
Investigating Structure in Turing Categories

Polina Vinogradova

Thesis submitted to the Faculty of Graduate and Postdoctoral Studies

in partial fulfillment of the requirements for the degree of Master of Science in

Mathematics 1

Department of Mathematics and Statistics

Faculty of Science

University of Ottawa

© Polina Vinogradova, Ottawa, Canada, 2012

1The M.Sc. program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics



Abstract

The concept of a computable function is quite a well-studied one, however, it is possi-

ble to capture certain important properties of computability categorically. A special

type of category used for this purpose is called a Turing category. This thesis starts

with a brief overview of Turing categories, followed by a study of additional categor-

ical structure they may contain, based on the types of structure found in the world

of computable functions, and how this is reflected in the underlying combinatorial

structures.
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Introduction

Traditional computation on the natural numbers, as well as the abstract theory of

computability built around it, has historically been the main type of computation

studied in mathematics and computer science, mainly due to its widespread ap-

plicability. However, there have been several attempts at capturing the essence of

computation through various mathematical abstractions. The focus of this thesis

will be a categorical approach to describing computation which is quite general, and

encompasses some of the existing abstractions.

Traditional Computation

The main focus of traditional computation is on the natural numbers and computable

functions from N to N. The collection of these computable maps can be enumerated

(for example by systematically listing all possible Turing machines); it follows that

every computable function f will have a code cf in the enumeration. Then evaluating

the function f at an argument a ∈ N can be represented by the mapping (cf , a) 7→

f(a). The set of all possible computations can then be captured by a map • : N×N→

N. This map applies the function coded by the first argument to the second argument,

and is known as the universal computable function.

Furthermore, it is important to note that computations do not necessarily halt

on every input, so that a given element of N may not be in the domain of the corre-

sponding map. The domain of a partial computable function (which is a subset of N)
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Introduction 3

is called a recursively enumerable set. Equivalently, recursively enumerable sets are

precisely the ranges of computable functions.

A third property of the standard model of computation is that there are effective

encodings of (enumerable subsets of) powers of the natural numbers into N itself, in

the form of computable bijections Nn ∼= N, for n > 0.

These results, as well as some other facts about traditional computabilty theory

used in this thesis, can be found in [4].

Categorical Approaches

The collection of all recursively enumerable sets, together with the computable maps,

forms a category. This category is a subcategory of sets and partial functions, Par,

and inherits some of its structure, along with having the additional structure that

comes with enumerability (for common category theory results found in this thesis,

see [8]). When looking for a more general category to perform computation in, three

properties can be highlighted from the above description of traditional computation:

1. Some kind of categorical structure capturing partiality

2. A special object A and a application • : A×A→ A that represents all possible

maps A→ A

3. Embeddings of every other object in the category into A

The categorical framework which incorporates these three features is called a

Turing category, and is the main object of study in this thesis. The partiality in such

a category is handled by means of idempotents: we may represent the domain of a

partial map in the form of a specific type of idempotent. Then, the special object

A and the application • generalize the idea of the universal computable function.
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Finally, the condition that every object in a category is a retract of A generalizes the

fact that all recursively enumerable sets of powers of N are isomorphic to subsets of

N.

The motivating example of a Turing category, as described above, has a lot of

additional structure due to the very special nature of the natural numbers. Part of

the motivation behind this study is exploring how we can bridge the gap between this

specific example and the completely general setting, by adding structure to a Turing

category in a controlled way.

Plan of the Thesis

This thesis is divided into chapters by the structure which they cover, starting with an

overview of Turing categories, developed by Dr. Hofstra and Dr. Cockett in [2]. In the

second chapter, the concept of range of a function is generalized: the partial identity

map on N, defined only on the range of some computable function, is abstracted by

a special type of idempotent. The main problem we address is finding necessary and

sufficient conditions for a Turing category to have ranges, and to understand what

they look like.

In the third chapter, different types of equality are considered, again with the

usual notion of integer equality as the basis. It is natural to represent the integer

equality test as a map N × N → {0, 1}, with 0 output when two integers are equal,

and 1 when they are not. This is one of the types of equality maps considered in the

chapter, but, importantly, there are other types as well. The results presented are

largely about the generalization of the different types of equality in a Turing category,

when exactly they are present, and in what form.

The fourth chapter talks about a commonly encountered categorical structure -

coproducts. Once more, coproducts are found in the standard model, and we want

to understand what it means for a general Turing category to have coproducts. We
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investigate conditions under which Turing categories have coproducts. Other impli-

cations of having coproducts in a Turing category will be discussed.

Contributions

The key results in this thesis are concerned with understanding and characterizing

Turing categories with additional categorical structure. Each of these describes con-

ditions under which a Turing category will have the desired type of structure. The

main results are:

(1.) The necessary and suffient condition for a Turing category to have ranges is

formulated in terms of the underlying universal application.

(2.) The necessary and suffient condition for a Turing category to be discrete (have

equality), is stated, again, in terms of the universal application.

(3.) An alternative sufficient condition for a Turing category to have ranges is for-

mulated in terms of discreteness.

(4.) In a split Turing category, the necessary and sufficient conditions for existence

of distributive coproducts are presented.



Chapter 1

Overview of Turing Categories

In this chapter, Turing categories are introduced, assuming familiarity with basic

category theory (see [8]).

1.1 Restriction Categories

In order to explain what Turing structure is, what sort of category it can exist in,

and how exactly it abstracts computation, this overview will begin by covering some

concepts essential to this discussion. The first concept to be discussed is the notion

of restriction categories, as defined in [3]. Consider the following definition:

Definition 1.1.1 A restriction category is a category C endowed with a combi-

nator (−), sending f : A→ B to f : A→ A, such that the following axioms hold:

[R.1] ff = f

[R.2] fg = gf whenever dom(f) = dom(g)

[R.3] gf = gf whenever dom(f) = dom(g)

[R.4] gf = fgf whenever cod(f) = dom(g)

It follows immediately that when gf is defined, gf = gf .

6



1. Overview of Turing Categories 7

Example 1.1.2 In Par, the category of sets and partial functions, a (−) combinator,

for a map f : X → Y , may be defined as follows:

f(x) =

8>><
>>:
x if f (x) ↓

↑ otherwise.

The map f corresponds to the domain S ⊆ X of the map f in the sense that it

is defined (and coincides with 1X) exacly on that subset of X.

In this example, and subsequently, f(x) ↓ means that f is defined at x, and ↑

means it is undefined. Note that in this category the map f is actually a partial

identity on X. Furthermore, with this example it is easy to see that a restriction

combinator is not necessarily unique in a category — another possiblity for Par is

simply f = 1X , which also satisfies all the axioms.

The concept of a restriction combinator prompts the definition of total function:

a map f : X → Y is total whenever f = 1X . In particular, any embedding is total.

Furthermore, it is possible to define a subcategory of C, Tot(C), consisting of all the

objects of C, and all total maps of C.

Another important structure that naturally exists in a restriction category C is

a partial ordering ≤ on hom-sets, defined as follows:

f ≤ g ⇒ gf = f

For example, in the case of sets and partial functions, f ≤ g means that the

domain of f is a subset of the domain of g, and that f(x) = g(x) for all x in the

domain of f .

Often, there is a minimal map with respect to this ordering, denoted 0A,B : A→

B,A,B ∈ C, such that for all f : A → B, 0A,B ≤ f . In the case of sets and partial

functions, this amounts to the map A→ B which is undefined for all a ∈ A.
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Splitting Idempotents. Because idempotents are an integral part of the focus,

it is necessary to define what an idempotent is, and what it means for one to split, for

reference see [9]. The following definition combines traditional idempotent concepts

with restriction structure, defined in [3].

Definition 1.1.3 Let C be a category, and e : X → X — a map in C. Then

(i) e is said to be an idempotent when ee = e

(ii) e is said to split when there exists an object Y ∈ C, as well as maps m : Y → X

and r : X → Y such that e = mr, and rm = 1Y .

(iii) idempotents e, e′ are said to be equivalent when they have isomorphic splittings

(iv) e is a restriction idempotent when e = e.

Note that all restriction maps f : A→ A are restriction idempotents, and f = f

implies ff = ff = f . Furthermore, each restriction idempotent e is the restriction

of some map (such as e itself).

From this point on, it will sometimes be assumed that all idempotents in a cat-

egory C split. Alternatively, Split(C) will denote the category obtained from C by

formally splitting all idempotents (see [9] for details). The objects in this category

are pairs of the form (A, e) where A ∈ C and e : A → A is an idempotent of C, and

whose morphisms are triples of the form

(e, f, e′) : (A, e)→ (A′, e′)

where f : A → A′ is a morphism of C satisfying e′f = f = fe. In the category

Split(C), the splitting of an idempotent e may now be given by the object (A, e), with

an embedding (e, e, 1) and retraction (e, e, e). As with any idempotent splitting, the

object (A, e) is unique up to isomorphism.
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Example 1.1.4 Let N denote the one-object category of natural numbers and partial

recursive functions. Here, restriction structure is inherited from Par, and restriction

idempotents in this category correspond to subsets of N (i.e. recursively enumerable

sets), which are exactly the the domains of partial recursive functions. For a general

idempotent e : N → N, the image of e is again a recursively enumerable set. Thus,

the images of idempotents can be represented by recursively enumerable subsets, and

the objects of Split(N) may be taken to be the r.e. subsets.

Open Maps. The category of topological spaces and partial continuous func-

tions with open domains is another noteworthy example of a restriction category.

There is a special class of maps in this category, namely the open maps : a continuous

function f : X → Y is called open when the direct image of an open set in X under f

is an open set in Y (see [7]). The concept of open maps has been previously studied

in the categorical setting — see [10].

In [5], it has been shown how the concept of openness can be defined in a

general restriction category. Let O(A) denote the poset of restriction idempotents of

an object A in a restriction category C. Then, for f : A→ B, let f ∗ : O(B)→ O(A)

denote the “inverse image” function such that for any e ∈ O(B), f ∗(e) = ef ≤ f .

Furthermore, composing restriction idempotents is denoted by ee′ = e∧ e′. This

∧ operation is actually the meet in the poset O(A); a definition which extends this

to more general types of maps will be given in the “Equality” chapter.

Definition 1.1.5 In a restriction category, a map f : A→ B is open if and only if

there is a poset morphism ∃f : O(A)→ O(B) such that

[O1] ∃f (f ∗(e′)) ≤ e′ for all e′ ∈ O(B)

[O2] e ∧ f ∗(e′) ≤ f ∗(∃f (e) ∧ e′) for all e ∈ O(A), e′ ∈ O(B)

[O3] e′ ∧ ∃f (e) ≤ ∃f (f ∗(e′) ∧ e) for all e ∈ O(A), e′ ∈ O(B)
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In the case of Par, identifying restriction idempotents with the subsets of A ∈ Par

they restrict A to,

f ∗(e) = {x ∈ A : f(x) ∈ e} ∃f (e′) = {f(x) : x ∈ e′}

Note that generally, in a restriction category, the map f ∗ actually lets us recover

the restriction of f , as f ∗(e) = ef , and taking e = 1 gives the result f ∗(1) = f . The

map ∃f is almost left adjoint to the f ∗ map; however, since f may be partial this is

only true when we restrict ∃f to the domain of f . The O1 axiom gives the counit

of the almost-adjunction. The next 2 axioms make sure the 2 maps behave correctly

with respect to composition with idempotents.

With this open map definition, it turns out that in any restriction category, all

restriction idempotents are open maps, and (see [5])

Lemma 1.1.6 Suppose f : A → B and g : B → C are open maps in a cartesian

restriction category. Then the composition gf is also an open map.

These facts will prove quite useful in exploring the dual concept of the restriction

combinator — the range combinator, in the next chapter. Now, the upcoming defi-

nitions provide the setting for an even more specific class of categories that Turing

categories are a part of — cartesian restriction categories, described in [2].

1.1.1 Cartesian Restriction Categories.

Definition 1.1.7

(i) Let 1 be an object in a restriction category C. An object 1 is restriction terminal

when for any object A ∈ C, there exist a unique total map !A : A→ 1, such that for

every f : A→ B, !Bf = !Af .

(ii) A partial product of two objects A,B ∈ C is an object A × B, together with

total projections πA : A × B → A, πB : A × B → B such that for each pair of maps
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f : C → A, g : C → B there exists a unique map 〈f, g〉 : C → A × B such that

πA〈f, g〉 ≤ f, πB〈f, g〉 ≤ g, and 〈f, g〉 = fg.

This definition implies that a restriction terminal object in C is a genuine terminal

object in Tot(C), and a restriction product A×B is an actual product in Tot(C).

Definition 1.1.8 A restriction category C is called cartesian if it has all binary

(partial) products as well as a (restriction) terminal object.

1.2 Turing Categories

Now, turning to the key definition used in this thesis, namely that of a Turing category

(as stated in [2]), the following lemmas and definitions will be the basis of results

obtained in the subsequent chapters.

Definition 1.2.1 Let C be a cartesian restriction category.

(i) Given a morphism τX,Y : A×X → Y , a morphism f : Z×Y → Y is said to admit

a τX,Y -index h when there exists a total map h : Z → A for which the following

diagram commutes:

A×X
τX,Y // Y

Z ×X
f

;;wwwwwwwww
h×1X

OO

(ii) The morphism τX,Y is called a universal application when every f : Z×Y → Y

admits a τX,Y -index.

(iii) A Turing object in C is an object A such that for each X, Y ∈ C, there is a

universal application τX,Y : A×X → Y .

(iv) The category C is called a Turing category if it possesses a Turing object.
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It is important to note that Turing categories are different from cartesian closed

(CC) categories. CC categories have a terminal object, all finite products and all expo-

nentials XY . This amounts to the natural bijection Hom(X ×Y, Z) ∼= Hom(X,ZY ).

The diagram depicting this is similar to that used in the definition of Turing cate-

gories:

ZY × Y ev // Z

X × Y
f

;;vvvvvvvvvv
f̃×1Y

OO

The difference is that in a Turing category, f̃ need not be unique.

The preceeding definition pertains to the defining property of a Turing category

— the presence of a Turing object, now the following one will outline the key structure

found in a Turing category.

Definition 1.2.2 Let C be a Turing category and A — an object of C.

(i) A family of maps τ = {τX,Y : A×X → Y |X, Y ∈ C} is an applicative family for

A.

(ii) An applicative family τ for A is called universal when each τX,Y is universal. In

this case, τ is also called a Turing structure on A.

(iii) The pair (A, τ), where τ is universal for A is called a Turing structure on C.

Suppose τX,Y : A×X → Y is a universal application in C, and f : Z ×X → Y

is a map. Since C has all products, X may itself be an arbitrary product, so it makes

sense to focus on the case when Z = 1. In this case, the index for the map f , denoted

cf : 1 → A, is called a code for f . The isomorphism 1 × X → X will often be

supressed in this and the following chapters.

The following definition will play an important role in describing maps in a Turing

category.
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Definition 1.2.3 Suppose C is a category with objects X and A. X is said to be a

retract of A if there exists a pair of maps, mX : X → A and rX : A → X, such that

rXmX = 1X . The pair (mX , rX) is called an embedding-retraction pair.

Note that in the above definition, the map mX must be total, while rX is an

epimorphism. To further describe all maps in a Turing category, the following lemma

will be useful.

Lemma 1.2.4 Suppose C is a Turing category with Turing object A. Then every

X ∈ C is a retract of A.

The embedding-retraction pair is given by (gπX , τ1,Xπ
−1
A ), as in the following di-

agram:

A× 1
τ1,X // X

X × 1

fπX×1

OO

πX

;;xxxxxxxxx

This implies that τA,A is a generic universal application in a Turing category.

Observe that an arbitrary map f : X → Y factors through τA,A, an embedding

mX : X → A and a retraction rY : A→ Y :

A× A
τA,A // A

rY

��
1×X

cf×mX

OO

f // Y

Example 1.2.5 The standard model for computation is the Turing category of finite

powers of the natural numbers — {1,N,N2, ...}, together with the (enumerable) set

of all computable functions Nn → Nm. A Turing object in this category is N, and

there exist embedding - retraction pairs for Nn, n ≥ 1 which are in fact isomorphisms

— this is not generally true in all Turing categories. The N2 → N isomorphism may

be defined by
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(a, b) 7→ (a+ b+ 1)(a+ b+ 2)/2− a− 1

The application τN,N : N× N→ N is defined as follows: for any n,m ∈ N,

n·m = φn(m),

where φn(m) is the computable function with index n. The index comes from a Gödel

numbering framework of all computable functions f : N→ N.

Note that the category of powers of N and (partial) computable functions is a

subcategory of Par, with the same terminal object and same restriction products.

1.3 Partial Combinatory Algebras

This section will introduce an abstraction of the universal application in the standard

model which represents all the possible computations on powers of N.

Let C be a cartesian restriction category. An applicative system A = (A, •) in

C consists of an object A and a morphism • : A × A → A, called an application.

Now, define •n : A × An → A inductively for n = 2, 3, . . . , by •n = •(1 × •n−1) and

•1 : A×A→ A. Finally, it makes sense to define •0 = •∆, where ∆ : A→ A×A is the

diagonal functor. The following definition, found in [2], describes partial combinatory

algebras in terms of its maps and objects.

Definition 1.3.1 Suppose A ∈ C, a cartesian restriction category, and • : A×A→ A

is a map in C, referred to as the application.

(i) Consider the smallest cartesian restriction subcategory of C containing every to-

tal map 1 → A as well as the application. Any morphism f : An → Am in this

subcategory is called a polynomial orphism.



1. Overview of Turing Categories 15

(ii) A morphism f : An → A is said to be A - computable when it factors through

•n via some code cf : 1→ A. A morphism An → Am is A - computable when each of

its m components is.

A× An •n // A

An
f

;;vvvvvvvvv
cf×1

OO

(iii) When every polynomial morphism An → Am is A - computable, the applicative

system A is said to be combinatory complete, and is referred to as a partial

combinatory algebra.

Suppose • : A× A→ A is in C. Write A = (A, •), and let Comp(A) denote the

graph where

Obj(Comp(A)) = {1, A,A2, . . . }

Arr(Comp(A)) = {polynomial maps}.

The following result, also found in [2], describes the connection between Turing

structure and combinatory completeness.

Lemma 1.3.2 When the system A is combinatory complete, Comp(A) is a Turing

category, with Turing object A. Furthermore, when every object in C is a retract of

A, A is also a Turing object in C, with τA,A = •.

It also makes sense to consider the full one-object subcategory A of Comp(A),

A ∈ A, with all A - computable maps f : A → A. This is not, however, a Turing

category, since it does not contain a terminal object. To summarize, a Turing category

C with Turing object A gives rise to 3 related categories based on PCA A, which all

have similar properties:

(i) A,

and the following are Turing categories
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(ii) Comp(A), and

(iii) Split(Comp(A))

These categories embed as follows:

A ↪→ Comp(A) ↪→ C ↪→ Split(Comp(A))

Alternatively, a PCA can be identified by the presense of specific elements in A

(see [6] for more details). Here, the notation ab, a, b,∈ A is shorthand for a· b ∈ A,

and abc = (ab)c, c ∈ A, whereas ab ↓ denotes that ab is defined. The ∼= symbol

denotes Kleene equality.

Lemma 1.3.3 A partial applicative structure (A, •) is combinatory complete when-

ever it has elements k and s such that for all a, b ∈ A:

(i) kab ∼= a

(ii) sa ↓, sab ↓, and sabc ∼= ac(bc)

In a combinatory complete structure, elements k and s, as well as all elements

that can be built up from these and other elements of A by using the application •,

are called combinators.

The above lemma is in set-theoretic notation, but it may also be interpreted

diagramatically. Combinators are usually considered as elements of the underlying

PCA set. However, in a Turing category, this may be too specific, as the object A in

a PCA is not necessarily a set (in Par).

To completely integrate the concept of PCA combinators into an arbitrary Turing

category, they must be regarded as the total point maps into a Turing object, a : 1→

A. That is, they are exactly the codes for the maps Comp(A). This is also the reason

behind using Kleene equality instead of equality in the combinator PCA definition.
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In the general categorical case, the application a· b is shorthand for •〈a, b〉 : 1→

A, where a, b : 1 → A are codes. A map f : A → A with a code cf may be donoted

by cf · − = •〈cf !A, 1A〉. Observe that the combinators k, s indeed represent maps in a

Turing category with Turing object A:

k is a code for π0 : A× A→ A, whereas s is a code for the composition

A× A× A 〈π13,π23〉−→ (A× A)× (A× A)
•×•−→ A× A •−→ A

Many different computations can be built up with just those combinators. Itself,

k is a code for a projection onto the first coordinate, and the following are a few other

combinator computations:

((sk)k)x ∼= (kx)(kx)

∼= x

k∗xy = ((sk)x)y

∼= ky(xy)

∼= y,

so that k∗ is the combinator for the projection onto the second coordinate. Cer-

tain properties of Turing categories, such as existence of range maps or coproducts,

will actually enforce the existence of other particular combinators in the underlying

PCA.

A PCA structure may be regarded as a model of a certain theory called combina-

tory logic. There is a close connection between combiatory logic and lambda calculus.

For example, the combinator k is present in lambda calculus in the form λab.a. All

the lambda calculus computations are, in turn, expressible through the application

within a PCA. A proof of this statement may be found in [6].
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This combinator approach will be quite useful in pinpointing the conditions for

the presence of categorical structure in the upcoming chapters. The following are

some further examples of PCA’s:

(i) (N(A), •), computation with an oracle A ⊂ N that answers the question “is

x in A?”, denoted n·Am. The set of all computations with oracle A is still

enumerable, since a code can be assigned to the oracle query.

Then, every A-computable f : N → N has a code cf ∈ N, and that there is a

universal application • : N× N→ N.

This application is different from the standard model application because A is

now computable in this model.

(ii) Reflexive Structures: in a cartesian closed category, an object A is said to be

reflexive whenever AA is a retract of A, so that there is a retraction r : A→ AA.

Then, the application can be defined as the following composition:

A× A r×1→ AA × A ev→ A

where ev is the evaluation map.



Chapter 2

Ranges in Turing Categories

There are two equivalent definitions for a recursively enumerable set — the domain

of a computable map, or the range of a computable map. The very definition of a

restriction cateogry allows us to talk about domains of maps, however, the notion of

range is not part of the structure. Ranges in restriction categories take the form of

restriction idempotents, and are related to a topological concept of open maps. The

axioms for a category with ranges are described in [5]. In this chapter, the overlap

of Turing and range categories is investigated.

2.1 Range Categories

Consider the range of a mapping f : A → B in Par. It is a subset S of B such that

for every y ∈ S there exists an x ∈ A such that f(x) = y. Now, in line with the

concept of domains expressed as restriction idempotents, the range of f can also be

viewed as an idempotent

e(y) =

8>><
>>:
y if ∃x ∈ B such that f(x) = y

↑ otherwise.

19
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To explore ranges in categories other than Par, maps must again have corre-

sponding range idempotents, described in the following definition.

Definition 2.1.1 A restriction category C is called a range category if it has an

operatorÔ(−), which sends f : A→ B to a map f̂ : B → B, and satisfies the following

axioms:

[RR.1] bf = bf
[RR.2] bff = f

[RR.3] Ógf = g bf with codom(f) = dom(g)

[RR.4]
Ô
gcf = Ógf with codom(f) = dom(g)

This range theory captures many properties of the conventional concept of range

in Par. However, often a fifth axiom is added:

[RR.5] fĝ = hĝ whenever fg = hg

With this axiom, certain non-intuitive examples of ranges are eliminated, namely

when f = 1 for all f ∈ C, so that f̂ = 1.

In a category with ranges, any morphism r : X → Y such that br = 1Y , in

particular, any retraction, is called a surjection. Thus, intuitively, RR.5 says that

every morphism is surjective onto its range.

Parts (iii) and (iv) involve all the maps in a range category. However, it may

be the case, in a cartesian restriction category C, that it would be desirable to define

some semblance of range for a single map in the category. Recall from the previous

chapter that restriction idempotents are open, including range maps, and that they

compose openly. The (always non-empty, containing the identity maps) subcategory

of C of open maps is in fact a range category, with ∃f (e) =Ófe, where e is a restriction

idempotent.

So ranges of maps are defined by f̂ = ∃f (1). From now on, for an open map f

the notation bf, f : A→ B, will refer to the range of f in the open map subcategory
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of C, where bf makes sense. Sometimes, we will say that a category satisfies RR5 even

if it is not a range category. By that, we mean that the subcategory of open maps

satisfies RR5.

Such notation helps aggregate the original definition of a range category and

the openness of certain maps to show a category has a range combinator (as in the

upcoming proof). Since the range combinator is in fact unique once a restriction

combinator in the category is fixed, this means that there is no ambiguity in writing

f̂ when f is open.

Before exploring ranges in Turing categories, another important point to note

about range maps is their connection to partial inverses. We first recall the definition

of a partial isomorphism:

Definition 2.1.2 A partial inverse of a map f : X → Y in a cartesian restriction

category C is a map f−1 : Y → X such that:

(i) f−1f = f

(ii) ff−1 = f−1

Then, if f has a partial inverse, then it is called a partial isomorphism.

As with ordinary isomorphisms, a partial inverse to a map, if it exists, is neces-

sarily unique. Not all maps have a partial inverse, for eg., a non-injective map in Par

does not.

As the range combinator is, in a way, the dual concept to the restriction com-

binator, the domain of a (partial) inverse of a map f is in fact the range of f . The

following proposition ties together the concepts of partial inverses and ranges, saying

just that. This result about ranges will also be useful in the next chapter on equality.

Proposition 2.1.3 Suppose C is a cartesian restriction category. Then, if a map

f : X → Y in C has a partial inverse, it is open.
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Proof: Let f−1 be a partial inverse of f : X → Y . For e ∈ O(X), e′ ∈ O(Y ), define

∃f (e) = (f−1)∗(e), and verify the open map axioms:

[O1].

e′ ≥ e′f−1

= e′f−1

= (ff−1)∗(e′), asff−1 = f−1, so that

∃f (f ∗(e′)) = (f−1)∗(f ∗(e′))

= (ff−1)∗(e′)

≤ e′

[O2]

ef ∗(e′) = ee′f

= ee′ff

= efe′f

= f
∗
(e)e′f

= (f−1f)∗(e)f ∗(e′)

= f ∗(f−1)∗(e)f ∗(e′)

= f ∗((f−1)∗(e)e′)

= f ∗(∃f (e)e′)

[O3].

e′∃f (e) = e′(f−1)∗(e)



2. Ranges in Turing Categories 23

= e′ef−1f−1

= e′f−1(f−1)∗(e)

= (f−1)∗(e′)(f−1)∗(e)

= (ff−1)∗(e′)(f−1)∗(e)

= (f−1)∗(f ∗(e′)e)

= ∃f (f ∗(e′)e)

2.2 Ranges and Retractions

Now, to prepare for describing Turing categories with ranges, the following lemma

about ranges and idempotents will help verify the necessary technical details.

Lemma 2.2.1 Suppose (m, r) is an embedding-retraction pair of X into A ∈ C, and

the idempotent mr is open. Then

(i) m is open, and m̂ =dmr
(ii) r is open, and for any e ∈ O(A),∃r(e) = m∗∃mr(e)

(iii) for any e ∈ O(A), when r = rm̂, cre = rem

(iv) the map r′ = rcm is also a retraction for X, and, assuming RR5, mr′ is a

restriction idempotent equivalent to mr

Proof:

(i) First, definedme = ∃m(e) = ∃mr(r∗(e)), and check the axioms for e ∈ O(A), e′ ∈

O(X):
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[O1].

∃m(m∗(e′)) = ∃mr(r∗(m∗(e′)))

= ∃mr((mr)∗(e′))

≤ e′

by O1 for the open map mr.

[O2]. As mr is open, by O2, it follows that

u ∧ (mr)∗(u′) ≤ (mr)∗(∃mr(u) ∧ u′)

Then, taking u = r∗(e), u′ = e′,

u ∧ (mr)∗(u′) = r∗(e) ∧ (mr)∗(e′)

= r∗(e) ∧ r∗m∗(e′)

= r∗(e ∧ r∗m∗(e′)), and

(mr)∗(∃mr(u) ∧ u′) = r∗m∗(∃mr(r∗(e)) ∧ e′)

= r∗m∗(∃m(e) ∧ e′), so that

r∗(e ∧ r∗m∗(e′)) ≤ r∗m∗(∃mr(r∗(e)) ∧ e′)

Now, r∗ preserves order, as for any restriction idempotents e1, e2, the following

sequence of inequalities holds

r∗(e1) ≤ r∗(e2)

e1r ≤ e2r

re1r ≤ re2r

e1r ≤ e2r,which is equivalent to saying

e2re1r = e1r
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e2e1r = e1r, and since r is an epimorphism,

e2e1 = e1, so that exactly

e1 ≤ e2

Concluding, then, that e ∧ r∗m∗(e′) ≤ m∗(∃mr(r∗(e)) ∧ e′), which implies e ∧

(mr)∗(e′) ≤ m∗(∃m(e) ∧ e′).

[O3]. By axiom O3 for mr,

u′ ∧ ∃mr(u) ≤ ∃mr((mr)∗(u′) ∧ u)

Now, let u = r∗(e′), u′ = e, so that

e′ ∧ ∃mr(r∗(e)) ≤ ∃mr(r∗m∗(e′) ∧ e)⇒

e′ ∧ ∃m(e) ≤ ∃m(m∗(e′) ∧ e)

as needed.

Finally, m̂ = ∃mr(r∗(1)) =Õmrr =dmr
(ii) For r, define: ∃r(e) = m∗∃mr(e), and check the axioms for e ∈ O(A), e′ ∈ O(X):

[O1]. By axiom O1 for mr, with idempotents e, r∗(e′) ∈ O(A),

∃mr((mr)∗(r∗(e′))) ≤ r∗(e′), applying m∗,

m∗∃mr((mr)∗(r∗(e′))) ≤ m∗r∗(e′), so that

∃r((rmr)∗(e′)) ≤ (rm)∗(e′) as rm = 1,

∃r(r∗(e′)) ≤ e′

[O2]. By O2 for mr, with idempotents e, r∗(e′) ∈ O(A), we get

e(mr)∗(r∗(e′)) ≤ (mr)∗(∃mr(e)r∗(e′))⇒

er∗(e′) ≤ r∗(m∗∃mr(e)m∗r∗(e′))
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e ∧ r∗(e′) ≤ r∗(∃r(e) ∧ e′)

[O3]. Once more, by O3 for mr, with idempotents e, r∗(e′) ∈ O(A), conclude

r∗(e′)∃mr(e) ≤ ∃mr((mr)∗r∗(e′)e), applying m∗

m∗(r∗(e′)∃mr(e)) ≤ m∗∃mr(r∗(e′)e)

m∗r∗(e′)m∗∃mr(e) ≤ m∗∃mr(r∗(e′)e) so that exactly

e′ ∧ ∃r(e) ≤ ∃r(r∗(e′) ∧ e)

(iii) For any e ∈ O(A),

rem = rmrem = rrem = rrem = rem

then, the following sequence of equalities holds, proving the result:

cre =Õrecm =Õrem =Õrem = rem = rem

(iv) (m, r′) is indeed an embedding-retraction pair of X into A:

rcmm = rm = 1X

Now, to show that mrcm = mrdmr is indeed a restriction idempotent,

mr = mrmr = 1Amr

and apply RR5:

mrdmr =dmr

For an object X with an open embedding-retraction pair (m, r), it is safe to

consider the retraction r = rcm, as such a morphism always exists. When RR5 holds,

one may assume mr = mr, as such an idempotent exists.
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2.3 The Beck-Chevalley Condition

The Bech-Chevalley condition has long been studied in a variety of contexts, and the

following definition, found in [1], introduces it in the context of ranges and restriction

products. This condition will be useful in describing Turing categories with ranges.

Definition 2.3.1 A cartesian restriction category C is a cartesian range cate-

gory when it is a range category and the following condition, known as the Beck-

Chevalley condition (see [1]):

∃f×1X (π∗C(e)) = π∗A(∃f (e))

holds true for all (pullback) squares of the form

C ×B

π∗
C(e)

��

πC
��

f×1X // A×B
πA
��

C

e

XX f
// A

An arbitrary cartesian restriction category C is said to satisfy the BCC whenever

Open(C) is a cartesian range category.

To say C satisfies BCC is equivalent to saying that for all open maps f, g ∈

C,Öf × g = f̂ × ĝ. Indeed, suppose Öf × g = f̂ × ĝ. Then

∃f×1X (π∗C(e)) = ∃f×1X (e× 1X)

= (Øf × 1X)(×e× 1X)
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= Ófe× 1X(by assumption)

= π∗A(∃f (e))

And conversely, when ∃f×1X (π∗C(e)) = π∗A(∃f (e)),

Ø(f × 1) = f̂ × 1, and

Ø(1× g) = 1× ĝ, so

Öf × g = Û(f × 1)(1× g)

=
ÛØ(f × 1)Ø(1× g)

=
Û

(f̂ × 1)(1× ĝ)

=
Ö̂
f × ĝ

= f̂ × ĝ

Generalizing to arbitrary finite products, it follows that for any f =< fi, ..., fn >:

C → Πn
i=1Ai in C, f̂ =< f̂i, ..., f̂n >. The following statement is true about range

categories and their subcategories:

Lemma 2.3.2 Consider a range category C with a subcategory D. Then D satisfies

the Beck-Chevalley condition if C satisfies the Beck-Chevalley condition.

The proof is immediate, since the inclusion D ↪→ C preserves the ranges and the

products. This lemma is applicable to the case of a Turing cartesian range category

with PCA A, and its subcategory Comp(A).

2.4 Ranges and PCA’s

We now investigate conditions on a PCA under which the corresponding Turing cat-

egory will have ranges.
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Proposition 2.4.1 Suppose C is a Turing category with a universal application • :

A × A → A which is open. Suppose also that every code (total map) cf : 1 → A

is open, and assume BCC. Then the categories Comp(A),C, and Split(Comp(A)) are

range categories, and

Comp(A) ↪→ C ↪→ Split(Comp(A))

are range preserving inclusions.

Proof: First, note that the assumptions in the proposition imply that every

computable map f : A → A is open, as it can be expressed as •〈cf !A, 1A〉, which is

a composition of an open map and a product of open maps (open by BCC). That

means in particular that every computable idempotent on A is open. By the previous

lemma it follows that all embedding-retraction pairs are open as well.

An arbitrary map f : X → Y is again a composition of open maps, with f =

rY • 〈cf !A, 1A〉mX .

To avoid ambiguity in notation, the range of a composition of several maps will

be denoted by (−)ran in the upcoming sequence of equalities. Now, for f : X → Y in

C, the range can be computed as follows:

f̂ = (rY • 〈cf !A, 1A〉mX)ran

Note that f = rYÔmYmY rY •〈cf !A, 1A〉mX , so that c′f · − = mY rY (cf · −) is another

code for f . Then, without loss of generality, we can assume r = rm̂.

By the previous lemma, with e = Û(cf · −)ÔmX = Û(cf · −)mX , which is the range of

a composition of two open maps, the result follows:

f̂ = (rY
Û(cf · −)mX)ran
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= rY ((cf · −)mX)ranmY

= rY ((cf · −)×mXrX)ranmY

Next, we consider what happens in the underlying partial combinatory algebra

side of things in terms of combinators.

Definition 2.4.2 Suppose A = (A, •) is a PCA in a cartesian restriction category C.

Then

(i) A has (weak) range combinators whenever for every code a : 1→ A there exists

a combinator ra such that (ra· a)· − = Ôa· −.

(ii) A has a strong range combinator if there exists a combinator r such that

(r· a)· − = Ôa· − for every code a : 1→ A.

Using the above results, the next theorem gives a characterization of when a

Turing category is a range category.

Theorem 2.4.3 Consider a cartesian restriction category C with a PCA (A, •). Then

A has weak range combinators if and only if Comp(A) is a range category. Further-

more, Split(Comp(A)) is then also a range category.

Proof: Suppose Comp(A) is a range category, with a PCA (A, •), which contains

a code a : 1→ A. Then the map a· − : A→ A is open, so let b be a code for Ôa· −. Let

ra be the combinator for the lambda calculus expression λx.b, so that ra· a = b. It

follows that Ôa· − = b· − = (ra· a)· −, so that Comp(A) has a weak range combinators.

It follows from the definition that having weak range combinators in A means

that for any map f : A→ A in Comp(A), with code a, there exists a range combinator

ra, with bf = (ra· a)· −, so that it is open.

Then, as shown in the previous proposition, every map X → Y , where X, Y are

retracts of A, must also be open. It follows that Split(Comp(A)), as well as Comp(A)

are range categories.
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Having a strong range combinator in A allows us to compute the range of a map

in a Turing category in a uniform manner. So, for any f : X → Y , the range of f

may be expressed as

f̂ = rYØfmXrXmY , so to illustrate,

A
cf ·− //

ÕmXrX

��

rX

��

A

rY

��

Û(cf ·−)mXrX

��

X

mX

OO

f
// Y

f̂

FF

mY

OO

Let cmr be a code for mXrX , and cf be a code for f . At a point (map) x,

cf (cmrx) = ((kcf )x)(cmrx)

= s(kcf )cmrx, now applying the range combinator,

ØfmXrX = r(s(kcf )cmr)· −, so that

f̂ = rY (rs(kcf )cmr· −)mY

Example 2.4.4 The standard model Comp(N) is a range category, with range com-

binator inherited from Par. The underlying PCA in fact has a strong range combinator

r, which may be expressed using pseudo-code as follows:

IsInRange (n, x) {

For(int i = 0 to ∞) {

For(int j = 0 to i) {
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Do 1 step of each computation φn(j)

If φn(j) halts at this step {

Test φn(j) = x

If TRUE, return x

}

}

}

}

This algorithm computes the value of the map n· − : N → N at each integer i

sequentially, using interleaving, and tests the equality n· i = x. The algorithm halts

if the equality holds for some i, and outputs x. It continues testing infinitely if x is

not in the range of n.

For each n, this computation corresponds to some (computable) function of x,

with code φr(n) by the Smn theorem (see [4]). This amounts to saying exactly that

(r·n)·x = bφn(x).

Note that in the computation, a test for equality, φn(i) = x, takes place. This

test is indeed possible in N, but such equality tests may not exist in other PCA’s,

which would make a similar computation strategy infeasible. The following chapter

will elaborate on equality in Turing categories.



Chapter 3

Equality in Turing Categories

In an arbitrary cartesian restriction category C, it may be possibile to establish a

comparison map that captures some key properties of equality in the category Par.

In this category, equality is usually formulated as, for each object X, a morphism

EQX : X ×X → {0, 1} which is then typically defined as

EQX(a, b) =

8>><
>>:

0 if a = b

1 otherwise.

The standard computability model Comp(N) inherits this equality from Par. One

way to compute equality of two integers (x, y) is by taking their binary representations

(the bits in front of the most significant bit are assumed to be 0’s) and performing

the calculation

Equality(x,y) {

If (XOR(x, y) = 0)

Return 0

Else

Return 1

33
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}

Only if x = y will the output be 0, but this computation always halts, meaning

that EQN is total. This type of equality is known as strong equality, or decidability,

and will be discussed later on in the chapter.

Having equality that is a total map may be a lot to ask for in a category. The

more common type of equality studied in restriction categories is weak equality. A

weak equality’s domain, in the world of sets, only covers the subset of pairs of the

form (a, a), a ∈ X. That is, in Par, weak equality EqX on a set X would be

EqX(a, b) =

8>><
>>:
a if a = b

↑ otherwise.

This is defined on the subset {(a, a) : a ∈ X}, which is exactly the range of the

diagonal map ∆X . This situation can be interpreted in a more general categorical

setting.

In this chapter, we will first look at categorical definitions of equality, then ex-

amine equality in Turing categories and underlying PCA’s. Finally, we look at the

interaction between equality and ranges and meets.

3.1 Types of Categorical Equality

The following is the usual definition of (weak) equality in a cartesian restriction

category C (see [1]).

Definition 3.1.1 An object X in a cartesian restriction category is discrete when

there exists a map EqX : X × X → X, called equality, that is a partial inverse of

the diagonal map ∆X . That is,

(i) EqX∆X = 1X , and
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(ii) ∆XEqX = EqX

A category is said to be discrete, or with equality, when every object is discrete.

Recall from the previous chapter that whenever a map has a partial inverse, it

is open. So,Ô∆X exists for a discrete object X, and furthermore,

π0
Ô∆X = π0EqX

= π0∆XEqX

= EqX

Similarly, this holds true for π1 as well. Using these facts, it is possible to craft

necessary and sufficient conditions for EqX to exist in a category the way it is defined

in [1]:

Proposition 3.1.2 In a cartesian restriction category C, an object X is discrete, and

EqX = π0
Ô∆X , whenever the diagonal map ∆X is open and π0

Ô∆X = π1
Ô∆X .

Proof: Suppose C is a cartesian restriction category, containing a discrete object

X. As already shown, when EqX exists, the diagonal map ∆X is open, and π0
Ô∆X =

π1
Ô∆X .

Conversely, suppose the diagonal map ∆X is open, and π0
Ô∆X = π1

Ô∆X . Let

EqX = π0
Ô∆X . Observe that

EqX∆X = π0
Ô∆X∆X

= π0∆X

= 1X , and
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π0
Ô∆X = π1

Ô∆X ⇒

∆Xπ0
Ô∆X = ∆Xπ1

Ô∆X

testing for equality in both components of the product,

π0∆Xπ0
Ô∆X = π0

Ô∆X ,

π1∆Xπ0
Ô∆X = π0

Ô∆X

= π1
Ô∆X , so that exactly

∆Xπ0
Ô∆X = Ô∆X , which is then equal to

= Ô∆X

= π0
Ô∆X

= π0
Ô∆X

= EqX

Discreteness is not found in all categories, but it follows from the above propo-

sition that cartesian range categories satisfying the RR5 axiom are automatically

discrete. In such a category, the diagonal is open, and by RR.5 π0∆ = π1∆ implies

π0
Ò∆ = π1

Ò∆.

Consider again the motivation behind Turing categories, the standard computa-

tion model. The domain of definition of the strong equality EQN is all of N×N. For

EQN, as well as for every EQX , X ∈ Par, strong equality is conveniently presented

as a map into {0, 1}.

Immediately, the weak version can be derived from EQX by composing it with

a restriction idempotent e on {0, 1}
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e(x) =

8>><
>>:

0 if x = 0

↑ otherwise.

Since EQX(x, y) returns 0 when x = y and is undefined otherwise, the projection

of the restriction, π0eEQX(x, y), gives the output EqX(x, y). Symmetrically, one may

define the idempotent ec, restricting {0, 1} to the subset {1}. The expression π0ecEQX

gives another map, which is only defined on pairs of distinct elements. This type of

map is another map related to equality, denoted EqcX . In this case the two projections

will be distinct, but the choice of π0 is somewhat arbitrary.

In Comp(N), while EqN exists, comparing two algorithms Alg1 and Alg2 to de-

termine if they amount to the same N → N map is a different story. The only way

to answer this question may be by testing Alg1 and Alg2 on all inputs, using inter-

leaving, and comparing the outputs. This approach will only output an answer if at

some input x, Alg1(x) 6=Alg2(x), that is, the algorithms are different. If they are the

same, this computation will not halt. This situation is an example of a distinctness

comparison, which can be defined in a general setting.

Definition 3.1.3 Suppose C is a cartesian restriction category with object A and

zero map 0A : A → A. A distinctness map EqcA : A × A → A is a morphism such

that EqAEq
c
A = 0A×A, and is maximal under the ≤ ordering.

In the type of situation as with EqA and EqcA, EqcA is said to be a complement of

EqA. In general, two maps f, g : X → Y in a cartesian restriction category are said

to complement each other when fg = 0X , and f (symmetrically, g) is the greatest

such map under the ≤ ordering. With these two comparison maps established, it is

now possible to define strong equality in a more general setting too.

Definition 3.1.4 Let C be a cartesian restriction category containing an object A.

Suppose also that both maps EqA and EqcA are defined. Then strong equality on
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A is a map EQA : A× A→ X such that

(i) π0eEQA = EqA,

(ii) π0ecEQA = EqcA,

where e, ec ∈ O(X) complement each other.

In Par, strong equality is a map into 1 + 1 ∼= {0, 1}, with e defined on 0, and ec

defined on 1.

3.2 Equality in Turing Categories

The equality that is the focus of this chapter is the weak type, and the following

proposition about retracts and discreteness sets the stage for finally describing equal-

ity in Turing categories.

Proposition 3.2.1 Let C be a cartesian restriction category with a discrete object

A. Then, if X ∈ C is a retract of A, it is also discrete.

Proof:

Consider the diagram

A
∆A //

r

��

A× A

r×r

��

EqA
oo

X
∆X //

m

OO

X ×X

m×m

OO

EqX
oo

(3.2.1)

The map EqX = rEqA(m×m) is indeed the partial inverse of ∆X :
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EqX∆X = rEqA(m×m)∆X

= rEqA∆Am

= r1Am

= 1X , while

∆XEqX = ∆XrEqA(m×m)

= (r × r)∆AEqA(m×m)

= (r × r)EqA(m×m)

= (r × r)r × rEqA(m×m)

= (r × r)(r × r)EqA(m×m)

= (r × r)(m×m)(r × r)EqA(m×m)

= (r × r)EqA(m×m)

= (r × r)∆AEqA(m×m)

= ∆XrEqA(m×m)

= ∆XEqX

= EqX

An immediate corollary of the above lemma is its application to Turing objects.

Corollary 3.2.2 Suppose C is a Turing category with a discrete Turing object. Then

C is a discrete category.
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Recall that the diagonal map is open when an object is discrete. Together with

the preceeding lemma, these imply that the diagonal map on every retract of a discrete

object is also open. However, it is often useful to directly compute the factorization

of a map through a Turing object. The upcoming lemma will give the expression

for the direct image map, and the proof will be a direct verification of the axioms of

openness.

Lemma 3.2.3 Suppose C is a Turing category with discrete Turing object A. Then

for every X ∈ C, the diagonal map is open, with the direct image map defined as

follows (refer to (3.1.1)):

∃∆X
(e) = (m×m)∗(∃∆(r∗(e)))

Proof: To verify the 3 openness axioms, let u ∈ O(A×A), u′ ∈ O(A), and apply

the open axioms for ∆:

Let u = (r × r)∗(e), u′ = r∗(e′), e ∈ O(X ×X), e′ ∈ O(X), then

[O1].

∃∆(∆∗(r × r)∗(e′)) ≤ (r × r)∗(e), then

∃∆(∆∗(r × r)∗(e′))(m×m) ≤ (r × r)∗(e)(m×m)⇒

∃∆(r∗∆∗X(e′))(m×m) ≤ (r × r)∗(e)(m×m)⇒

(m×m)∗(∃∆(r∗∆∗X(e′))) ≤ (m×m)∗((r × r)∗(e)), and the axiom follows :

∃∆X
(∆∗X(e′)) ≤ e

[O2].

r∗(e′)∆∗((r × r)∗(e)) ≤ ∆∗(∃∆(r∗(e′))(r × r)∗(e))⇒

r∗(e′)r∗∆∗X(e) ≤ ∆∗(∃∆(r∗(e′))(r × r)∗(e))⇒

r∗(e′∆∗X(e)) ≤ ∆∗((r × r)∗(∃∆(r∗(e′))e))⇒
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r∗(e′∆∗X(e)) ≤ r∗∆∗X((m×m)∗(∃∆(r∗(e′))e))

Since r∗ preserves order, O3 for ∆X follows:

e′ ∧∆∗X(e) ≤ ∆∗X((m×m)∗(∃∆(r∗(e′)) ∧ e))

[O3].

(r × r)∗(e)∃∆(r∗(e′)) ≤ ∃∆(∆∗(r × r)∗(e)r∗(e′)), apply m×m∗

(m×m)∗((r × r)∗(e)∃∆(r∗(e′))) ≤ (m×m)∗(∃∆(∆∗(r × r)∗(e)r∗(e′)))⇒

e(m×m)∗∃∆(r∗(e′)) ≤ (m×m)∗(∃∆(∆∗(r × r)∗(e)r∗(e′)))⇒

e∃∆X
(e′) ≤ (m×m)∗(∃∆(r∗∆∗X(e)r∗(e′)))⇒

e∃∆X
(e′) ≤ (m×m)∗(∃∆(r∗(∆∗X(e)e′)))⇒

e ∧ ∃∆X
(e′) ≤ ∃∆X

(∆∗X(e) ∧ e′)

3.3 Equality and PCA’s

For a category C with a PCA (A, •) such that A is discrete, it makes sense to study

what happens in the partial combinatory algebra in terms of combinators. The nec-

essary combinator would be cEq, making the following diagram commute:

(A× A)× A •×1A // A× A • // A

A× A

〈cEq !,1A〉×1A

OO

EqA

44iiiiiiiiiiiiiiiiiiiiii
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Using set-theoretic notation, this would amount to defining cEq as follows: for

all a, b ∈ A,

cEq· a· b =

8>><
>>:
a if a = b

↑ otherwise.

It is also worth pointing out that similar diagrams must commute when com-

binators Eqc and EQ, corresponding to distinctness and strong equality are found

in the category. Even though EQA may be a map to some object X 6= A, it may

be treated as a map into A as well (as every X is a retract of the Turing object),

and has a corresponding combinator. Now, the following condition can be formulated

regarding the weak equality combinator in a PCA and the category built around it.

Theorem 3.3.1 Suppose C is a cartesian restriction category with a PCA (A, •).

The PCA (A, •) has an equality combinator cEq if and only if the category Comp(A)

is discrete.

Proof: When the category Comp(A) is discrete, it immediately implies that the

map EqA, and therefore the combinator cEq as defined in the diagram above, are

present in the underlying PCA (A, •).

Now, suppose the combinator cEq exists in the PCA (A, •). The equality EqA :

A × A → A is then also a map in Comp(A). So, A is discrete and it follows by the

retract argument that all the other objects are discrete also.

For n ≥ 2 the equality on An, EqAn : An×An → An can actually be constructed

using EqA and the product structure by first applying the following isomorphim

φ : (A1 × ...× An)× (An+1 × ...× An+n)→ (A1 × An+1)× (A2 × An+2)× ...× (An × An+n)
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with Ai = A for 1 ≤ i ≤ n, which permutes the objects, then applying the

product of n maps EqA to (A × A)n, mapping into An. Moving on to the larger

Turing categories containing Comp(A), the following is a corollary of the previous 2

propositions that gives a sufficient condition for a Turing category to be discrete.

Corollary 3.3.2 Suppose C is a cartesian restriction category, and (A, •) is a PCA

in C. Suppose also that (A, •) has an equality combinator. Then, Split(Comp(A))

is a discrete category, and furthermore, when A is a Turing object in C, C is also

discrete.

Proof:

Having an equality combinator in a PCA (A, •) means that A is a discrete object,

and an earlier proposition has already established that every object that is a retract

of a discrete object A is discrete. It follows immediately that Split(Comp(A)) is

discrete, and so is C when A is its Turing object.

3.4 Equality and Ranges

It is interesting to note that when EqA exists for an object A in a cartesian restriction

category C, this also ensures the presence of certain ranges (openness of certain maps)

in the category. Using EqA, it is possible to restrict the domain of any idempotent

such that the resulting map is an (open) restriction idempotent which is equivalent

to the original. This result is analogous to a result stated in lemma (2.2.1) in the

Ranges chapter.

Lemma 3.4.1 Let C be a cartesian restriction category with a discrete object A.

Then, for every object X ∈ C that is a retract of A, the embedding and retraction
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maps are open, and it is possible to define a restriction idempotent on A, with a

splitting that is isomorphic to X.

Proof:

Observe that it follows from the definition that for any idempotent u on A ∈ C,

the map EqA(u× 1)∆A is a restriction idempotent:

∆AEqA ≤ 1, since EqA is a partial inverse to ∆A

∆AEqA(u× 1)∆A ≤ (u× 1)∆A, since composing preserves ≤

π0∆AEqA(u× 1)∆A ≤ π0(u× 1)∆A, by properties of partial products, this is ≤ π0∆A, so

π0∆AEqA(u× 1)∆A ≤ π0∆A

π0∆AEqA(u× 1)∆A ≤ 1, and

EqA(u× 1)∆A ≤ 1,

meaning exactly that EqA(u× 1) is a restriction idempotent. At the same time,

as the projections are equal, so

π1∆AEqA(u× 1)∆A ≤ π1(u× 1)∆A

≤ u, which implies

EqA(u× 1)∆A ≤ u, so that

uEqA(u× 1)∆A = EqA(u× 1)∆A

= uEqA(u× 1)∆A

SupposeX ∈ C with an embedding retraction pair (m, r). Then the pair (m, r′) =

(m, rEqA(mr× 1A)∆) is also an embedding-retraction pair for X, and it is such that

mr′ = mr′:

r′m = rEqA(mr × 1A)∆m
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= rEqA(mr × 1A)(m×m)∆X

= rEqA(m×m)∆X

= rEqA∆m

= rm = 1, and

mr′ = mrEqA(mr × 1A)

= mrEqA(mr × 1A) as demonstrated above.

That is, m and r′ are partial isomorphisms, so that the cm = EqA(mr × 1A)∆ is

the range of m. It follows that r and so, mr, are open.

Indeed, saying that for an idempotent e on X, e = EqX(e× 1)∆X is equivalent

to describing e as a restriction idempotent. This lemma sets the stage for the theo-

rem characterizing when a Turing category with a discrete Turing object is a range

category.

Theorem 3.4.2 Let C be a Turing category with a discrete Turing object A. Suppose

the application map • : A×A→ A is an open map and assume BCC. Then the entire

category is a range category.

Proof: By previous lemma, for any object X ∈ C, there exists an embedding -

retraction pair (m, r′) such that mr′ ∈ O(A), and m and r must then be open. Now,

by proposition (2.4.1) from the range chapter, when the codes (embeddings of 1 into

A) and the • map are open, and by BCC, every A→ A map is open. It follows that

the entire category C is a range category.
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In the standard model, making an arbitrary idempotent into a restriction idem-

potent using this corollary would work like this: suppose X = {0, 1, 2, 3, 4}, and

(m, r) is an embedding retraction pair for X such that

m(x) = x

r(a) = a mod 5, then

r′(x) = rEqN(mr × 1A)∆N(x)

= rEqA(mr × 1A)(x, x)

= r

8>><
>>:
x if x = x mod 5

↑ otherwise.

=

8>><
>>:
x if x ∈ {0, 1, 2, 3, 4}

↑ otherwise.

3.5 Equality and Meets

Recall that the meet combinator ∧ appeared when we considered meets of idempotents

in the poset O(X). In some cases, we can extend the meet combinator to all hom-sets

C(X, Y ).

Definition 3.5.1 In a restriction category C, a meet combinator −∧− sends a pair

of maps f, g : A→ B to a map f ∧ g : A→ B such that

[M.1] f ∧ f = f

[M.2] f ∧ g ≤ f and f ∧ g ≤ g

[M.3] (f ∧ g)h = fh ∧ gh for any h : A′ → A
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In Par, ∧ would be defined in the following way: for f, g : A→ B,

(f ∧ g)(a) =

8>><
>>:
f(a) if f(a) = g(a)

↑ otherwise.

The same definition is inherited by N. As the equality comparison is computable,

the above definition is computable for any two computable maps.

There are various relations between the concepts of meets, open maps and dis-

creteness. The most important relation is the following, found in [1].

Lemma 3.5.2 A cartesian restriction category C has meets whenever it is discrete.

The idea of the proof is that for any X ∈ C, when EqX is defined, ∧ can be

defined by

f ∧ g = EqX(f × g)∆

Conversely, EqX can be defined in terms of ∧:

EqX = π0π0 ∧ π1

= π1π0 ∧ π1

Thus, in a range category with π0
Ô∆X = π1

Ô∆X , equality maps, and therefore

meets, are immediately present. In particular, in Turing categories, having a ∧ com-

binator is equivalent to having discreteness. The underlying PCA would then have a

code cf∧g for the map f∧g. In fact, the PCA will automatically have a stronger version

of the code for ∧, namely c∧, with c∧· cf · cg = cf∧g for arbitrary maps f, g : A → A.

This is because c∧· cf · cg is exactly the code for the existing map EqA(f × g)∆A.



Chapter 4

Coproducts in Turing Categories

The dual concepts of a restriction terminal object and partial products may also

appear in a cartesian restriction category C — these are the initial object and co-

products. In a cartesian restriction category, the term product usually refers to a

partial product, which is equivalent to the usual categorical product in the subcate-

gory Tot(C). In the case of coproducts as well as initial objects, however, partiality

incorporates seamlessly into the definitions, and they stay true to the usual categorical

ones.

In this chapter, coproducts in cartesian restriction categories will be discussed,

followed by a detailed investigation of the precise conditions under which a Turing

category has coproducts. We also include a discussion of distributivity in Turing

categories and explain why a Turing category cannot have biproducts.

4.1 Coproducts in Cartesian Restriction Categories

Recall that, as defined in [8],

Definition 4.1.1 A coproduct of objects A and B in a category C is an object

48
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A + B for which there exist two injections, iA : A → A + B and iB : B → A + B,

such that for each pair of maps f : A → C, g : B → C,C ∈ C there exists a unique

map [f, g] : A+B → C, with

[f, g]iA = f [f, g]iB = g

Note that in a restriction category C, with the minor assumption that it has a

terminal object, the injections for a coproduct A+B must be total maps.

Lemma 4.1.2 Suppose C is a cartesian restriction category containing the coproduct

A+B. Then the coproduct injections iA, iB are total maps.

Proof: Consider the unique total maps !A, !B into the terminal object 1 :

[!A, !B]iA = !A ⇒

[!A, !BiA] = !A

[!A, !B]iA = 1A

on the other hand,

[!A, !B]iA ≤ iA, so

iA = 1A

Since idempotent splittings will again play an important role in the subsequent

sections, we briefly address the question of how idempotents and coproducts interact.

Suppose we have a coproduct A + A and want to understand the poset O(A + A).

Right away, the idempotents that can be defined on A+A are e1 +e2, where e1, e2 are
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idempotents on A, and all idempotents must be of this form. Indeed, for an arbitrary

idempotent e on A+ A, consider the following commuting diagram:

A
iA1 //

eiA1
��

A+ A

e

��

A

eiA2
��

iA2oo

A
iA1 // A+ A A

iA2oo

Which shows exactly that e = eiA1 + eiA2 .

Another useful observation is concerned with the existence of coproducts in split

categories:

Lemma 4.1.3 Suppose A + A exists in a cartesian restriction category C. Suppose

furthermore that X and Y are retracts of A. Then the coproduct X + Y exists in

Split(C).

Proof: Let e1 and e2 be idempotents with splittings X and Y respectively, and

the embedding-retraction pairs (m1, r1, (m2, r2). The sum e1 + e2 = r1m1 + r2m2 =

(r1 + r2)(m1 + m2) also splits in Split(C), so that the corresponding embedding-

retraction pair for the splitting would be (m1 +m2, r1 + r2):

(m1 +m2)(r1 + r2) = m1r1 +m2r2 = 1X + 1Y = 1X+Y

Thus, (m1 +m2, r1 + r2) is the embedding-retraction pair for X + Y .

4.2 Coproducts and Turing Structure

In order to study the question when arbitrary binary coproducts exist in a Turing

category C, it is beneficial to first consider the coproduct 1 + 1, as the existence of
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that particular coproduct already has significant consequences in Turing categories.

Our first observation is that the object 1 + 1 can be embedded into the Turing

object in a particular way:

Lemma 4.2.1 Suppose C is a Turing category with Turing object A, and containing

the coproduct 1 + 1. Then [k, k∗] is an embedding of 1 + 1 into A.

Proof: An embedding of 1 + 1 into A is of the form [x, y], where x, y : 1→ A are

codes. Let e be a combinator for the lambda calculus computation λa.a·x· y, so that

ek = kxy = x, ek∗ = k∗xy = y

Letting E = •〈e!A, 1A〉 : A → A, we have E[k, k∗]i1 = e· k = x,E[k, k∗]i2 =

e· k∗ = y. It follows that E[k, k∗] = [x, y]. If r is the retraction of the embedding

[x, y], then rE : A→ 1 + 1 is a retraction for the embedding [k, k∗]:

rE[k, k∗] = r[x, y] = 11+1

With the [k, k∗] embedding, any map of the form [f, g] : 1 + 1 → X,X ∈ C,

factors in the following way:

1
i1 //

f

��0
00000000000000000000000 1 + 1

φ
��

1
i2oo

g

��������������������������

A× A× A
•2
��
A

rX
��
X
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where φ = 〈[k, k∗], cf !, cg!〉, and cf = mXf, cg = mXg are codes for f and g

respectively. Then, [f, g] = rX •2 φ.

The pair of injections i1, i2 : 1 → 1 + 1 possesses a property which will be

important in what follows:

Definition 4.2.2 In a category C, two maps f : A → C, g : B → C are said to be

jointly epimorphic whenever for any maps h, h′ : C → D,

hf = h′f and hg = h′g ⇒ h = h′

Similarly, we can talk about arbitrary families of jointly epimorphic maps.

Note that any pair of coproduct injections is jointly epimorphic. The following

condition regarding jointly epimorphic families will be useful in describing when a

Turing category will have certain coproducts.

Definition 4.2.3 Suppose E = {fi : Ai → B|i ∈ I} is a set of jointly epimorphic

maps. Then, the familiy E is called pullback stable along projections (henceforth,

stable) whenever {fi ×C : Ai ×C → B ×C|i ∈ I} is also a set of jointly epimorphic

maps.

Now, it is possible to say when a coproduct of a Turing object with itself is

present in a Turing category.

Proposition 4.2.4 Suppose C is a Turing category with PCA (A, •). Suppose the

coproduct 1 + 1 exists in C, and assume the epimorphic family of injections {i1, i2 :

1→ 1 + 1} is pullback stable along projections. Then the coproduct A+A exists in

C.

Proof: With 1+1, we are going to show that A+A may be taken to be (1+1)×A

in C. If i1, i2 : 1 → 1 + 1 are injections, taking the product of (1 + 1) with A, and
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the injections with 1A gives the coproduct injections iA1 = 1A× i1, iA2 = 1A× i2 of A

into (1 + 1)× A.

For the universal property, first consider maps f, g : A → A. The map [f, g] is

illustrated in the following coproduct diagram:

A ∼= 1× A

f

  BBBBBBBBBBBBBBBBBBBB

iA1 // (1 + 1)× A
ψ×1A
��

1× A ∼= A

g

~~||||||||||||||||||||

iA2oo

A× A
•
��
A

where ψ = •2〈[k, k∗], cf !, cg!〉 : 1 + 1 → A is the map illustrated in the 1 + 1

coproduct diagram above. That is, [f, g] = •(ψ × 1A). Then

•(ψ × 1A)iA1 = •(ψ × 1A)(i1 × 1A)

= •(cf × 1A)

= f,

and the corresponding derivation holds true for the g as well.

The uniqueness of the map [f, g] is a result of the injections iA1 = i1 × 1A, iA2 =

i2 × 1A : 1× A → (1 + 1)× A being jointly epimorphic, as the epimorphic family of

injections {i1, i2 : 1→ 1 + 1} is pullback stable.

4.3 Distributivity

The way we define the coproduct A+A in a Turing category is a specific instance of

distributivity of products over coproducts. Distributivity is defined as follows:
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Definition 4.3.1 Let C be a category with products and coproducts. Then C is said

to be distributive when for every X, Y, Z ∈ C, the canonical map

[iX × 1Z , iY × 1Z ] : X × Z + Y × Z → (X + Y )× Z

is an isomorphism.

And in general, it is one of the features of Turing categories with coproducts.

The proof for this claim follows a similar logic as proposition (4.2.4).

Lemma 4.3.2 Assuming pullback stability (along projections) for every family of

coproduct injections, a Turing category with coproducts is distributive.

Proof: Suppose C is a Turing category with Turing object A. If f : X → B, g :

Y → B are maps in C with indices hf and hg respectively. It follows from the defini-

tion of X + Y that there exists a unique h making the diagram commute:

X × Z iX×1Z//

hf×1Z ''OOOOOOOOOOOO

f

��@@@@@@@@@@@@@@@@@@@ (X + Y )× Z
h×1Z
��

Y × ZiY ×1Zoo

hg×1Zwwoooooooooooo

g

���������������������

A× Z
τZ,B

��
B

This shows exactly that (X + Y )× Z is a coproduct of X × Z and Y × Z, with

injections iX×Z = iX × 1Z , iY×Z = iY × 1Z . Here,

[f, g] = τZ,B(h× 1Z)

is the necessary map. Again, pullback stability along projections of the {iX , iY } fam-

ily of injections guarantees uniqueness of this map.
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By the same logic, the category Split(C) is also distributive under the condition.

When a coproduct of Turing objects is found in a Turing category C, it does

not always guarantee that arbitrary coproducts exist. However, all coproducts are

present if idempotents are required to split.

Theorem 4.3.3 Let C be a split Turing category with Turing object A. Suppose

that 1 + 1 exists in C and that the coproduct injections are stable. Then all binary

coproducts exist in C and are distributive.

Proof: By proposition (4.2.4), the coproduct A+A exists. Now, take an arbitrary

pair of objects X, Y ; then by lemma (4.1.2), the coproduct X + Y exists, because C

is split. Now, by proposition (4.3.2), distributivity follows.

Corollary 4.3.4 Let C be a cartesian restriction category with PCA (A, •). If there

exists a combinator c in A such that c· − is an idempotent with splitting 1 + 1, then

Split(Comp(A)) has all coproducts.

Note that if A is a Turing object, with A + A in C, A + A is another Turing

object, assuming that the zero map 0A : A→ A exists in the category. An embedding-

retraction pair of A into A+A is (iA1 , [1, 0]), and it follows that the coproduct of an

any number of Turing objects is also Turing.

4.4 Biproducts

There are limitations on the coproduct structure in C, such as, for one, products and

coproducts in C cannot coincide. This actually follows from the distributivity of A,

but will be shown here explicitly.
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Lemma 4.4.1 In a non-trivial Turing category C products and coproducts (if they

exist) must be distinct — that is, it does not have biproducts.

Proof: Suppose A⊕A is a biproduct, so that • = [f, g] for some maps f, g : A→ A.

Let d : A→ A be some map in C with code c. Then for the map [1, d] : 1× A→ A,

A× A •
[f,g]

// A

1× A
[1,d]

;;xxxxxxxxx
c×1

OO

So that [fc, g] = [1, d]. Then

[fc, g]iA = [1, d]iA,

g = d

so that C has only one A→ A map, and must be trivial.

Example 4.4.2 As a primary example, consider again Comp(N). Although N +

N ∼= N × N, with i1a + i2b → (a, b), for a map such as EqN there are no maps

Eq1, Eq2 : N→ N making this diagram commute:

N
i1 //

Eq1 ##FFFFFFFFFF N⊕ N
EqN
��

N
i2oo

Eq2{{xxxxxxxxxx

N



Conclusion

This thesis establishes several connections between categorical structure and compu-

tational aspects of Turing categories. The exploration of equality, range and coprod-

uct structures in a Turing category showcases examples of how to determine what

a general computational setting might behave like based on what is known about

traditional computation.

There is indeed a large amount of structure to be studied in the category of

natural numbers and computable functions, and much of it is likely to have some

corresponding implications in Turing categories. It may also be of interest to study

particular examples of Turing categories containing (or lacking) certain structure, e.g.

looking for Turing categories with PCA’s that have weak range combinators or weak

equality, but not the strong versions. Examining free PCA’s, where the only relations

between combinators are those imposed by the rules of combinatory completeness,

may be a good place to start when searching for examples.

This thesis is a study of three examples of categorical structure found in the

motivating example based on traditional computation. One can also consider specific

computational features of the standard model and try to identify categorical structure

capturing those features. For example, in the standard model, a key feature is the

fact that every r.e set can be approximated by its finite subsets. Thus, it would be

interesting to pursue notions of finiteness in Turing categories. Similarly, in recursion

theory one often uses the fact that the natural numbers are well-ordered. Thus, it
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makes sense to look for Turing objects that have an analogous order structure on

them.

These are just a few of the possible different directions one can pursue in the study

of Turing categories. Each of these is motivated by the desire to better understand the

meaning of the various aspects of traditional computation in the categorical language.
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