear form. We say that A is a

Poincaré duality algebra with fundamental class ω if the following maps

〈 , 〉 : An−p × Ap −→ Q

(a, b) 7−→ 〈a, b〉 = ω(ab), a ∈ An−p, b ∈ Ap

are non-degenerate bilinear maps.

In particular, there are isomorphisms An−p ∼= Ap for 0 ≤ p ≤ n. Thus, dimAn =

1 and any nonzero element in An is called a top cohomology class.

Now consider the following very useful formula for the degree of a top cohomology

class:

Theorem 3.19. [19] Suppose that X is a simply connected rationally elliptic space

with associated minimal Sullivan model (ΛV, d), such that its cohomology H∗(X; Q)

satisfies Poincaré duality. Let n be the largest integer such that Hn(X; Q) 6= 0. Let

{xi} be a basis for V even and let {yj} be a basis for V odd. Then,

n =
∑

i

(1− |xi|) +
∑

j

|yj|.
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Moreover, if Poincaré duality is satisfied, computation of the L.-S. category is

reduced to the computation of the Toomer invariant. The reader is referred to [10],

Theorem 38.4, for the proof of the following theorem.

Theorem 3.20. Suppose that X is a simply connected space such that its cohomology

algebra satisfies Poincaré duality, then

cat0(X) = e0(X).

The theorem above also apply to any rationally elliptic space, because the coho-

mology of any rationally elliptic space satisfies Poincaré duality, as guaranteed by the

next result.

Theorem 3.21. Let X be a rationally elliptic space. Then, its cohomology H∗(X; Q)

is a Poincaré duality algebra. Similarly, if (ΛV, d) is an elliptic Sullivan algebra, then

H(ΛV, d) is a Poincaré duality algebra.

For a proof, we refer the reader to [19] (see also [10], Theorem 38.3).

3.5.3 Pure Sullivan algebras

Here, we introduce another concept related to rationally elliptic spaces. It is not

generally easy to compute the cohomology of a space or its related minimal Sullivan

model in all degrees. Hence, we need simpler criteria. Such criteria are available in

the particular case where a Sullivan model is “pure”.

Definition 3.22. Let (ΛV, d) be a Sullivan algebra. Define Q = V even and P = V odd,

so that ΛV = Λ(Q ⊕ P ) ∼= ΛQ ⊗ ΛP . We say that (ΛV, d) is pure if V is finite

dimensional, d(Q) = 0 and d(P ) ⊂ ΛQ. A simply connected space X is pure if its

associated minimal Sullivan model is pure.
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Examples. The minimal Sullivan models (Λ(a2n+1), 0) and (Λ(a2n, x4n−1), da = 0,

dx = a2) of an odd sphere S2n+1 and of an even sphere S2n, respectively, are pure

Sullivan algebras. The minimal Sullivan model (Λ(α2, β2n+1), dα = 0, dβ = αn+1) of

the complex projective space CP n is pure.

Example. Consider the minimal Sullivan algebra (ΛV, d) = (Λ(x3, y3, z5), d), where

the index represent the degree of each generator and where d is defined by d(x3) =

d(y3) = 0 and d(z5) = x3y3. This Sullivan algebra is not pure, because the condition

d(P ) ⊂ ΛQ is not satisfied. However, a simple calculation shows thatH(Λ(x, y, z), d) =

Q · [x]⊕Q · [y]⊕Q · [xz]⊕Q · [yz]⊕ ·Q[xyz]). Hence, this Sullivan algebra is elliptic,

showing that elliptic algebras are not necessarily pure.

Now, we introduce a characterization of ellipticity.

Theorem 3.23. [27] Let (ΛV, d) be a pure Sullivan algebra, where Q = V even and

P = V odd. Then, H(ΛV, d) is finite dimensional if and only if the following quotient

ΛQ/ΛQ · d(P )

is finite dimensional.

For a proof, the reader is also referred to [10], Proposition 32.1.

Example 3.24. Consider the minimal Sullivan algebra (ΛV, d) = (Λ(a, b, x, y, z), d),

|a| = |b| = 2, |x| = 3 and |y| = |z| = 5 with differential given by d(a) = d(b) = 0,

d(x) = a2, d(y) = b3 and d(z) = ab2. We will use the theorem above to prove that

this Sullivan algebra is elliptic.

In this case, Q = V even has basis {a, b} and P = V odd has basis {x, y, z}. So,

since dx = a2, dy = b3 and dz = ab2, it follows that d(P ) has basis {a2, b3, ab2}. Thus,

we compute that

ΛQ/ΛQ · d(P ) = Q · [a]⊕Q · [b]⊕Q · [ab].
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So, because ΛQ/ΛQ · d(P ) is finite dimensional, then H(ΛV, d) is also finite dimen-

sional. This means that (ΛV, d) is elliptic in this case.

Finally, we make a remark regarding the case when a Sullivan algebra (ΛV, d) is not

pure. Assuming that V is finite dimensional, there is a construction that associate

to (ΛV, d) a pure Sullivan algebra (ΛV, dσ). Moreover, there is a theorem that says

that (ΛV, d) is elliptic if and only if (ΛV, dσ) is elliptic. So it suffices to check that

(ΛV, dσ) is elliptic, using Theorem 3.23, to prove that (ΛV, d) is also elliptic. Since

most of the examples we will be working with are pure Sullivan algebras, we do not

include the construction of (ΛV, dσ) here, but the interested reader is referred to [10],

Proposition 32.4.

3.6 Formal spaces

Recall from chapter 2 that we defined a space X with associated minimal Sullivan

model (ΛV, d) to be formal if there exists a quasi-isomorphism of cdga’s

ϕ : (ΛV, d)
≃
−→ (H∗(X; Q), 0).

Computing the rational L.-S. category is particularly simple for formal spaces, because

of the following result (for a proof, see [10], Chapter 29, section (b), Example 4).

Theorem 3.25. If X is a formal space, then cup(X) = e0(X) = cat0(X).

Examples. Sphere and complex projective spaces are formal, and a product of formal

spaces or a wedge of formal spaces is also formal (see [10], Chapter 12, section (c)).

3.7 A model of the projection πm : (ΛV, d)→ (ΛV/Λ>mV, d̄)

Throughout this section, fix a minimal model (ΛV, d) and fix a positive integer m.

Denote by πm the associated projection map (ΛV, d) −→ (ΛV/Λ>mV, d̄), where d̄ is
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the map d̄(x̄) = d(x). We will revisit a construction originally due to Félix et al. [9],

who refined the model of πm. We will see how it is always possible to construct a

semifree resolution

ζm : (ΛV ⊗ (Q⊕M), δ)
≃
−→ (ΛV/Λ>mV, d̄)

that fits into the following diagram of (ΛV, d)-modules

(ΛV, d)
πm - (ΛV/Λ>mV, d̄)

(ΛV ⊗ (Q⊕M), δ),

≃ ζm

6

λ
m

-

such that ζm ◦ λm = πm and satisfying

(i) the map ζm can always be chosen such that ζm(M) = 0,

(ii) every (ΛV, d)-module in the diagram above admits a bigradation,

(iii) every map in the diagram above is a morphism of bigraded (ΛV, d)-modules of

bidegree (0, 0).

Recall that the inclusion λm in the diagram above admits a retraction of (ΛV, d)-

modules if and only if cat0(ΛV, d) ≤ m. That is, there exists a map ρm : (ΛV ⊗ (Q⊕

M), δ)→ (ΛV, d) such that ρm ◦ λm = id(ΛV,d) if and only if cat0(ΛV, d) ≤ m.

3.7.1 The construction of M and δ

We start by describing an algorithm for computing M and the differential δ. The

exposition is based on [10] (Chapter 29, section (f), pp.396-399), but we include it

here for convenience and because it will be used in all the computations of the next
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chapter. The reader is also referred to the original article [9] for a slightly different

approach. The construction of M and δ are carried out in multiple steps.

First step. The quadratic part. Construction of a model for (ΛV, d1)→ (ΛV/Λ>mV, d̄1).

The first step involves restricting our attention to the quadratic part d1 of the

differential d and constructing a model for the projection (ΛV, d1) −→ (ΛV/Λ>mV, d̄1).

We will construct a (ΛV, d1)-semifree resolution (ΛV⊗(Q⊕M), d1) for (ΛV/Λ>mV, d̄1).

The module M is constructed using an induction argument.

Define M0 = 0 and then assume that M<n is already defined and that d1 has

been extended onto M<n, satisfying d1(M
<n) ⊂ Λ>mV ⊕ (Λ+V ⊗M<n−1). Consider

Hn+1(Λ>mV ⊕ (Λ+V ⊗M<n), d1)

and suppose that {[ωi]}i∈I is a basis for the above cohomology. Then, for each [ωi],

introduce a corresponding basis element for Mn called si. In other words, we define

Mn := span{si}i∈I .

Moreover, for each i ∈ I, define

d1(si) := ωi.

Clearly, this makes d1 into a differential. This completes the induction step and the

definition of M .

Now, we can define a morphism of (ΛV, d1)-modules

ξ : (ΛV ⊗ (Q⊕M), d1) −→ (ΛV/Λ>mV, d̄1)

by setting ξ(M) = 0 and ξ(1) = 1. Then, ξ is a quasi-isomorphism of (ΛV, d1)-

modules: indeed, to show surjectivity of H(ξ), suppose [x̄] ∈ H(ΛV/Λ>mV, d̄1) is a

cocycle, then by definition d1x ∈ Λ>mV . Hence, from the inductive definition of M
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above, there exists s ∈ ΛV ⊗ (Q ⊕M) such that d1s = d1x. Thus x − s is a cocycle

in (ΛV ⊗ (Q⊕M), d1) and H(ξ)([x− s]) = [x].

Next, we show injectivity of H(ξ). If H(ξ)[x] = H(ξ)[y], then ξ(x− y) ∈ Λ>mV .

Because ξ(M) = 0, this means that x − y ∈ Λ>mV ⊕ (ΛV ⊗M). If we let n be the

degree of x−y, then we can write x−y = a+b+c, where a ∈ Λ>mV , b ∈ Λ+V ⊗M and

c ∈Mn. However, we assumed x and y are cocycles, so in particular d1(x−y) = 0. In

other words, d1(a+b+c) = 0. So d1(c) = d1(−a−b). Now, by the inductive definition

of d1 onMn above, we can infer that c = 0, because d1(−a−b) is a coboundary. Hence,

we can conclude that x − y = a + b, i.e. x − y ∈ Λ>mV ⊕ (Λ+V ⊗M). Therefore,

by the inductive definition of M above, there exists s ∈ ΛV ⊗ (Q ⊕M) such that

d1s = x− y. In other words, [x] = [y] in the cdga (ΛV ⊗ (Q⊕M), d1).

Second step. Bigradation of M .

Now, we explain how M can be viewed as a bigraded module. Start by bigrading

ΛV by defining (ΛV )p,q = (ΛpV )p+q. It follows that d1 is homogeneous of bidegree

(1, 0) in ΛV . Moreover, the inductive definition of M above induces a bigradation

in M . There is always a unique choice of bidegree (p, q) for elements of M that will

make it such that d1 is homogeneous of bidegree (1, 0) on M . From this, it is clear in

particular that M =
⊕

k≥mM
k,∗. So, the (ΛV, d1)-differential module ΛV ⊗ (Q⊕M)

also comes equipped with an induced bigradation, (ΛV ⊗ (Q⊕M))p,q. We call p the

filtration degree or word-length and q the complementary degree.

As we noted, by the definition of the bigradation on M it is clear that M =
⊕

p≥mM
p,∗. Surprisingly, however, it turns out that Mp,∗ = 0 for any p > m. That

is, M = Mm,∗ (see [10], Lemma 29.11, for a proof):

Theorem 3.26. M = Mm,∗

Third step. Perturbation of d1 to δ.

At this point we have constructed a model M and a differential d1. The next
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step involves perturbing d1 into a differential δ, making (ΛV ⊗ (Q ⊕M), δ) into a

(ΛV, d)-semifree resolution for the projection map onto the quotient (ΛV/Λ>m, d̄).

The new differential δ will be defined on M by induction on the topological

degree. Moreover, at each step of the induction it will satisfy

δ − d1 : [ΛV ⊗ (Q⊕M)]p,∗ −→ [ΛV ⊗ (Q⊕M)]≥p+2,∗.

Before defining δ, however, we need the following lemma.

Lemma 3.27. Every δ-cocyle of degree n + 2 in [ΛV ⊗ (Q ⊕ M<n)]≥m+3,∗ is the

δ-coboundary of an element in [ΛV ⊗ (Q⊕M<n)]≥m+2,∗.

Proof. Let z ∈ [ΛV ⊗ (Q ⊕M<n)]≥m+3,∗ be a δ-cocycle of degree n + 2. We can

decompose z as a sum z =
n+2∑
i=r

xi, where each xi has filtration degree i, for some

r ≥ m + 3 (the filtration degree i is at most n + 2 for degree reasons alone). Next,

we can decompose the differential δ as δ = d1 + D, where D is the non-quadratic

extension of d1 (i.e. D increases filtration degree by at least 2). Then, keeping in

mind that d1 increases filtration degree by exactly 1, we can write the following

0 = δz = δ

(
n+2∑

i=r

xi

)
= δ1xr

︸︷︷︸
filtration
degree
r+1

+Dxr + δ

(
n+2∑

i=r+1

xi

)

︸ ︷︷ ︸
filtration degree ≥ r + 2

which implies that δ1xr = 0. However, by construction H(ΛV ⊗ (Q ⊕ M), d1) is

concentrated in filtration degrees strictly less thanm, because H(ΛV ⊗(Q⊕M), d1) ∼=

H(ΛV/Λ>mV, d̄1). Hence, xr being a cocycle must also be a coboundary, so write

xr = d1x
′ with x′ of filtration degree r − 1. In particular, x′ ∈ (Λ≥2V ⊗M)n+1 ⊕ ΛV

because the filtration degree of x′ is r − 1 ≥ m+ 2. We can see however (for degree

reasons) that (Λ≥2V ⊗M)n+1 ⊕ ΛV ⊂ ΛV ⊗ (Q⊕M<n).

Now, z−dx′ =
n+2∑

i=r+1

xi with xi of filtration degree i. We can therefore iterate the
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same argument, at each step merely increasing the filtration degree, until z− du = 0,

for some u ∈ [ΛV ⊗ (Q⊕M<n)]≥m+2,∗. �

Now, we are ready to define δ by induction. Define δ = d on ΛV . Now, for

the induction hypothesis, assume that δ is already defined on M<n and that δ − d1

increases filtration degree by at least 2. Then, fix w ∈ Mn (note that when there

is only one index n, it always refers to the topological degree). Recall that d1w ∈

ΛV ⊗ (Q ⊕M<n). Clearly, δd1w is a δ-cocyle of degree n + 2. Moreover, δd1w ∈

[ΛV ⊗ (Q⊕M<n)]≥m+3,∗. This can be seen if one writes δd1 = (δ − d1)d1 (which we

can do since d2
1 = 0) and then notice that d1 increases word length by 1 and δ − d1

increases word length by at least 2. So δd1 increases filtration degree by at least 3

and ω has filtration degree m since M = Mm,∗, hence δd1 has filtration degree m+ 3

or greater.

Now, by the lemma above, there exists some u ∈ [ΛV ⊗ (Q⊕M<n)]≥m+2,∗ such

that δd1w = δu. Therefore, we define δ on Mn by

δw := d1w − u

as w runs through a basis of Mn. Clearly, δδw = 0, making δ into a differential. This

completes the induction step and so, δ can be defined on all of M with the property

that

δ − d1 : [ΛV ⊗ (Q⊕M)]p,∗ −→ [ΛV ⊗ (Q⊕M)]≥p+2,∗.

and such that δ = d on ΛV .

Fourth step. Semifree resolution of (ΛV/Λ>mV, d̄).

Define a morphism of (ΛV, d)-differential modules

ζm : (ΛV ⊗ (Q⊕M), d) −→ (ΛV/Λ>mV, d̄)
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by ζm|ΛV = πm and ζm(M) = 0. Then, a spectral sequence argument can be used to

prove the following (see [10], step 2 of p.398)

Proposition 3.28. The map ζm is a (ΛV, d)-semifree resolution of (ΛV/Λ>mV, d̄)

This completes the construction.

3.7.2 Relationship with L.-S. category

Next, we see how this semifree resolution relates to the L.-S. category of (ΛV, d). We

proceed as follows. First, construct a relative Sullivan model for the projection map

πm,

(ΛV, d)
πm- (ΛV/Λ>mV, d̄)

(ΛV ⊗ ΛZ, δ)

≃ h

6

λ
m

-

for some fixed positive integer m.

Lemma 3.29. The relative Sullivan model (ΛV ⊗ ΛZ, δ) can be chosen such that

Z =
⊕

p≥0Zp and such that

(i) (ΛV ⊗ (Q⊕ Z0), δ) is a (ΛV, d)-semifree resolution of (ΛV/Λ>mV, d̄),

(ii) the inclusion of (ΛV ⊗ (Q⊕ Z0), δ) in (ΛV ⊗ ΛZ, d) is a quasi-isomorphism.

Outline of proof. The idea begins with setting Z0 = M , where M is the (ΛV, d)-

differential module defined above, and then extend Z0 to Z =
⊕

p≥0Zp. However, we

refer the reader to [10], Proposition 29.10, for the full proof. �

Finally, we need the following result:
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Theorem 3.30. Let (ΛV, d) be a minimal Sullivan model. Fix an integer m and

consider the (ΛV, d)-semifree resolution for the quotient (ΛV/Λ>mV, d̄), which was

constructed in this section and fits into the following commutative diagram

(ΛV, d)
πm - (ΛV/Λ>mV, d̄)

(ΛV ⊗ (Q⊕M), δ)

≃ ζm

6

λ
m

-

Then, λm admits a retraction ρ of (ΛV, d)-differential modules if and only if cat0(ΛV, d) ≤

m.

Proof. Suppose that cat0(ΛV, d) ≤ m. This means that in the following commutative

diagram

(ΛV, d)
πm- (ΛV/Λ>mV, d̄)

(ΛV ⊗ ΛZ, δ)

≃ h

6

i
-

the inclusion i admits a retraction ρ : (ΛV ⊗ ΛZ, δ) → (ΛV, d) of cdga’s. Next,

construct the (ΛV, d)-semifree resolution as in the earlier diagram. Then, we have a

commutative square

(ΛV, d)
i - (ΛV ⊗ ΛZ, δ)

(ΛV ⊗ (Q⊕M), δ)

λm

? ζm

≃
- (ΛV/Λ>mV, d̄).

≃ h

?

Hence, because h is a surjective quasi-isomorphism, by the lifting property (for
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(ΛV, d)-differential modules, see Theorem 2.21), there exists a lift of ζm to a (ΛV, d)-

differential map α : (ΛV ⊗ (Q⊕M), δ)→ (ΛV ⊗ΛZ, δ). Therefore, define ρ′ = ρ ◦α.

It is then straightforward to verify that ρ′ is a retraction of λm, as desired.

The converse implication is a consequence of the corollary on p.395 of [10]. �

3.8 An example (construction of M and δ)

In this section, we will see a concrete example of a perturbation of d1 to δ, using the

algorithm of section 3.7.

Consider again (from the example at the end of section 2.9) the Sullivan model

(ΛV, d) = (Λ(a, b, x, y), d), |a| = 2, |b| = 6, |x| = 7, |y| = 11, da = db = 0, dx =

a4−2ab and dy = b2. Notice that (ΛV, d) is a pure model with Q = V even = span{a, b}

and P = V odd = span{x, y} and that the quotient

ΛQ/ΛQ · d(P )

is finite dimensional, because any basis element in ΛQ has the form ambn, which

is zero in the quotient algebra if either n ≥ 2 or m ≥ 7. Indeed, if n ≥ 2, then

ambn = ambn−2dy. If m > 7, then because a7 = a3dx + 2bdx + 2ady, we can write

ambn = am−7bn(a3dx + 2bdx + 2ady). In either case, ambn ∈ ΛQ · d(P ). Therefore,

this Sullivan model is elliptic.

Now, a straightforward computation of the cohomology of (ΛV, d) reveals that

e0(ΛV, d) = 6. Indeed, the top cohomology class is in degree 12 (recall Theorem 3.19),

so for degree reasons alone, the cocycle of greatest word length in (ΛV, d) is a6.

Moreover, it can be shown that a6 is a cocycle which is not a coboundary, hence

e0(ΛV, d) = 6. Then, by ellipticity (see Theorem 3.20) we know that cat0(ΛV, d) =

e0(ΛV, d) = 6.

Throughout this section, we will fixm = 6 and consider the projection (ΛV, d) −→
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(ΛV/Λ>6V, d).

3.8.1 Construction of M and extension of d1

The first step in constructing M is to consider the quadratic model (ΛV, d1), where

d1a = d1b = 0, d1x = −2ab and d1y = b2. Recall the inductive definition of M :

Mn ∼= Hn+1(Λ>6V ⊕ (Λ+V ⊗M<n), d1).

Observe that a7 is the only linearly independent word of smallest degree (i.e. 14) in

Λ>6V . Hence, M<13 = 0 and

M13 ∼= Q · [a7] ∼= Q · s

for some generator s ∈ M13 (as a basis element for M13) satisfying d1s = a7. Note

that the bidegree on s is defined to be (6, 7) (we take the “word length” degree of s to

be 6, then automatically the complementary degree has to be 7). This is necessary

in order for d1 to remain a morphism of bidegree (1, 0), because the image of s is

a7, which has bidegree (7, 7). Of course, the fact that the filtration degree of s is

6 = cat0(ΛV, d) is what we expect since it is guaranteed by Theorem 3.26. The next

step is to calculate

M14 ∼= H15(Λ>6V ⊕ (Λ+V ⊗M13), d1).

A somewhat tedious computation will reveal that

M14 = 0
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and similarly, we can calculate that M15 = M16 = 0. However, we find that

M17 ∼= H18(Λ>6V ⊕ (Λ+V ⊗M13), d1)

= Q · [a6b].

Hence, we introduce a generator t ∈ M17 and define d1t = a6b. Again, because a6b

has length 7, we need to define the bidegree of t to be (6, 10). The next step is to

compute

M18 ∼= H19(Λ>6V ⊕ (Λ+V ⊗ (M13 ⊕M17)), d1)

= Q · [a6x+ 2bs]⊕Q · [bs− at].

Therefore, we introduce two generators u, u′ ∈M18, with differentials d1u = a6x+2bs

and d1u
′ = bs − at. If we keep going, we find generators v ∈ M19, w ∈ M21, etc.

In general, there is no reason for this process to end so that M will often be infinite

dimensional.

3.8.2 Perturbation of d1 to δ

We perturb d1 to δ using the algorithm described in the previous section. We assume

that δ extends d, so that δ = d on ΛV . Then, we define δ on M by induction over

the topological degree in M . The algorithm says that we need to compute δ(d1(m))

for every generator m ∈M and see if the result can be written as the image under δ

of an element of word length strictly greater than 6.

First, define δ = d on ΛV . Next, we start with the generator s.

δ(d1s) = δ(a7) = d(a7) = 0.
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Hence, we do not need to perturb d1 on s. So, define δs = d1s. Next, compute

δ(d1t) = δ(a6b) = d(a6b) = 0.

Hence, we just define δt = d1t. Next, compute

δ(d1u) = δ(a6x+ 2bs) = a6(a4 − 2ab) + 2ba7

= a10 − 2a7b+ 2a7b

= a10

= δ(a3s)

Here, we find that δ(d1u) = δ(a3s), so we have to perturb d1 by defining δu =

d1u− a
3s = a6x+ 2bs− a3s.

The process continues henceforth by induction, such that δ becomes a differential

on ΛV ⊗M with δ = d on ΛV .

3.9 The isomorphism that describes M

Let (ΛV, d) be a minimal model with cat0(ΛV, d) = m and consider the usual diagram

for a semifree resolution of the projection map:

(ΛV, d)
π - (ΛV/Λ>mV, d̄)

(ΛV ⊗ (Q⊕M), δ)

≃ h

6

λ
-

Our aim in this section is to understand an isomorphism that describes explicitly the

model M and its differential δ. Recall from chapter 2 that V stands for the suspension
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of V , defined as V
i
= V i+1. We can now state the following

Theorem 3.31. There exists an isomorphism

(Q⊕M)n ∼= Hn+1(Λ>mV ⊗ ΛV , d)

for any integer n ≥ 1.

Proof. We will need to understand exactly how this isomorphism is constructed.

There are basically three important steps and in fact we will exhibit this isomorphism

as the composition of three isomorphisms.

The first step is the connecting homomorphism

∂♯ : Hn(ΛV/Λ>mV ⊗ ΛV , d)
∼=
−→ Hn+1(Λ>mV ⊗ ΛV , d),

obtained from the short exact sequence

0 −→ Λ>mV ⊗ ΛV −→ ΛV ⊗ ΛV −→ ΛV/Λ>mV ⊗ ΛV −→ 0.

The second step in the construction is the isomorphism induced by the following

quasi-isomorphism:

h⊗ idΛV ⊗ΛV : (ΛV ⊗ (Q⊕M)⊗ΛV [ΛV ⊗ΛV ], δ)
≃
−→ (ΛV/Λ>mV ⊗ΛV [ΛV ⊗ΛV ], d).

But observe that we have the following two isomorphisms of (ΛV, d)-modules:

(ΛV ⊗ (Q⊕M)⊗ΛV [ΛV ⊗ ΛV ], δ) ∼= ((Q⊕M)⊗ [ΛV ⊗ ΛV ], δ),

(ΛV/Λ>mV ⊗ΛV [ΛV ⊗ ΛV ], d) ∼= (ΛV/Λ>mV ⊗ ΛV , d).
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So we can see the map h⊗ idΛV ⊗ΛV as a map:

h⊗ idΛV ⊗ΛV : ((Q⊕M)⊗ [ΛV ⊗ ΛV ], δ)
≃
−→ (ΛV/Λ>mV ⊗ ΛV , d).

Finally, the third and last step is to consider the short exact sequence (exact in all

positive degrees)

0 −→ (ΛV ⊗ ΛV , d) −→ ((Q⊕M)⊗ [ΛV ⊗ ΛV ], δ)
α
−→ (Q⊕M, 0) −→ 0,

which is a well-defined sequence if we assume that δ(M) ⊂ ΛV +⊗(Q⊕M). It follows

that the map

α : ((Q⊕M)⊗ [ΛV ⊗ ΛV ], δ)
≃
−→ (Q⊕M, 0)

is a quasi-isomorphism.

Thus, to be very explicit, we could describe the isomorphism stated in the theo-

rem by the composition

∂♯ ◦H(h⊗ idΛV ⊗ΛV ) ◦H(α)−1 : (Q⊕M)n −→ Hn+1(Λ>mV ⊗ ΛV , d).

�

Remark. As it turns out, this process also allows us to determine the differential δ

on M . This is achieved in the second step of the above proof. This will be illustrated

in the examples of the next chapter.



Chapter 4

The rational retraction index

4.1 Definition and basic properties

In this section we introduce the rational retraction index of a space, a numerical

homotopy invariant. It is the main object of study of this thesis. It was introduced

in [4] and it is closely related to the rational L.-S. category of a space. The authors of

the article [4] used this new invariant to give new upper bounds for the L.-S. category

of the total space of a fibration.

Let X be a simply connected CW complex with rational homology of finite type

and let (ΛV, d) be a minimal Sullivan model for X. Fix an integer m and recall from

chapter 3, section 3.7 that the projection map onto the quotient (ΛV/Λ>mV, d̄) admits

a model of the form

(ΛV, d)
π

- (ΛV/Λ>mV, d)

(ΛV ⊗ (Q⊕Mm), δ)

≃ hm

6

λ
-

where Mm is a module and hm is a quasi-isomorphism of (ΛV, d)-differential modules

69
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which is a model of the quotient map π, in the sense that hm ◦ λ = π and that

hm is a quasi-isomorphism, which can always be chosen such that hm(Mm) = 0.

Moreover, recall from chapter 3 that the rational L.-S. category of X, cat0X, is the

least integer m such that λ admits a retraction of (ΛV, d)-differential modules. That

is, a morphism of (ΛV, d)-differential modules ρ : (ΛV ⊗ (Q⊕Mm), δ)→ (ΛV, d) such

that ρ ◦ λ = id(ΛV,d).

Definition (Cuvilliez et al. [4]). The rational retraction index of X, denoted r0(X),

is the largest integer r, not exceeding cat0X, such that there exists a semifree model

with h(Mcat0 X) = 0 and such that there exists a retraction ρ with ρ(Mcat0 X) ⊂ Λ≥rV .

Remark. It follows directly from the definition that r0(X) = 0 whenever X is con-

tractible and that otherwise 1 ≤ r0(X) ≤ cat0(X).

Let X be a simply connected CW complex with rational homology of finite type.

We list below some of the most important properties of the rational retraction index

(we refer the reader to the original article for a proof, see [4], Propositions 1–4).

Theorem 4.1. If X = X1 × · · · ×Xk is a product, then

r0(X) ≥ r0(X1) + · · ·+ r0(Xk).

In particular, if no Xi is contractible (i = 1, . . . , k), then r0(X) ≥ k.

Theorem 4.2. If n ≥ 2, then r0(X × S
n) = r0(X) + 1.

Theorem 4.3. If X is coformal, then r0(X) = cat0(X).

Theorem 4.4. If H∗(X; Q) is a Poincaré duality algebra such that H∗(X; Q) requires

at least two generators, then r0(X) ≥ 2.

Basic examples. (1) It is immediate that for any space with rational category 1,

the retraction index is also 1. In particular, the retraction index of a sphere is 1.
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(2) The complex projective plane satisfies r0(CP n) = 1. We compute here as an

illustrative example that r0(CP 2) = 1. Of course, we know that r0(CP 2) ≥ 1, as is

true for any non-contractible space, hence it suffices to show that r0(CP 2) < 2. To

do so, we have to show that there exist no model M and no retraction ρ for M such

that ρ(M) ⊂ Λ≥2V .

The Sullivan model of CP 2 is (ΛV, d) = (Λ(x, y), d) with |x| = 2, |y| = 5, dx = 0

and dy = x3. Moreover, we know that cat0(CP 2) = 2. The first step is to restrict

our attention to the quadratic part d1 of the differential. In this case, d1 = 0. Now,

construct a model for the projection map π, as in the diagram below

(Λ(x, y), 0)
π

- (Λ(x, y)/Λ>2(x, y), 0)

(Λ(x, y)⊗ (Q⊕M), d1)

≃ h

6

λ
-

where h is a semifree resolution and M is constructed using the algorithm of sec-

tion 3.7. Observe that H+(Λ>2(x, y), d) = H≥6(Λ>2(x, y), d), so it follows that

M = M≥5. Indeed, we compute

M5 = H6(Λ>2(x, y)) ∼= Q · [x3] ∼= Q · s

with d1s = x3. It will not be necessary for our purpose to compute Mn for n ≥ 6.

The next step however is to perturb d1 to δ such that δ extends d in ΛV ⊗ (Q⊕M).

But because dd1s = dx3 = 0, it follows that we can take δ = d1 on M6.

Next, we have to show that no retraction ρ : (Λ(x, y)⊗(Q⊕M), δ)→ (Λ(x, y), d)

satisfies ρ(M) ⊂ Λ≥2(x, y). Assume ρ to be an arbitrary retraction. Thus, ρ must

commute with the differential, so

dρ(s) = ρ(δs) = ρ(x3) = x3.
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It follows that ρ(s) = y. That is, r = 1 is the largest integer such that ρ(M) ⊂ Λ≥rV .

Hence r0(CP 2) = 1.

(3) Fix a positive integer n and choose any integer 1 ≤ r ≤ n. For any such r,

there exists a simply connected CW complexX of dimension 2n such that cat0(X) = n

and r0(X) = r, namely

X = CP n−r+1 × S2 × . . .× S2

︸ ︷︷ ︸
r−1

.

In this sense, the rational retraction index can be seen as lifting the degeneracy of

the L.-S. category for this class of CW complexes.

Indeed, using additivity of the rational category on we see that cat0(X) = (n−r+

1)+ r−1 = n. Moreover, using Theorem 4.2, we compute r0(X) = r0(CP n)+ r−1 =

1 + r − 1 = r.

4.2 Computation of the retraction index

In this section we consider two elliptic spaces and illustrate in detail the steps re-

quired to calculate their retraction index. We also observe a connection between the

retraction index and the top cohomology class. We will wrap up this information

at the end of the chapter and make a conjecture based on those two examples and

others.

4.2.1 Our first example

Here we compute the rational retraction index of the model (ΛV, d) = (Λ(a, b, y1, y2, y3), d)

with |a| = |b| = 2, |y1| = 3 and |y2| = |y3| = 5 with differential given by d(a) = d(b) =

0, d(y1) = a2, d(y2) = b3 and d(y3) = ab2. This minimal Sullivan model is elliptic, as

we showed before with example 3.24.
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Before we begin, we need to calculate cat0(ΛV, d). Since (ΛV, d) is elliptic, we

can use the fact that cat0(ΛV, d) = e0(ΛV, d) (see Theorem 3.20). A computation of

the cohomology of (ΛV, d) reveals that

H2(ΛV, d) = Q · [a]⊕Q · [b],

H4(ΛV, d) = Q · [ab]⊕Q · [b2],

H7(ΛV, d) = Q · [−ay2 + by3]⊕Q · [−ay3 + b2y1],

H9(ΛV, d) = Q · [−a2y2 + aby3]⊕Q · [−aby2 + b2y3],

H11(ΛV, d) = Q · [−a2by2 + ab2y3],

and cohomology in any other degree is trivial (recall from the top cohomology class

degree formula, stated as Theorem 3.19, that cohomology stops after degree 5+5+3−

(1 + 1) = 11). A computation that we shall omit shows that there are no non-trivial

cocycles of word length 5 or greater, hence e0(ΛV, d) = 4 and so cat0(ΛV, d) = 4.

Now we recall the definition of the rational retraction index, r0(ΛV, d), of the

model (ΛV, d). First, consider the diagram

(ΛV, d)
π

- (ΛV/Λ>4V, d)

(ΛV ⊗ (Q⊕M), δ)

≃ h

6

λ
-

where h is a relative model of the projection map π. The rational retraction index,

r0(ΛV, d), is the largest integer r, with r ≤ cat0(ΛV, d), such that there exists a relative

model h of π as above satisfying h(M) = 0 and such that there exists a retraction

ρ : (ΛV ⊕ (Q⊗M), δ)→ (ΛV, d) with ρ(M) ⊂ Λ≥rV .

Now, we proceed to find a lower bound for r0(ΛV, d). More specifically, we will
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show that r0(ΛV, d) ≥ 3. To do so, we will construct a relative model M as above

using the algorithm of section 3.7. Therefore, the first step is to construct a relative

model for the quadratic part (ΛV, d1), as follows:

(ΛV, d1)
π

- (ΛV/Λ>4V, d1)

(ΛV ⊗ (Q⊕M), δ1)

≃ h

6

λ
-

Now, recall that we can see thatM = M4,≥9. Moreover, (ΛV )9⊕(ΛV )≥11 ⊂ Λ≥3V

and H>11(ΛV, d) = 0, so it is clear that it suffices for our purpose to show that there

exists a retraction ρ such that ρ(M10) ⊂ Λ≥3V . Now, we will lay out the details of

the construction of M≤10.

Step 1. “Define M9
∼=
−→ H10(Λ>4V, d1).” We can compute that a basis of cocycles in

degree 10 is given by aib5−i for i = 0, . . . , 5. Hence, we may define

M9 :=
5⊕

i=0

Q · si

with δ1(si) = aib5−i.

Step 2. “DefineM10
∼=
−→ H11(Λ>4V⊕(Λ+V⊗M9), d1).” We find that the cohomology

has dimension 10 and a basis of cocycles is given by:

asi+1 − a
ib4−iy1 (i = 0, 1, 2, 3, 4),

bsi+2 − a
ib4−iy1 (i = 0, 1, 2, 3),

as0 − bs1.

Hence, in particular M10 will have a generator t such that δ1(t) = as0 − bs1.
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The process can be continued. All the other generators of M have degree ≥ 11.

At this point, we must make M into a relative model for (ΛV, d) −→ (ΛV/Λ>4V, d).

To do so, we need to perturb δ1 to δ, where δ extends d on ΛV ⊗ (Q⊕M). A quick

computation shows that actually δ = δ1 on M≤10 (and this is all we will need).

Now, we can construct a retraction ρ : (ΛV ⊗ (Q ⊕M), δ) → (ΛV, d). Define

ρ(s0) = b2y2 (since it is a solution to d(ρ(s0)) = b5). Define ρ(s1) = aby2. It is

interesting to note that this is not the only valid choice for ρ(s1). We will show that

after having made that choice, ρ can be extended to all of M and that moreover,

ρ(M10) ⊂ Λ≥3V , as desired.

To show that ρ can be extended to all ofM , it suffices to compute the cohomology

of (ΛV, d), as we will see. We can define ρ by induction. First, assume that ρ has been

defined on M<n and suppose that u ∈Mn. To define ρ(u) one needs to find a solution

to the equation dρ(u) = ρ(δu). Clearly, δu is a cocycle in ΛV ⊗ (Q⊕M<n), so ρ(δu)

is a cocycle in (ΛV, d) of degree n+ 1, because ρ preserves cocycles. Hence, ρ can be

defined for u if and only if ρ(δu) is a coboundary. It suffices now to observe that for

our particular model, ρ(δu) is always a coboundary as u runs through a basis of Mn.

Indeed, the only non-trivial cocycle in H≥10(ΛV, d) is [−a2by2 + ab2y3] ∈ H
11(ΛV, d).

Thus, we can infer that there is no u ∈ M such that ρ(δu) is a non-trivial cocycle.

Hence, ρ can be extended to all of M .

Finally, we show that ρ(M10) ⊂ Λ≥3V . First, notice that the only word of length

2 in (ΛV )10 is y2y3. Also, notice that 9 of the 10 generators of M10 are “killing” off

linear combinations that contain y1. Hence, if u is one of those generators, then ρ(u)

cannot be a multiple of y2y3, because dρ(u) is either 0 or contains y1 in one of its

words. As far as the generator t is concerned, we compute that ρ(δt) = ρ(as0−bs1) =

ab2y2 − ab
2y2 = 0, therefore we can define ρ(t) = 0. Hence ρ(M10) ⊂ Λ≥3V . This

proves that r0(ΛV, d) ≥ 3.

Finally, we have to show that r0(ΛV, d) ≤ 3. In order to do so, we will suppose

(ΛV ⊗ (Q ⊕M), δ) to be an arbitrary (ΛV, d)-semifree resolution of the projection
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map and we will consider the acyclic closure (ΛV ⊗ ΛV , d) of (ΛV, d). We compute

that ΛV = Λ(ā, b̄, ȳ1, ȳ2, ȳ3) with dā = a, db̄ = b, dȳ1 = y1 − aā, dȳ2 = y2 − b
2b̄ and

dȳ3 = y3 − b
2ā.

Now, recall the following construction from section 3.9. Take the isomorphism

(Q⊕M)n ∼= Hn(ΛV/Λ>4V ⊗ ΛV , d),

along with the short exact sequence

0→ (Λ>4V ⊗ ΛV , d)→ (ΛV ⊗ ΛV , d)→ (ΛV/Λ>4V ⊗ ΛV , d)→ 0.

Combining these gives rise to the isomorphism

(Q⊕M)n ∼= Hn+1(Λ>4V ⊗ ΛV , d).

We can use this to determine M9. Observe that H10(Λ>4V ⊗ ΛV , d) = span{aib5−i :

0 ≤ i ≤ 5}, hence M9 can be written as M9 = span{si : 0 ≤ i ≤ 5} with δsi = aib5−i

(by choosing an appropriate basis {si}). It follows in particular that any retraction ρ

must satisfy ρ(s0) = b2y2 +φ, where φ is any linear combination of cocycles in (ΛV )9.

Observe that for degree reasons alone, φ ∈ Λ≥3V . Thus, any relative model M and

any retraction ρ satisfy ρ(M) ⊂ Λ≥3V , however ρ(M) * Λ≥4V . Hence, r0(ΛV, d) ≤ 3.

Therefore, we conclude that r0(ΛV, d) = 3.

4.2.2 Example two

We will now consider the model (ΛV, d) = (Λ(a, b, x, y), d) with |a| = |b| = 4, |x| = 7

and |y| = 11, with differential da = db = 0, dx = a2 + ab + b2, and dy = a3.

This is a model for the biquotient Sp(1) \ Sp(3) / (Sp(1) × Sp(1)) (see [12], Exam-

ple 3.52). A computation of the cohomology of this model (that we will omit) shows
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that e0(ΛV, d) = 3, hence cat0(ΛV, d) = 3.

We will now compute the rational retraction index of (ΛV, d). First, we will find

a lower bound for r0(ΛV, d). For this, we construct using the same algorithm as above

a (ΛV, d)-semifree resolution

(ΛV, d)
π

- (ΛV/Λ>3V, d)

(ΛV ⊗ (Q⊕M), δ)

≃ h

6

λ
-

Note first that we have M = M3,≥15. Indeed, M = M3,∗ by Theorem 3.26 and the

topological degree has to be at least 15 simply because every cocycle in (Λ>3V, d) has

degree 16 or higher. Observe moreover that any word of degree 15 or greater in ΛV

must have word length 2 or more. Then, it follows at once that for any retraction

ρ : (ΛV ⊗ (Q⊕M), δ) −→ (ΛV, d)

ρ(M) = ρ(M≥15) ⊂ (ΛV )≥15 ⊂ Λ≥2V.

Hence, we know that r0(ΛV, d) ≥ 2.

Moreover, we can compute that

M15 ∼=

4⊕

i=0

Q · si

with δsi = aib4−i. Then, any arbitrary retraction ρ : (ΛV ⊗ (Q⊕M), δ) −→ (ΛV, d)

will need to satisfy ρ(s4) = ay ∈ Λ2V (this is the only solution to dρ(s4) = a4).

Therefore, ρ(M) * Λ≥3V . Hence, r0(ΛV, d) ≤ 2

We conclude, as desired, that r0(ΛV, d) = 2.
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4.3 Retraction index of a product

Consider the model (ΛV ⊗ ΛW, d) = (Λ(a, b, y1, y2, y3)⊗ Λ(c, e, v, w), d), where |a| =

|b| = 2, |y1| = 3, |y2| = |y3| = 5, da = db = 0, dy1 = a2, dy2 = b3, dy3 = ab2,

|c| = 4, |e| = 4, |v| = 7, |w| = 11, dc = de = 0, dv = c2 + ce + e2 and dw = c3.

This model is of course the product of the two models considered in the previous

section (section 4.2). We know that cat0(ΛV, d) = 4 and that cat0(ΛW, d) = 3, hence

cat0(ΛV ⊗ ΛW, d) = 7. Moreover, we know that r0(ΛV, d) = 3 and r0(ΛW, d) = 2,

hence we know using the inequality for a product that r0(ΛV ⊗ΛW, d) ≥ 5. We prove

the reverse inequality, showing that r0(ΛV ⊗ ΛW ) = 5.

Consider an arbitrary (ΛV ⊗ ΛW, d)-semifree resolution h : (Λ(V ⊕W )⊗ (Q ⊕

M), δ) −→ (Λ(V ⊕W )/Λ>7(V ⊕W ), d) of the projection map and let ρ : (Λ(V ⊕

W )⊗ (Q⊕M), δ) −→ (Λ(V ⊕W ), d) be an arbitrary retraction.

Observe that the elements b3c2e3 and b2c3e3 both get “killed off”, that is there

must be s ∈ M25 and t ∈ M27 such that δs = b3c2e3 and δt = b2c3e3. This is

immediate using the isomorphisms M25 ∼= H26(Λ>7(V ⊕ W ) ⊗ Λ(V ⊕W ), d) and

M27 ∼= H28(Λ>7(V ⊕W )⊗ Λ(V ⊕W ), d), respectively.

Next, consider the following isomorphism (see section 3.9)

M28 ∼= H29(Λ>7(V ⊕W )⊗ Λ(V ⊕W ), d).

Notice that

[b3c2e3c̄− b2c3e3b̄] ∈ H29(Λ>7(V ⊕W )⊗ Λ(V ⊕W ), d).

We will use the construction of the isomorphism to show that this element is in

correspondence to some m ∈M28 with δm = tb− sc.

Step 1. Use the connecting homomorphism (recall its construction from the Snake
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lemma) to get a correspondence

[b3c2e3c̄− b2c3e3b̄]
∂♯

←→ [b2c2e3b̄c̄].

Step 2. The map H(h⊗ idΛV ⊗ΛV̄ ) gives a correspondence

[b2c2e3b̄c̄]←→ [b2c2e3b̄c̄− sc̄+ tb̄+m]

for some m ∈ M28. That is, there must be a generator m ∈ M28 with differential

δm = tb − sc for the isomorphism to be possible. This step is the most important

step because it gives us the differential of m, which is what we are interested in.

Step 3. Finally the map H(α) sends anything with a factor in ΛV ⊕W to 0 and

hence gives the correspondence

[b2c2e3b̄c̄− sc̄+ tb̄+m]←→ m.

Finally, all that remains to do is to compute the retraction. Notice that the

choice of cocycles b3c2e3 and b2c3e3 was not arbitrary. Indeed, those cocycles were

specifically chosen because the solutions d(c2e3y2) = b3c2e3 and d(b2e3w) = b2c3e3 are

unique, hence the retraction ρ is uniquely determined on s and t. That is, we must

have ρ(s) = c2e3y2 and ρ(t) = b2e3w. Thus,

ρ(δm) = ρ(tb− sc) = b3e3w − c3e3y2

= d(e3y2w).

Hence, the retraction must satisfy ρ(m) = e3y2w + φ, where φ is some linear com-

bination of cocycles. Necessarily, φ ∈ Λ≥5(V ⊕W ), because we already know that

r0(ΛV ⊗ ΛW, d) ≥ 5. Therefore, we can conclude that ρ(M) * Λ≥6(V ⊕W ), yet

ρ(M) ⊂ Λ≥5(V ⊕ W ). Since ρ was an arbitrary retraction, we can conclude that
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r0(Λ(V ⊕W ), d) ≤ 5, as desired.

4.4 Retraction index and top cohomology class for

formal elliptic spaces

Below we list examples of formal spaces for which the rational retraction index was

computed. All of those spaces are rationally elliptic, hence their cohomology alge-

bra satisfy Poincaré duality. We observe a certain relationship between the rational

retraction index and the top class of the cohomology algebra. Namely, the rational

retraction index always corresponds to the maximal number of linearly independent

cohomology classes such that the top cohomology class can be written as a product

of powers of these.

4.4.1 Sphere

The sphere Sn has cohomology 1, [a] and its top class is [a]. There is only one generator

for the top class of the cohomology and we have already seen that r0(S
n) = 1.

4.4.2 Complex projective space

The complex projective space CP n has cohomology 1, [a], [a]2, . . . , [a]n with top

class [a]n. Its top class can be written as a power of one generator. Moreover, we

mentioned before that r0(CP n) = 1.

4.4.3 Product of complex projective spaces

The product CP n × CP n has cohomology 1, [a], [b], [a]2, [a][b], [b]2, . . . , [a]n[b]n. Its

top class is [a]n[b]n which can only be written using powers of 2 distinct generators

and it can be shown that r0(CP n × CP n) = 2.
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4.4.4 Biquotient Sp(1)\Sp(3)/Sp(1)× Sp(1)

The biquotient Sp(1) \ Sp(3) / (Sp(1)× Sp(1)) of category 3 has a cohomology basis

1, [a], [b], [a]2, [a][b], [a]2[b] with top class [a]2[b]. Its top class can only be written

as a product involving exactly 2 distinct generators and we have shown before that

r0(Sp(1)\Sp(3)/Sp(1)× Sp(1)) = 2.

4.4.5 Homogeneous space Sp(3)/U(3)

The homogeneous space Sp(3)/U(3) of category 6 has a minimal model (Λ(a2, b6, x7, y11), d)

with da = db = 0, dx = a4 − 2ab and dy = b2. A basis for its cohomology is 1, [a],

[a]2, [a]3, [b], [a][b], [a]2[b], [a]3[b]. Its top class is [a]3[b] or equivalently 1
2
[a]6. Hence,

the top class can be written using up to 2 distinct generators and it can be shown

that r0(Sp(3)/U(3)) = 2.

4.4.6 Non-formal example

The next example is not formal, however, its retraction index still matches the pattern

observed. Consider the minimal Sullivan algebra (ΛV, d) = (Λ(a, b, y1, y2, y3), d) with

|a| = |b| = 2, |y1| = 3, |y2| = |y3| = 5, da = db = 0, dy1 = a2, dy2 = b3 and dy3 = ab2.

The category of this model is 4 and it has the following cohomology algebra:

deg 2: [a], [b],

deg 4: [a][b], [b]2,

deg 7: [−ay2 + by3], [−ay3 + b2y1],

deg 9: [a][−ay2 + by3], [b][−ay2 + by3],

deg 11: [a][b][−ay2 + by3].



4. The rational retraction index 82

The top class is [a][b][−ay2 + by3] = [b]2[−ay3 + b2y1]. Thus, the top class can be

written either as a product of powers of 2 distinct generators or as a product of 3

distinct generators. However, what is important is that this means that the top class

can be written using up to 3 distinct generators. We have shown previously that

r0(ΛV, d) = 3.

4.5 Conjecture for formal elliptic spaces

Based on the examples above, we make a conjecture.

Let X be any rationally elliptic formal space (assuming also that X is a simply

connected CW complex). It follows that the rational L.-S. category of X is finite,

so fix n = cat0(X) = cup(X). Moreover, since X is rationally elliptic, its rational

cohomology H∗(X; Q) satisfies Poincaré duality and so admits a top cohomology class

ω (which can be written as a product of at most n cohomology classes).

Conjecture. Let k be the greatest integer such that there exist k linearly independent

cohomology classes α1, . . . , αk ∈ H̃∗(X; Q)/(H̃+(X; Q) · H̃+(X; Q)) such that ω =

αl1
1 · · ·α

lk
k for some positive integers l1, . . . , lk. Then,

r0(X) = k.

4.6 Non-formal counter-examples to the conjec-

ture

Here we list non-formal examples for which the conjecture fails. Note however that

the integer predicted by the conjecture is still a lower bound for the retraction index

in the examples below (as well as for the non-formal example considered above).
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First counter-example. Consider the Sullivan algebra (Λ(x, y, z), d) with |x| =

|y| = 3, |z| = 5, dx = dy = 0 and dz = xy. Then a basis for its cohomology is 1,

[x], [y], [xz], [yz], [x][yz]. The cup-length is 2, the category is 3. Since the model is

quadratic, it follows that the retraction index must equal the category, hence it is 3

as well. However, the top class is [x][yz] and hence the conjecture predicts incorrectly

the retraction index to be 2.

Second counter-example. Consider the Sullivan algebra (Λ(a, b, x, y, z), d), |a| =

|b| = 2, |x| = |y| = |z| = 3, da = db = 0, dx = a2, dy = b2 and dz = ab. A basis for

cohomology is 1, [a], [b], [−bx+ az], [−ay + bz], [b][−bx+ az]. The category is 3 and

hence (the model being quadratic), the rational retraction index is 3. However, the

top class is [b][−bx + az] and there is no way to write the top class as a product of 3

generators. Hence the conjecture would predict incorrectly a retraction index of 2.

Non-quadratic counter-example. Consider the Sullivan algebra (Λ(a, b, x, y, z), d),

|a| = |b| = 2, |x| = |y| = 5, |z| = 3, da = db = 0, dx = a3, dy = b3 and dz = ab. A

basis for cohomology is 1, [a], [b], [a]2, [b]2, [−bx + a2z], [−ay + b2z], [b][−bx + a2z],

[a][−ay + b2z], [b]2[−bx+ a2z]. The category is 4 and the rational retraction index is

3. However, the top class is [b]2[−bx+a2z] = [a]2[−ay+b2z] and hence the conjecture

predicts incorrectly a retraction index of 2, since the top class can only be written

using up to 2 distinct cohomology generators.

For each non-formal model, however, there is an associated formal model that we

obtain by taking the minimal Sullivan model of the non-formal model’s cohomology.

For each of the previous three counter-examples, we will see that the retraction index

of the associated formal model satisfies the conjecture.

First counter-example (continued). Consider again (Λ(x, y, z), d) with |x| =

|y| = 3, |z| = 5, dx = dy = 0 and dz = xy. Denote by (ΛW, d) the minimal

Sullivan model of (H∗(Λ(x, y, z), d), 0). Of course, the cup-length of (ΛW, d) is still
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2. Since (ΛW, d) is formal, it follows therefore that cat0(ΛW, d) = cup(ΛW, d) = 2.

Moreover, the cohomology H∗(ΛW, d) satisfies Poincaré duality and requires at least

2 generators, hence r0(ΛW, d) ≥ 2. Thus, r0(ΛW, d) = 2. This is what was predicted

by the conjecture, from the cohomology of the model.

Second counter-example (continued). Let (Λ(a, b, x, y, z), d) stand for the Sulli-

van algebra introduced in the second counter-example above. The formal minimal

Sullivan model (ΛW, d) of (H(Λ(a, b, x, y, z), d), 0) also has cohomology satisfying

Poincaré duality and requiring at least two generators, so we get r0(ΛW, d) ≥ 2.

Hence, either r0(ΛW, d) = 2 or r0(ΛW, d) = 3. More investigation would be required

to determine if (ΛW, d) satisfies the conjecture or not.

Third counter-example (continued). Consider the Sullivan algebra (Λ(a, b, x, y, z), d)

of the third counter-example above, with a basis in cohomology: 1, [a]2, [b]2, [−bx +

a2z], [−ay + b2z], [b][−bx + a2z], [a][−ay + b2z], [b]2[−bx + a2z]. The corresponding

formal model, i.e. the minimal Sullivan model of (H(Λ(a, b, x, y, z, d), 0), is found

to have the form (ΛW, d) = (Λ(a2, b2, c3, e5, f5, . . .), d). The differential is given by

da = 0, db = 0, dc = ab, de = a3, df = b3. Because the category of this formal

model is just the cup-length, which is equal to 3, it is straightforward to check that

M = M≥7 and that in particular there is an element s ∈ M7 with δs = a4. This

means that every retraction ρ will have to satisfy ρ(s) = ae. Therefore, r0(ΛW, d) ≤ 2.

Notice that the cohomology algebra requires at least two generators. Hence,

Theorem 4.4 implies that r0(ΛW, d) ≥ 2. Therefore, r0(ΛW, d) = 2, which is what the

conjecture predicted based on the cohomology algebra.
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